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Abstract— In this paper, symbol-error-rate (SER) performance
analysis is provided for a decode-and-forward cooperation proto-
col in wireless networks. We derive closed-form SER formulation
for the cooperation system with PSK and QAM signals. Moreover,
two SER upper bounds are established to show the asymptotic
performance of the cooperation protocol, in which one of them is
tight at high signal-to-noise ratio. Based on the SER performance
analysis, we also determine the optimum power allocation for the
cooperation systems. It turns out an equal power strategy is in
general not optimum in the cooperation communications, and the
optimum power allocation depends on the channel link quality.
An interesting result is that in case that all channel links are
available, the optimum power allocation does not depend on the
direct link between source and destination, it depends only on
the channel links related to the relay. Extensive simulations are
performed to validate the theoretical results.

I. INTRODUCTION

In the conventional point-to-point wireless communications,
if the channel link is blocked or inactive, the receiver is
not able to get the transmitted information, and therefore
continuous communication is not guaranteed. Recently, the
concept of cooperative communications was proposed for
wireless networks, such as cellular networks and mobile ad
hoc networks [1]-[7]. The basic idea of cooperative commu-
nications is that all mobile users or nodes in wireless networks
help each other to send out information cooperatively. Each
user’s data information is sent out not only by the user, but
also by other users. Thus, it is more reliable for destination to
receive the transmitted information since from statistical point
of view, the chance that all the channel links to the destination
go down is low.

In [1], [2], various cooperation protocols were proposed for
wireless networks. When a user helps other users to forward
information, it serves as a relay, and it may decode the received
information and then forward the decoded symbol or just
simply amplify and forward it. Outage probability performance
has been analyzed for such cooperation systems. The concept
of user cooperation diversity was also proposed in [3], [4], in
which a specific two-user cooperation scheme was investigated
for CDMA systems. In [5]-[7], a coded two-user cooperation
scheme was proposed by taking advantage of the existing
channel codes, in which the coded information of each user is
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divided as two parts: one part is transmitted by the user itself
and the other by its cooperator.

In this paper, we consider a decode-and-forward cooperation
protocol in wireless networks as specified in [1], [2]. We
derive closed-form symbol-error-rate (SER) for the decode-
and-forward cooperation systems with PSK and QAM signals.
Since the closed-form SER formulation is complicated, we
establish two SER upper bounds to show the asymptotic
performance of the cooperation system, in which one of them
is tight at high signal-to-noise ratio (SNR). Based on the SER
performance analysis, we are able to determine the optimum
power allocation for the cooperation systems. It turns out the
equal power strategy in [1], [2] is in general not optimum,
and the optimum power allocation depends on the channel link
quality. In case that all channel links are available, a surprising
observation from the obtained result is that the optimum power
allocation does not depend on the direct link between source
and destination, it depends only on the channel links related to
the relay. We also investigate SER performance and optimum
power allocation for the cooperation protocol under some
special channel conditions. Finally, simulation results validate
the theoretical analysis.

II. SYSTEM MODEL

We consider a cooperation strategy with two phases in a
wireless network. In Phase 1, each mobile user (or node) in
the wireless network sends information to its destination, and
the information is also received by other users at the same
time. In Phase 2, each user helps others by decoding the
information that it received from other users in Phase 1 and
sending out the decoded symbols. In both phases, all users
transmit signals through orthogonal channels by using TDMA,
FDMA or CDMA scheme [1]-[4]. For better understanding the
cooperation concept, we will focus on a two-user cooperation
scheme. Specifically, user 1 sends information to its desti-
nation in Phase 1, and user 2 also receives the information.
User 2 decodes the information and helps user 1 to send out
the information in Phase 2. Similarly, when user 2 sends its
information to its destination in Phase 1, user 1 receives and
decodes the information and will send it to user 2’s destination
in Phase 2. Due to the symmetry of the two users, we will
analyze only user 1’s performance. Without loss of generality,
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Source Destination

Fig. 1. A simplified cooperation model.

we will consider a concise model as shown in Fig. 1, in which
source denotes user 1 and relay represents user 2.

In Phase 1, the source broadcasts its information to both the
destination and the relay. The received signals y5 4 and y, , at
the destination and the relay respectively can be written as

Ys,d = V Pl hs,d'r + Ns,d, (l)
Ysr = V Pl hs,r T+ Ns,rs (2)

in which Pj is the transmitted power at the source, x is the
transmitted information symbol, and 7, ¢ and 7, are additive
noise. In (1) and (2), hs 4 and h, , are the channel coefficients
from the source to the destination and the relay respectively.
If the relay is able to decode the transmitted symbol correctly,
then in Phase 2, the relay forwards the decoded symbol with
power P, to the destination, otherwise the relay does not send
or idle. Thus, the received signal at the destination in Phase 2
can be modeled as

Yra =\ P2 hra® +nyp.a, 3)
where P, = P, if the relay decodes the transmitted sym-
bol correctly, otherwise P, = 0, and h, 4 is the channel

coefficient from the relay to the destination. The channel
coefficients hg g, hs, and h, 4 are modeled as zero-mean,
complex Gaussian random variables with variances 53’ 202,
and 627 4 Tespectively. They are assumed to be known at the
receiver, but not at the transmitter. The noise terms 75,4, 7s,r
and 7, 4 are modeled as zero-mean complex Gaussian random
variables with variance Nj.

Jointly combining the received signal from the source
directly in Phase 1 and that from the relay in Phase 2,
the destination detects the transmitted symbols by use of
the maximum-ratio combining (MRC) [8]. We fix the total
transmitted power P such as

P+ P =P “)

Note that the power saving in case of P, = 0 is negligible,
since at high SNR, the chance that the relay incorrectly
decodes the symbol is rare as we will see later in the
performance analysis. We assume that when the source sends
out information, an ideal cyclic redundancy check (CRC) code
[9] has been applied over the information symbols such that
the relay is able to judge whether the transmitted symbol is
correctly decoded or not.
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III. SER PERFORMANCE ANALYSIS

In this section, we analyze the SER performance for the
cooperative communication systems. We derive closed-form
SER formulations for the systems with M-PSK and M-QAM?
modulation, and also provide two SER upper bounds to reveal
the asymptotic performance.

With knowledge of the channel coefficients h, 4 (from the
source to the destination) and h, (from the relay to the
destination), the output of the MRC detector at the destination
can be written as [8]

Y = a1Ys,d + a2Yrd, @)

where a; = \/ﬁh;d/J\fo and ay = \/th;d//\/’o. Assume
that the transmitted symbol x has average energy 1, then the

SNR of the MRC output is [8]
o P1|h/s,d‘2+p2|hr,d|2 (6)

Y= Ny .

If M-PSK modulation is used in the system, with the
instantaneous SNR ~ in (6), the conditional SER with the
channel coefficients hg 4, hs , and h, g can be written as [12]

(M—1)n/M bpsiy
/ exp(———5
0 sin“ 6

Al

= Upsk(7) = -

hs,d7hs,7‘7h'r',(i
PPSK

)do,

where bpgk = sin®(7/M). If M-QAM (M = 2* with k even)
signals are used in the system, the conditional SER can also
be expressed as [12]

hs,d7h/s,7‘7h'r',d
TSN

= Pqam(y), ®)

where

Toan(y) 2 4KQ(/boany) — AK?Q*(Vogarny):  9)

in which K = 1 — ﬁ’ boam = 3/(M — 1), and Q(u) =
\/% [ exp(—%)dt is the Gaussian error function.

If the relay decodes the transmitted symbol correctly, then
the relay forwards the decoded symbol with power P, to
the destination, i.e., ]52 = P,; otherwise the relay does not
send, i.e., 132 = 0. If an M-PSK symbol is sent from the
source, then at the relay, the chance of incorrect decoding is
Upsk (P |hs |2/ Np), and the chance of correct decoding is
1 — WUpgk (Pr|hs,-|>/No). Similarly, if an M-QAM symbol is
sent out at the source, then the chance of incorrect decoding at
the relay is Wqanm (P |hs,|?/No), and the chance of correct
decoding is 1 — Wqam(P1lhs|?/No).

Let us focus on the SER performance analysis in case of M-
PSK modulation at first. Taking into account the two scenarios
of ﬁg = P, and ]52 = 0, we further calculate the conditional
SER in (7) as follows:

P1|}Ls7r|2
No
-P1|hs,7“|2
Mo )

2Throughout the paper, QAM stands for a square QAM constellation whose
size is given by M = 2¥ with k even.

Phs,dyhs,v'vh

PSK " = Wpsk ()] g Ypsk(

+ Upsk (V)| p=p, |1 — ¥psk(
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Averaging over the Rayleigh fading channels hy 4, ks, and
hr.q, the SER of the cooperation system with A/-PSK modu-

lation can be given by
bpsk P162 4
Nosin? 0 G Nosin? 0

bpsk P162 bpsk P262
F(a = :
+h (( + Nosin? 6 Ny sin? 6

bpsk P162,
1 F (14 2BSE 1%
% |: 1( + Nosin? @ )]7

1 (M-1)r/M 1
0

Similarly, with M-QAM modulation, the conditional SER in
(8) with the channel coefficients h 4, hs, and h,q4 can be
determined as

bpsk P12
Pesk = I <1+ UGS sm)

10)

where

amn

P1|hs,r|2

P idhsrhr i}
=0 QAM( NO )

QA = Pqam(7)|p,

+ Yoam(Y)|p,=p, {1 — Vqam( N

By substituting (9) into the above formulation and averaging
over the fading channels h, g, hs, and h, 4, the SER of the
system with M-QAM modulation can be given by

boam P12 boam P62,
Poam = B (1+ S ed S’d) P (1+ et sl ke

2No sin? 6 2Ny sin? 6
boam P16, boam P26,
F: 1 — (1 -
i (( + 2N\ sin? 6 )1+ 2N\ sin? 6
boam Pi6: .
1-FH(1+ ——m" 12
x |: 2( + 2Nosin29>:|’ (12)

where

(13)

/2 2 /4
0)) = g/ Ldg_ ﬁ/ Ldg_
T J, z(0) T J, z(0)

In order to get the SER formulation in (12), we
use two special properties of the Gaussian  Q-function

s Q) = L2 exp(—525)d8 and Q*(u) =
L (g ) for w > 0 [11], [12].

Since the closed-form SER formulations in (10) and (12)
involve integrations even though they can be calculated by
computer efficiently, we provide some SER upper bounds in
the following theorem to get some insight understanding.

Theorem /: The SER of the cooperation systems with
M-PSK or M-QAM modulation can be upper-bounded as

(M — )AB
< Ve

MbP1(52 + (M - l)ngéfd + MNy

(No + bPl(S? d)(./vo + bPl )(No + bPQé? d)’

(14)

where b = bpgk for M-PSK signals and b = bgan /2 for M-

QAM signals. Furthermore, if all of the channel links hg 4, hs r

and h, 4 are available, ie., d7 ; # 0,07, # 0 and 47,

Py
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0, then the SER of the systems with AM-PSK or M-QAM
modulation can be upper-bounded as

N1 A2 B
P, <. , 15
SwRe, \ oz, | B, (15
where in case of M-PSK signals, b = bpgk and
M—1 sin2t
A = M 1
2M 4r (16)
3(M—1) sin2%  siniZ
B — ; 17
8M + 47 321’ an
while in case of M-QAM signals, b = bgam/2 and
M-1 K?
A = — 18
o T (18)
3(M—-1) K2
B = —~ 4+ —. 19
8M + T (19)

Proof: Since 0 < sin®# < 1, we obtain the upper bound in
(14) by substituting sin® # = 1 into the SER formulations in
(10) and (12), respectively.

In the following we show the upper bound in (15). First, let
us consider the M-PSK modulation. In the SER expression
(10), by removing the negative term and ignoring all 1’s in
denominator, we have

P 142./\/'2 B/\/’O2
PSK < 75 252 2 2 52
bPSKpl 55 d52 bPSKP1P25s,d5r,d
where
(M—=1)x/M . 2w
1 . 2 M—-1 singp
A== 0do =
T /0 st 2M + A
M-1)r/M 47
B:l ( )/Sin40d0:3(M_1)+51nﬁ_Slnﬁ'
T Jo 8M 4 327

Thus, the upper bound in (15) holds for the A/-PSK modula-
tion. In case of M-QAM signals, we observe that the function
F5(z(0)) in (13) can be rewritten as

2 [m/2
4K 1 46 + 4K / 1 an,
T ) R ()

which does not contain negative term. Therefore, by substitut-

ing (20) into the SER formulation (12), removing the negative
term and ignoring all 1’s in denominator, we have

/2

Fy(z(9)) = (20)

. g 4A2N02 4BN02
QAM =< boam POz 403 bjamPLP202 407 )
where
/2 2 /2
4K 4K
A = - sin? 0d0 + T/ sin” 0df
- / 0 /4
_ M-o1 K
T oM T’
s 2 /2
B — f/% sin* 0do + 4‘;( / sin® 646
- o /4
_ M-y K
= 8M T

# Thus, the upper bound (15) also holds for the M-QAM signals.
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DF cooperation system with QPSK or 4-QAM signals
10 T T T T

T ;
—+— Upper bound in (17)
—O- Upper bound in (18)
—— Exact SER in (13) or (15)

0 5 10 15 20 25 30 35 40
P/N,, dB

Fig. 2. Comparison of the exact SER formulation and the upper bounds
for the cooperation system with QPSK or 4-QAM signals. We assumed that
62 ,=062,=02,=1,No=1,and P = P, = P/2.

It is not difficult to check that in case of QPSK modulation,
the SER formulation in (10) is consistent with that in (12)
for 4-QAM modulation. For both QPSK and 4-QAM, the
parameters b, A and B in the upper bounds (14) and (15)
are the same respectively. In such a case, those parameters are
b=1A= % + i and B = S%Jr ﬁ. In Fig. 2, we compare
the two upper bounds (14) and (15) with the exact SER in (10)
or (12), we can see that the upper bound (14) is asymptotically
parallel with the exact SER curve at high SNR, and the upper
bound (15) is loose at low SNR, but it is tight at high SNR.

IV. OPTIMUM POWER ALLOCATION

In this section, we determine an asymptotic optimum power
allocation for the cooperation protocol based on the tight SER
upper bound we obtained in the previous section. Specifically,
we will determine the optimum transmitted power P; at the
source and P, at the relay for a fixed total transmission power
P+ P,=P.

Theorem 2: In the cooperation systems, if all of the
channel links hg 4, h,, and hyq are available, i.e., 02, #
0,62, # 0 and 6f,d # 0, then for enough high SNR, the

optimum power allocation is

Sor + \/5 +8(A2/B)é2,,
P = R
3(5”+\/6 +8(42/B)52

204,y
35”+\/5

where A and B are specified in (16-19) for M-PSK and M-
QAM signals respectively.

Proof: Since the BER upper bound in (15) is tight for high
SNR, we determine an asymptotic optimum power allocation

2n

P =

P, (22)

(842/B)67.

based on this upper bound. Sufficiently, we 2]ust need to
minimize the term (A*Pd7,; + BP1J7,) in (15)
IEEE Communications Society / WCNC 2005 987

under the power constraint P, + P, = P. By taking derivative
over P; and setting the resulting derivation as 0, we have

B8 (P — PiPy) — 2A%5 4P3 = 0.

By solving the above equation with the power constraint P; +
P, = P, we can obtain the optimum power allocation in (21)
and (22). O

The result in Theorem 2 is somewhat surprising since the
asymptotic optimum power allocation does not depend on the
channel link between source and destination, it depends only
on the channel link between source and relay and the channel
link between relay and destination. Specifically, we can see
that the optimum ratio of the transmitted power P; at the
source over the total power P is less than 1 and larger than
1/2, while the optimum ratio of the power P used at the
relay over the total power P is larger than O and less than
1/2. Furthermore, if the link quality between source and relay
is much less than that between relay and destination, i.e.,
62, << 67, 4> then P goes to P and P» goes to 0. It means
we Just need to put the total power P at the source and do not
use the relay. On the other hand, if the link quality between
source and relay is much larger than that between relay and
destination, i.e., 62 >> (5, > then P; goes to P/2 and P»
also goes to P/2. It means we need to put equal power at the
source and the relay in this case.

We interpret the result in Theorem 2 as follows. Since we
assume that all of the channel links hg g, hs, and h, 4 are
available in the system, the goal of the cooperation strategy
is to achieve a performance diversity of order two. The
performance of the system is guaranteed to have the first
order diversity due to the channel link between source and
destination. However, in order to achieve the second order
diversity, the channel link between source and relay and the
channel link between relay and destination are more important.
If the link quality between source and relay is bad, then it
is difficult for the relay to correctly decode the transmitted
symbol. Thus, the forwarding role of the relay is not important
and it makes sense to put all of the power at the source. On
the other hand, if the link quality between source and relay is
very good, the relay can always decode the transmitted symbol
correctly, so the decoded symbol at the relay is almost the
same as that at the source. We may consider the relay as a
copy of the source, so we may put power on them almost
equally. Finally, we want to emphasize that it is an extreme
case to put power equally on the source and the relay. In
general, this is not the case, even for the special scenario that
the link quality between source and relay is the same as that
between relay and destination. From (21) and (22), we can see
that if 67 . = 67 ;, then the optimum power allocation is

1+/1+84%/B |
3+ \/1+8A2/B

3+4/1 +8A2/B

where A and B depend on specific modulation signals.

P =

(23)

P =

(24)
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We determine the optimum power allocation in Theorem 2
for the case that all of the channel links A, g, ks, and h, 4 are
available. In the rest of this section, we consider some special
cases that some of the channel links are not available.

i When the channel link between relay and destination is

not available, i.e., 53’ 4 = 0, according to (10), the SER
of the system with M-PSK modulation can be given by

bpsk P107 4 ANy
No sin? 6 h bPSKPI(S?’d’
where F(-) is defined in (11), and A is specified in (16).

Similarly, by (12), the SER of the system with M-QAM
modulation is

Ppsk = F (1 + 25)

2Npsin®@ ) ~ bqam P17’
26)
where Fy(-) is defined in (13), and A is specified in (18).
From (25) and (26), we can see that for both M-PSK
and M-QAM signals, the optimum power allocation is
P, = P and P, = 0. It means that we should use the
direct transmission from source to destination in this case.
ii When the channel link between source and relay is not
available, i.e., 6§7T = 0, according to (10) and (12), the
SER of the system with M-PSK or M-QAM signals can
be upper bounded as

b P52 2
Poan = Fo <1+ QAMT 1 “) L 24N

P, < 24N
5= bPl(Sid7

where in case of M-PSK modulation, b = bpgk and A is
specified in (16), while in case of M-QAM modulation,
b = bgam/2 and A is specified in (18). Therefore, the
optimum power allocation in this case is P; = P and
P, =0.

When the channel link between source and destination is
not available, i.e., 5f,d =0, from (10) and (12), the SER
of the system with M-PSK or M-QAM signals can be

given by
bP, 62 bP252d
P, = Fl1+ —2 |+ F 1+ 1%
° ' ( N sin? 9) ( Ny sin? 0

where i = 1 and b = bpgk for M-PSK modulation,
and ¢ = 2 and b = bgam/2 for M-QAM modulation.
If 55)70 # 0 and 637(1 # 0, i.e., the cases in i and ii do
not happen, then by the same procedure as we obtained
the upper bound in (15), the SER in (27) can be upper

iii

bounded as
2 2
P o< A/\/’O2 _ Pgénd + P15s,r 28)
2 P1P26§’r§f7d ’

where in case of M-PSK modulation, b = bpsk and A
is specified in (16), while in case of M -PSK modulation,
b = bgam/2 and A is specified in (18). From (28), we
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Cooperation system with BPSK signals
10 T T T

T
—+— Upper bound in (14)
—O- Upper bound in (15)
~ —o— Exact SERin (10)
—%— Simulation curve

7 L L L L L
20 25 30

15
P/No’ dB

Fig. 3.  Simulation of a cooperation system with BPSK signals, 6377 =
5zd =1, P1/P =0.5931 and P>/P = 0.4069.

can see that with the total power P + P, = P, the
optimum power allocation in this case is

57" d
P = ——P 2
! 55,7‘ + 5r,d ( 9)
Py = O (30)
> 6s7r + 5r,d

for both M-PSK and M-QAM signals.

Note that when the channel link between source and des-
tination is not available (62 ; = 0), the system reduces to a
two-hop scenario [10]. It is worth noting that the optimum
power allocation in (29) and (30) that we obtained from an
approach of minimizing the SER bound (28) is consistent with
the result in [10], in which the optimum power allocation was
determined for multi-hop systems from a minimizing outage
probability point of view.

V. SIMULATION RESULTS

To illustrate the above theoretical analysis, we performed
some computer simulations. In all simulations, we assumed
that the variance of the noise is 1 (i.e., Ny = 1), and the
variance of the channel link between source and destination
is 1 (i.e., 5?) 4 = 1). For fair comparison, we present average
SER curves as functions of P/Nj.

We simulated at first a cooperation system with BPSK
signals. We assumed that the variances of the channel link
between source and relay and that between relay and des-
tination are 1, i.e., 537,« = 572,7d = 1. In such a case, by
Theorem 2, the optimum power ratios are P; /P = 0.5931 and
P,/P = 0.4069. We also plotted the exact SER calculation in
(10) and the two upper bounds in (14) and (15). From Fig. 3,
we can see that the exact SER calculation (solid line with “¢”)
fits to the simulation curve (solid line with “x”). The upper
bound in (14) (dashed line with “-”’) goes parallel along the
exact SER curve with a 2 dB gap. The upper bound in (15)
(dashed line with “0”) is tight at high SNR, and it merges with
the exact SER curve at a SER of 1073,

0-7803-8966-2/05/$20.00 © 2005 IEEE



Cooperation system with QPSK signals, 8?{ =1and ﬁfd =1
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Fig. 4. Simulation of a cooperation system with QPSK signals for two power
allocation schemes, assuming 5§7T =62,=1

Cooperation system with QPSK signals, 85[: 1and Sfd =10

T T
—o— Upper bound in (15), P1/F' =0.5000
_4 Simulation, P‘/P =0.5000
—_o- Upper bound in (15), P1/F' =0.7968
~ . e Simulation, P‘/P =0.7968

PN, dB

Fig. 5. Simulation of a cooperation system with QPSK signals for two power
allocation schemes, assuming SEJ =1 and 63 4 = 10.

We also simulated a cooperation system with QPSK signals,
as shown in Figs. 4 and 5. We compared the performance of
the optimum power allocation with that of the equal power
case. In Fig. 4, we assume 5§7T = 5f)d =1, and the optimum
power ratios in this case are P;/P = 0.6270 and P;/P =
0.3730 by Theorem 2. From the figure, we observe that the
performance of the optimum power allocation in this case is
almost the same as that of the equal power case (P;/P =
P,/P = 1/2), and the two bounds are consistent with the
simulation curves at high SNR respectively. In the simulations
in Fig. 5, we assume that 67, = 1 and 67, = 10. In this
case, by Theorem 2, the optimum power ratios are P;/P =
0.7968 and P»/P = 0.2032. From Fig. 5, we can see that the
optimum power allocation (solid line with “x”) outperforms
the equal power case (solid line with “+”’) with a performance
improvement of more than 1 dB. Also, the two bounds merge
with the simulation curves at high SNR respectively. Note that
if the ratio of the link quality 7 /47, becomes larger, we
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will observe more performance improvement of the optimum
power allocation over the equal power case. In all of the above
simulations, we can see that the SER bound in (15) is tight
enough at high SNR.

VI. CONCLUSION

In this paper, we analyzed the SER performance for the
decode-and-forward cooperation systems. Closed-form SER
formulation was given explicitly for cooperation systems with
PSK and QAM signals. For better understanding the asymp-
totic performance of the systems, two SER upper bounds
were established, in which one of them is tight at high SNR.
Furthermore, based on the SER performance analysis, we
determined the optimum power allocation for the cooperation
systems. From the theoretical and simulation results, we can
draw the following conclusions. First, the equal power strategy
is in general not optimum in the cooperative communications,
and the optimum power allocation depends on the channel link
quality. Second, in case that all channel links are available,
the optimum power allocation does not depend on the direct
link between source and destination, it depends only on the
channel link between source and relay and that between relay
and destination. Finally, if the link quality between source and
relay is much less than that between relay and destination, i.e.,
82 . << 87 4, then we should put the total power at the source
and do not use the relay. On the other hand, if the link quality
between source and relay is much larger than that between
relay and destination, i.e., 67, >> 52’ 4» then the equal power
strategy at the source and the relay tends to be optimum.
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