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Abstract Multi-antenna communication systems with was presented from a capacity point of view. In [10], the
OFDM modulation have the potential to play an important performance criteria for STF codes were derived, and an
role in the design of the next generation broadband wireless  ypper bound on the maximum achievable diversity order
communication systems. In this paper, we propose a gen-  \as established. However, there was no discussion in
eral framework for the performance analysis of space-time- [10] whether the upper bound can be achieved or not.

f ded MIMO-OFDM syst .0 hin- . .
requency code Systems. ©ur approach in In this paper, we provide a general framework for the

corporates the space-time and space-frequency coding ap- X .
proaches as special cases. We also determine the maximum performance analysis of MIMO-OFDM systems, taking

achievable diversity order of space-time-frequency codes,  INto account c.:oding over thel spatial, temporal and fre-
and a simple repetition coding approach is used to achieve ~ quency domains. Our model incorporates the ST and SF

full diversity. Moreover, we investigate the effect of tempo- coding approaches as special cases. We also derive an al-
ral and frequency-domain correlation on the performance ternative form of the performance criteria for STF-coded
of MIMO-OFDM systems. The simulation results demon- MIMO-OFDM systems, based on the results of [14, 15].
strate that in some cases, considerable performance im- \We determine the maximum achievable diversity order
provement can be achieved via space-time-frequency cod-  for STF codes, and demonstrate that a simple repetition
ing compared to the space-frequency coding approach. coding approach can be used to to achieve it. Finally, we
1. Introduction investiggte the effect of temporal and frequency-domain
correlation on the performance of MIMO-OFDM sys-
Recent research results have shown that the ad-tems and show that if the channel changes independently
verse effects of the wireless propagation environmentfrom OFDM block to OFDM block, significant perfor-
can be significantly reduced by employing multiple mance improvement can be achieved by STF coding
transmit and receive antennas, resulting in multiple- compared to the SF coding approach.
input-multiple-output (MIMO) communication systems.
Combining MIMO systems with OFDM modulation, 2. System Model
MIMO'OFDM systems have been proposed, and two We consider a STF-coded MIMO-OFDM system with
coding approaches have been suggested.for such syth transmit antennasy/,. receive antennas and sub-
tems: space-frequencySF) coding, to exploit the spa-

tial and f di i ime-f carriers. Suppose that the frequency selective fading
'al and Irequency diversities, armba(_:e- IME-IEQUENCY * channels between each pair of transmit and receive an-
(STF) coding, to exploit the spatial, temporal, and

f di i ilable in f lecti tennas have. independent delay paths and the same
“;?&Lgr;?;m:\ézs' Ies avallable In Irequency selective power delay profile. The MIMO channel is assumed to

) ) . . be constant over each OFDM block period, but it may
The first SF coding scheme was proposed in [2], in

) ) o ) vary from one OFDM block to another. At thieth
which previously existingspace-time(ST) codes were  qepp plock, the channel impulse response from trans-
used by replacing the time domain with frequency do- iy antenna to receive antennaat timer can be mod-
main (OFDM tones). Later works [3]-[6] also described 4o as
similar schemes, i.e. using ST codes directly as SF L1
qode;. The resulting SF codes achieved only .the spa- hﬁj(T) _ Z aﬁjj(lw(r — ), (1)
tial diversity, and were not guaranteed to achieve the
full spatial and frequency diversities. Later in [8] and
[17],[18] systematic SF code design methods were pro- wherer; is the delay of thé-th path, andaﬁj(l) is the
posed that can guarantee to achieve full diversity. complex amplitude of théth path between transmit an-

The STF coding strategy, by coding across multiple tennai and receive antennaat thek-th OFDM block.
OFDM blocks, was first proposed in [12] for two trans- Theaﬁj(l)’s are modeled as zero-mean, complex Gaus-
mit antennas and further developed in [10], [11], and sian random variables with VarianCEE*paﬁj(l)lz = 67,

[13] for multiple transmit antennas. Both [12] and [13] whereE stands for the expectation. The powers of the
assumed that the MIMO channel stays constant overpaths are normalized such t@fz‘ol 62 = 1. From (1),
multiple OFDM blocks. In [11], an intuitive explanation  the frequency response of the channel is given by

on the equivalence between antennas and OFDM tones

=0
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wherej = +—1. We assume that the MIMO channel forl1 < £t < K,0<n < N-1,1 <i¢ < M, and
is spatially uncorrelated, i.e. the channel ta4:§§(l) are 1<y g M,., the received signal in (5) can be expressed

independent for different indic€s, ;). as
We consider STF coding acrod$ transmit antennas, M,
N OFDM sub-carriers an& OFDM blocks. Each STF yi(m) = L Z ci(m)H; ;(m) + z;(m)  (7)

codeword can be expressed a& & x M; matrix
form = 0,1,---, KN — 1. We further rewrite the re-

_ T AT . ~TT
C=10r G Cil™ (3) ceived signal in vector form as
where
Y = M DH + Z, (8)
c1(0) cs0) oy, (0) !
k(1) k(1) - (1) whereD is a K NM, x KN M;M, matrix constructed
Ck = : : . : from the STF codeword’ in (3) as follows:
FIN-1) A(N-1) - iy (N-1) D = Iy, ® Dy Dy - Da]. (©)

) where [ i [
. . . ) ® denotes the tensor produdty, is the identity
is the channel symbol matrix transmitted in tketh matrix of sizeM, x M, and

OFDM block, andc?(n) is the channel symbol trans-
mitted over then-th sub-carrier by transmit antenra D; = diag{c;(0), c;i(1), ---, c;(KN — 1)} ~ (10)
at thek-th OFDM block. The STF code is assumed to ¢, anyi = 1,2,--., M,. EachD; in (10) is related to
satisfy the energy constraifi|C||;; = KNM;, where 0 th column of the STF codewor@. The channel

||C]|r is the Frobenius norm af’. '_A‘t the k'th_ OFDM vectorH of size K N M, M, x 1 is formatted as
block, the OFDM transmitter applies aw-point IFFT

to each column of the matriK’,. After appending a H=[H], -~ Hy,, Hy - Hi,,

gychg prefix, the OFDM symbol co_rrespond|.ng to the ...HEMT sz}t’MJT7 (11)
i-th (i = 1,2, -+, M) column of Cy, is transmitted by

transmit antenna where

AF the r_eceiver, after_ matched filtering, removing the H;; = [H;;(0) Hi;j(1) --- H; j(KN — 1)]7. (12)
cyclic prefix, and applying FFT, the received signal at the ) ) ) o
n-th sub-carrier at receive antenjian the k-th OFDM ~ The received signal vectdf of size K N M, x 1 is given

block is given by by
Y =[y1(0) - ya (KN —1) 32(0) ---
\f (n) + 5n), (5) oy (0) -y, (KN - 1)]7, (13)
and the noise vectd has the same form 8§, i.e.,
where L Z=[z(0) - 2z (KN —1) 25(0) -
=) af;(Q)emmaim (6) oz, (0) -+ zar, (KN =17 (14)

Suppose thab andD are two different matrices re-
is the channel frequency response atiirth sub-carrier  |ated to two different STF codewords andC, respec-
between transmit antenaand receive antenna A f = tively. Then, the pairwise error probability betweBn
1/T is the sub-carrier separation in the frequency do- andD can be upper bounded as [14, 15]
main, andI" is the OFDM symbol period. We assume

. . k . o -
that the Fhannel state mformatldﬂi)j. (n) is known at P(D - D) < 2r H% P 7
the receiver, but not at the transmitter. In (5§,(n) M,
denotes the additive complex Gaussian noise with zero (15)

mean and unit variance at theth sub-carrier at receive  where r is the rank of (D — D)R(D — D),

antenng in the k-th OFDM block. The factor/p/M, V1,72, are the non-zero eigenvalues D —

in (5) ensures that is the average signal to noise rat|o D)R(D — D)™, andR = E{HH"'} is the correlation

(SNR) at each receive antenna, and it is independent ofmatrix of H. The superscript{ stands for the complex

the number of transmit antennas. conjugate and transpose of a matrix. Based on the upper

bound on the pairwise error probability in (15), two gen-

eral STF code performance criteria can be proposed as
In this section, we derive the performance criteria for follows:

STF-coded MIMO-OFDM systems, based on the results

3. Performance Criteria

e Diversity (rank) criterion: The minimum rank of

of [14, 15, 16]. This formulation will serve as the starting (D — D)R(D D) over all pairs of different

point for the results to be discussed later. . codeword<” andC should be as large as possible.
Using the notation ¢;((k — l)N + n) = L .

N A e Product criterionThe minimum value of the prod-

cf(n), Hij((k = YN + n) = HF;(n), y;((k - uct[]/_, v: over all pairs of different codewords

1)N + n) 2 y¥(n), andz;((k — 1)N + n) 2. % (n) andC' should be maximized.



4. Maximum Achievable Diversity whereH, = [HF(0),..., HF (N —1)]7. Then,Rp =

o ;
In case of spatially uncorrelated MIMO channels, i.e., WAW™. As aresult, we arrive at

the channel tapsyiﬁj(l) are independent for different R .
transmit antennaand receive antenng the correlation ! B
matrix R of size K N M; M, x KN MM, becomes -

= (Ix@W)(Rr @ AN)(Ix @ W)
Rr @ (WAW™) = Rr @ Rp, (22)

yielding
R:diag<R1,1,~-, Rar 1, Rig,--- R =Iu,m, @ (Rr ® Rp). (23)
Finally, combining (4), (9), (10) and (23), the expression
oy Rage R,y oo RMt,M,,.) (16)  for (D — D)R(D — D)™ in (15) can be rewritten as

where

H
Rij = E{Hi;Hj} (7 = I, ® |3 (D, - Dy)(Rr®Rp)(D; — D»H]
is the correlation matrix of the channel frequency re- i=1
sponse from transmit antenito receive antenna Us- = Iy ®{ [(C —o)C - @)H} O(RT®RF)},(24)
ing the notationw = e—3272f from (6) and (12), we
have d A
Hiy = (I © W) As, (18) whereo denotes the Hadamard producDenoteA =

(C—C)(C—C)", andR 2 Ry ® Rp. Then, substitut-
where ing (24) into (15), the pairwise error probability between
C andC can be upper bounded as

wTo wTL - wTL—1 v —My —vM,
— . . . ’ ~ 2uM, — 1 ' P
: : : P(C—>C)<< 9y [[1& 7 )
w™N -1 ,(N=D7 .y (N=1)7r1 " (25)

wherev is the rank ofA o R, and\q, Ao, - -+, A\, are the
non-zero eigenvalues @ o R. As a consequence, we

1 L L can formulate the performance criteria for STF codes as
Aij = [od;(0) aly(1) - al (L —1) -

i, 0] follows:
-l (0) al51) - ol (L -1)7. . . -
J J J e Diversity (rank) criterion: The minimum rank of
Substituting (18) into (17)R;; can be calculated as fol- A o R over all pairs of distinct codewordS and
. C should be as large as possible.
lows:
- o " e Product criterionThe minimum value of the prod-
Rij = E {(IK ®W)A; ;A ;(Ik @ W) } uct[T;_, \; over all pairs of distinct signal§’ and
= (Ix @W)E{A; ;AL } (Ix @ WH). C should also be maximized.

With the assumptions that the path ga'rf{-‘sj(l) are If the minimum rank ofA o R is v for any pair of

independent for different paths and different pairs of distinct STF codeworde’ andC', we say that the STF
code achieves diversity orderof vM,.. For a fixed the

transmit and receive antennas, and that the second or i
der statistics of the time correlation is the same for all "umber of OFDM blocks, the number of transmit an-

dennasi/, and the correlation matricd®; andRr, the
maximum achievable diversity full diversityis defined
as the maximum diversity order that can be achieved by
STF codes of siz& N x M;.

transmit and receive antenna pairs and all paths (i.e. th
correlation values do not depend frnj and!), we can
define the time correlation at lag as

ro(m) = E{a{?j(l)afjm*(l)}. (19) According to the rank inequalities on Hadamard prod-
ucts and tensor products [20], we have
Thus, the correlation matri¥; {4; ;A7 } can be ex- rank(A o R) < rank(A)rank(Ry)rank(Rp).
pressed as -
" Since the rank of\ is at mosti/;, the rank ofRf is at
E{A;;Al5} =Rr @A, (20) mostL, and the rank ofA o R is at mostK N, we obtain
whereA = diag{63,6%,---,6%_,}, andRy is the tem- rank(A o R) < min{ LM;rank(Rz), KN}. (26)

poral correlation matrix of siz& x K, whose entry in
the p-th row and the-th column is given by (¢ — p)
for1 < p,q < K. We can also define the frequency
correlation matrix,Rp, as

1Suppose thatl = {a; ;} andB = {b; ;} are two matrices of
sizem x n. TheHadamard producof A andB is defined as
a11bi,1 o0 arnbin
AoB = S Co. o

am,lbm,l ce am,nbm,n

M
Rp = E{H;H};"}, (21)



Thus, the maximum achievable diversity is at most
min{ LM; M,rank(Rr), KNM.,}, in agreement with
the results of [10]. However, there is no discussion in
[10] whether this upper bound can be achieved or not.
In the rest of the section, we show that this upper bound
can indeed be achieved. Without loss of generality, we
assume that the number of sub-carrie¥s, is not less
thanL M,, so our objective is to show that the maximum
achievable diversity order BM; M, rank(Rr).

In[17], [18] we have proposed a systematic approach
to design full-diversity SF codes. Suppose thgl- is a
full diversity SF code of sizé&v x M;. We now construct
a STF code by repeatingsr K times (overK’ OFDM
blocks) as follows:

Csrr = 1ix1 ® Csr, (27)

where 1, is an all one matrix of sizé x 1. Let
Asrr = (Csrr — Csrr)(Csrr — Csrr)™ and
Agr = (Csr — Csr)(Csr — Csr)™. Then we have

Agrp = []—kxl ® (Csp — C’SF)}
X [11><k ® (Csp — éSF)H} = 1pxi ® Agp.
Thus,

AsrroR (1exr ® Agr) o (Rr ® RF)

Rr® (ASF o RF).

Since the SF cod€'syr achieves full diversity in each
OFDM block, the rank ofAgr o Rp is LM;. There-
fore, the rank oA g1 o Ris LMyrank(Ryr), SOCsrp

in (27) is guaranteed to achieve a diversity order of
LMiM,rank(Rr).

We observe that the maximum achievable diversity
depends on the rank of the temporal correlation matrix
Ryr. Ifthe fading channels are constant durisgOFDM
blocks, i.e. rank(Rr) = 1, the maximum achiev-
able diversity order for STF codes (coding across several
OFDM blocks) is the same as that for SF codes (cod-
ing within one OFDM block). Moreover, if the channel
changes independently in time, iRy = Ik, the repeti-
tion structure of STF cod€'sr in (27) is sufficient, but
not necessary to achieve the full diversity. In this case,

AOR:diag(AloRF, AQORF, ceey AKORF),

whereA, = (Ck — ék)(Ck — ék)H forl <k <K.
Thus, the necessary and sufficient condition to achieve
full diversity K LM, M, is to makeA; o Rp of rank
LM, over all pairs of distinct codewords simultaneously
foralll <k <K.

Note that the proposed analytical framework includes
ST and SF codes as special cases. If we consider onl
one sub-carrierlf = 1), and one delay pati(= 1), the
channel becomes a single-carrier, time-correlated, flat
fading MIMO channel. The correlation matri® sim-
plifies to R = Ry, and the code design problem reduces
to that of ST code design, as described in [16]. In the
case of coding over a single OFDM blocK (= 1), the
correlation matrixk becomesR = R, and the code de-

sign problem simplifies to that of SF codes, as discussed

in [17],[18] .

Y,

5. Simulation Results

To illustrate the above theoretical results, we have
done some computer simulations. The simulated com-
munication system had/, = 1 receive antenna. The
OFDM modulation hadV = 128 sub-carriers, and the
total bandwidth was 1 MHz. Thus, the OFDM block du-
ration wasl128s without the cyclic prefix. We consid-
ered a two-ray, equal power delay profile £ 2), with a
delay of20us between the two rays. Each ray was mod-
eled as a zero mean complex Gaussian random variable
with variance0.5. We have simulated a block code and
a trellis code example.

The full-diversity SF block code foAl, = 2 trans-
mit antennas was constructed from the Alamouti scheme
[1] with BPSK modulation via the repetition mapping
described in [17],[18]. The full-diversity STF block
code was obtained from a full-diversity SF code via (27)
across two OFDM blocksK = 2) with QPSK modu-
lation. Thus, both schemes had the same spectral effi-
ciency of0.5 bit/s/Hz (omitting the cyclic prefix for sim-
plicity). We simulated the full-diversity STF block code
for the independently fading channel mod&l{ = 1)
and compared it with the SF block code. Figure 1 de-
picts the obtained average bit error rate (BER) curves as
a function of the average signal to noise ratio. From the
figure, we can see that in case of independent fading,
the STF code achieves higher diversity order than the SF
code.

In case of the full-diversity SF trellis code, we applied
the repetition mapping to the 3-antenna, 16-state, QPSK
ST trellis code proposed in [19]. The full-diversity STF
trellis code was obtained from this SF code via (27)
with K = 2. Since the modulation was the same in
both cases, the spectral efficiencies of the SF code and
the STF code were 1 bit/s/Hz and 0.5 bit/s/Hz, respec-
tively, omitting the cyclic prefix. Similarly to the previ-
ous case, we assumed that the channel changes indepen-
dently from OFDM block to OFDM block. The BER
curves of the two schemes can be observed in Figure
2. As apparent from the figure, the STF code achieved
higher diversity.

6. Conclusion

We proposed a general framework for the perfor-
mance analysis of STF-coded MIMO-OFDM systems.
We determined the maximum achievable diversity or-
der of the STF codes and a simple repetition coding ap-
proach was used to achieve it. Moreover, we analyzed
the effect of temporal and frequency-domain correlation
on the performance of MIMO-OFDM systems. Assum-
ing independent fading between OFDM blocks, the sim-
ulation results showed that by coding across multiple
OFDM blocks, the achieved diversity order can be sig-
nificantly increased.
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