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signals and SNR'’s of as low as9 dB (or less), for the individual A Parameter Estimation Scheme for Damped Sinusoidal

sinusoids. Signals Based on Low-Rank Hankel Approximation
As one may expect, the algorithm performance deteriorates as the
noise level increases. In particular, we note that at low SNR’s, the Ye Li, K. J. Ray Liu, and Javad Razavilar

algorithm convergence slows down and the variation of the ALE
parameters become more erratic, and at some stage, it may fail unless
its step sizes are decreased so that a more accurate averaging Apstract—Most of the existing algorithms for parameter estimation of

the noisy signals can be obtained. This, of course, slows down ped sinusoidal signals are based only on the low-rank approximation
of prediction matrix and ignore the Hankel property of the prediction ma-

algorithm convergence further. L trix. In this correspondence, we propose a modified KT (MKT) algorithm
Another problem that our as well as all the existing IIR ALEexploiting both rank-deficient and Hankel properties of the prediction

algorithms are suffering from is their sensitivity to the colored noiseyatrix. Computer simulation results demonstrate that compared with

which may result in some bias in the estimated parameters, orth¢ original KT algorithm and the matrix pencil algorithm, the MKT

may even result in unreliable behavior of the algorithms as the nof&g°'ithm has lower noise threshold and can estimate the parameters of

. . . . . Sﬁnal with larger damping factors.
level increases [8]. This problem, in general, is more serious whe
the cascaded IIR ALE’s are used. This is because as input noise |. INTRODUCTION

passes through the successive stages of the IIR ALE, it becomes morg, N . . .
L ; he problem of parameter estimation of damped sinusoidal signals
colored. To minimize this effect, one has to let theparameters of .

the ALE approach unity as close as possible so that the effect of %Hethe presence of _additive noise is very .important in spectral analysis
produced nulls on changing the noise spectrum are minimal. and_ many appllcatlons,.s_uch as magnetic resonance spectroscopy and

radioastronomy. The difficulty of this problem stems from the fact

that the damped sinusoidal signal is nonstationary, and the correlation
REEERENCES matrix cannot be found. Hence, many efficient traditional approaches

are not applicable. There are several model-based algorithms being
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this idea, a modified KT algorithm is proposed in this correspondence,
which uses both the Hankel and the rank-deficiency properties of the
prediction matrix.
This correspondence is organized as follows. In Section Il, the
matrix approximation in the KT algorithm is analyzed. Then, a
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modified Kumaresan-Tufts (MKT) algorithm is developed in Sectioof A corresponding to the singular valag, and “H” stands for the
lll. Finally, computer simulation results are presented in Section Igbnjugate transposition. To make the system equation
to demonstrate the performance of MKT algorithm.

Ac=-h @)
II. Low-Rank M A ; -
OW-RANK IMATRIX APPROXIMATION have a solution, eitheh must be in spafu;, u., ---, ux} or h,
A sequencer(n) consists ofi” damped sinusoidal signals can beyhich is the projection oh on spar{ui, u., -+, ux }, must be
expressed as used instead oh in (7). In either case, (7) can be written as
K A ~
#(n) = Z s N Ac=-h (8)
k=1
where
wherec;’s are nonzero complex amplitudes, = —ay + jwi, and
ar € RM,w € [-m, w] for k = 1,2,---, K. oy is called the . u
damping factorof the damped sinusoid with angle frequency. h = Z (uy; h)ug. ©)
The larger the damping factor, the faster the amplitude of the sinusoid k=1

decays. The observed sequep¢e) is obtained frome(n) corrupted

by additive noisew(n), which is assumed to be a complex whiteSince ranKA) = K < L, (8) is an underdetermined system of
Gaussian process. Normally, we have to make sureXifaf > 2K). equation aboutc, and there are multiple solutions. The solution
The observed data can be expressed as minimizing ||c|| is given by

M

y(n) =z(n) +w(n) forn=0,1,2,---, N-1. (2 _ Z 0121(11?

h)V]\», (10)

The KT algorithm [6] is one of the most effective algorithms for
parameter estimation of damped sinusoidal signals. To estimate {)@ch is thec in the KT algorithm [6]. It has been proved in [5]
parameters of the damping sinusoidal signals using the KT algorithghq [6] that if ¢ is estimated using (10), then onl of C(2)'s
an(N—L)x L [min (N-L, L) > K] conjugate backward prediction ;o105 are outS|de the unit circle, which are signal zerog for

matrix and an(N — L)-component column vector are first set up ag — 1,2, _The rest of thel, — K zeros are inside the unit
follows: circle. By means of this property, the desired zeros can be easily
() o (2) o (L) identified to e'sti.mate the parameters. To obtain optimum pe.rformance,
fy*({_)) ':1/*(3) y*‘(L 1) thel (L > K)is chqsen to be larger thak —_L, usually3N/4.
A= o . . . i From the above discussion, the KT algorithm uses the low-rank
: : : : matrix approximation to reduce the noise effect. When the SNR
ly"(N-L) y(N-L+1) -+ y"(N-1) is high and enough data are available, the rank approximation in
y* (0) the KT algorithm will reduce the measurement noise significantly;
y*(1) hence, the KT algorithm in this case will almost attain the CR bound
h= . (3) [6]. However, if the SNR is reduced to certain degree, the rank
: approximation in the KT algorithm is unable to reduce the noise effect
ly" (N =L —1) efficiently, and moreover, it may introduce an extra perturbation. In
) that case, the noise threshold appears. Since the noise threshold of the
where " stands for the complex conjugate. KT algorithm is due to the low-rank matrix approximation, to reduce
To find the frequencies of the damped sinusoidsZatomponent e nojse threshold, the matrix approximation approach employed in
prediction coefficient vectoe should be found such that the KT algorithm must be improved.
Ac~-h (4)
h ( v the backward | dicti Ill. MopIFIED KT ALGORITHM
wherec = (c1, ¢2, -+, cr)’ are the backward linear prediction - .
coefficients. Theng % for k = 1, 2. ---. K can be estimated by From (3), we can see that the prediction matrix of a data sequence

is of Hankel form. Indeed, according to [4] there is a very interesting
property that can be summarized as follows.

. 1 _I Lemma: If a data sequence(n) consists of/ distinct sinusoids
Cle)=1tecz +-tez ®) asin (1), then for anyL(L > K), the L x L prediction matrix
Pr=[z(d -|-_])]L 1, is a singular Hankel matrix with rank” and

Hence, the performance of an algorithm relys on how accurate tpbm rank K x K prlnC|pIe minorP 5 = [« (i _1_-])]{&;10 Conversely,
estimation of the prediction polynomial is.

calculating the roots of the prediction polynomial

To estimatec, the optimum ranki’ matrix approximation ofA f(?,r '?m.ng'L S|’rrlgu_lar'Hanke.| matrbP, = [ 7+7A)],1 =o With rank
is first made by K, ifits K x K principle minorP x = [«(i +,7)]_1,]:0 is full rank,
thenz(n) forn =0, 1, ---, (2L — 2) can be uniquely expressed as
the summation of’ distinct sinusoids as given by (1).
A= Z oruvi (6) The above lemma reveals a one-to-one correspondence between

a data sequence consisting of damped sinusoidal signals and rank-

deficient Hankel matrix. Therefore, parameter estimation of damped
whereoy’s (01 > 02 > --- > o1) are the singular values @&, and sinusoidal signals from noisy data is equivalent to performing the
u; andvy are the left singular vector and the right singular vectdow-rank Hankel matrix approximation. More specifically, I, be
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TABLE | 60 T y . v
MobIFIED KT ALGORITHM
Step 1 | Form square prediction matrix Py, so b ]
Step 2 | Find Py, , by (13)
Step 3 | Find Py, by (14)
Step 4 | Repeat Step 2 and 3 to get estimation of §(n) “r
Step 5 | Estimate parameters using the KT algorithm to g(n)
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,",' algorithms obtained in 200 trials when= —a + j270.42 and N = 24.
ol
or 1 For the KT algorithm, only the rank-deficiency characteristics of
o ) ) ) ) ) the prediction matrix is used in matrix approximation. The approxi-
Vo 10 2 30 40 50 0 mated matrixA x_ ;. 1, in (6) unfortunately loses the Hankel property.
SR B If both the rank and Hankel properties of the matrix are used in the
(b) matrix approximation to reduce the noise effect, the performance

Fig. 1. MSE of (a)w and (b) o« versus SNR of the matrix pencil, KT, of the estimation will be improved significantly. The modified KT

and MKT algorithms obtained in 200 trials when= —0.2 + ;270.42 and algorithm introduced here will exploit both properties.

No=24 To use the low-rank Hankel matrix approximation to reduce the
measurement noise, we first set up a square prediction matrix from
the observed noisy data:

an L x L prediction matrix of noisy datg(n)

Lyl
P =[y(i+ )] 7. (11) Pr=lli+ k= (12)

If we can find anl, x L. Hankel matrixP = [ﬁ(i—i-j)]fjl with rank  To make full use of the given data, [Bt= [N/2] here. Since there is
K and a full rankX x K principle minor, then the parameters of theno analytical low-rank Hankel matrix approximation approach avail-
signal can be uniquely determined frafh able, an iterative approach for low-rank Hankel matrix approximation
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Fig. 3. Zeros ofC(z) obtained in 40 trials of (a) KT algorithm and (b)
MKT algorithm when SNR= 15 dB.

is used here. First, an optimum rafk matrix approximation t@®r,
is made using the SDV.

P, = @ ;] {710 = Z crupvy (13)

k=1

whereoy for k =1, 2, ---, K are theK largest singular value of

P, andui, andvy are correspondlng left and right singular vectord

P, is usuqlly not Hankel. TheAn, a Hankel mati, is found to
minimize [|[P. — PL|r, whereP is given by

Pr =[50+ )7 (14)
and

N 1 _
Yi+; = rva Z yn,nz (15)

0<n, m<L—1, m4n=i47
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with V being the number of the elements in matRy, satisfying
n+m = i+j in (13). After this step, the rank dt . is not necessarily
K. A low-rank approximation is used again. The procedures are
repeated until a Hankel matrix with only dominate singular values
is obtained. From the approximated Hankel malix, better noise-
reduced datg(n) can be found. Then, by using the KT algorithm, the
parameters of the signal can be obtained fig{m). The algorithm is
summarized in Table I. The convergence of the above iteration can
be proved using the theory of composite property mapping algorithm
[2]. In [2], it has been shown that the exponential data satisfy
the hypotheses of composite mapping theorem, and therefore, the
composite mapping algorithm can be used to reduce the noise effect
from the measured exponential data. Since the damped sinusoidal
signals form a subset of exponential signals, the same results extend to
these kinds of signals. Therefore, the Hankel approximation process
applied to reduce the noise effect in damped sinusoidal data will
converge to a solution. In what follows, we will prove that the
proposed low-rank Hankel approximation can indeed achieve better
performance.

Theorem 1: Let Py, = [2(i + j)]i, j=o be the true prediction
matrix; then,

||]-A)L - Ptrue”F S ||FL - Ptrue”F- (16)

The equality holds only ifP, is Hankel.
Proof:
From (15), direct calculation yields that

1 2
N Z |z(n) — 3/,:,,;’|9

i+j=n,0<:, j<n

= |a(n) = G(n)
1 N _ 2
+ N Z [g(n) — 3/,:7,,'|

itj=n,0<i, j<n

> |z(n) — i(n)|? 17)

whereN is the number of elements in matidX;, satisfyingi+;j = n.
Using the above inequality, a direct calculation yields that

IPL = Piruelli =P = PrlF + [IPr - PrrucllF
>Pr = Prruellt- (18)

The above theorem demonstrates tRat is always more accurate
than P;. If the SVD in the iteration procedures can reduce the
noise effect efficiently, a better estimation Bf,... can be obtained
by preserving the Hankel form after each iteration. Hence, the
performance of the modified KT algorithm should be better than
hat of the original KT algorithm. Even though we emphasize the
modified KT algorithm in this paper, similar procedures can also be
used for the TLS algorithm.

It is worth mentioning that the complexity of the MKT algorithm
is in the same order as the KT algorithm. Extra computations in
MKT algorithm comes from the Hankel approximation part, which
requires several SVD’s until the algorithm converges. However, for
most practical cases of interest, the Hankel approximation typically
converges within a few iterations. For the results we have reported
in this correspondence, we have used only two iterations of the
algorithm, and we still got very good results. Since the number of
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Fig. 4. MSE of (a)wi, (b) a1, (c) w2, and (d)a2 obtained in 200 trials of the matrix pencil, KT, and MKT algorithms when= —0.2 + 3270.42,
s9 = —0.1 4+ y27x0.52, and N = 25.

additional SVD's required in MKT is only two, the complexity of The performance of the algorithms is measured by the mean square
the MKT algorithm remains almost the same as that of the originatror (MSE). For comparison, we also simulate the performance of
KT [6] algorithm and the matrix pencil method [3]. Kumaresan—Tufts (KT) algorithm [6], the matrix pencil algorithm
[3], and calculate the CR bound using the formula in [6]. In our
simulation, N = 24 and L = 18 for both the KT algorithm and the
IV. COMPUTER SIMULATION EXAMPLES MKT algorithm.
Example 1: The simulated data are given by
In this section, we will test the performance of the MKT algorithm
and compare it with the KT algorithm and the matrix pencil algorithm "
[3] by two computer simulation examples. w(n) =™ +w(n) (20)
In our examples, the damped sinusoid is corrupted by compléfieres = —a + jw, andw(n) is complex white Gaussian noise
white Gaussian noise with zero mean and varian¢e The SNR and with variances®.

used in the examples is the peak signal-to-noise ratio defined as When we fixs = —0.20 4+ ;27(0.52) and change the SNR, the
simulation results are shown in Fig. 1(a) and (b) for the MSE of

damping factore and frequencyw, respectively. From this figure,
SNR= 10 log < 12) (19) the MSE's of the matrix pencil algorithm, the KT algorithm, and the
20 MKT algorithm are all near CR bound if the SNR is high. We can
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see that the performance of MKT algorithm follows closely to the[5]
CR bound in estimating damping factor and the noise threshold
in estimating the frequency is about 3—4 dB below those of the KT
algorithm and the matrix pencil algorithm. 6
When we fix SNR= 20 dB, w = 2#(0.52), and we change the
damping factora. The MSE’s ofa and w are shown in Fig. 2(a)
and (b). From the figure, we can see that when the damping fact
is less than 0.2, the performance of KT, MKT, and the matrix
pencil algorithms is near the CR bound. df > 0.55, the KT
algorithm and the matrix pencil algorithm are unable to estimate
the parameters, whereas the MKT algorithm can still estimate thi]
parameters effectively.

Example 2: The simulated data are generated by ]

y(n) = 1" + 2" 4+ w(n) (21)
[10]

wheres; = —0.2 + 327(0.42), so = —0.1 + j27(0.52), andw(n)
is complex white Gaussian noise with variance This example is
from [6].

The zeros of prediction polynomials are shown in Fig. 3. From the
figure, it is clear that the MKT algorithm has less bias and smaller
variance than the KT algorithm. The MSE’s af, wi, a2, andw,
for the matrix pencil algorithm, the KT algorithm, and the MKT
algorithm are shown in Fig. 4(a)—(d). From these figures, the noise
threshold of the MKT algorithm is about 3—-4 dB lower than that of
KT algorithm.

V. CONCLUSIONS

The reduced-rank matrix approximation has been an effective tool
in many branches of signal processing. In this paper, we demonstrate
that if we can also preserve the matrix structure, such as the Hankel
structure for the case of parameter estimation of damped sinusoidal
signals, the performance can be further improved. Specifically, we
presented the MKT algorithm to estimate the parameters of damped
sinusoidal signals. The MKT algorithm exploits both reduced rank
and Hankel properties of the prediction matrix. Compared with the
original KT algorithm and the matrix pencil algorithm, it has lower
noise threshold and is able to estimate the parameters of signal
with large damping factors. Hence, preserving the Hankel structure
in reduced-rank matrix approximation improves the performance
significantly. The proposed approach and concept presented in this
article can also be extended to the general area of reduced rank signal
processing [10], where structural low-rank approximation can be very
effective in performance improvement.
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