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Abstract—Cooperation is a promising approach to simulta-
neously achieve efficient utilization of spectrum resource and
improve the quality of service of primary users in dynamic
spectrum access networks. However, due to the selfish nature,
secondary users may not act as cooperatively as primary users
have expected. Therefore, how to stimulate the secondary users
to play cooperatively is an important issue. In this paper, we
propose a reputation-based spectrum access framework, where
the cooperation stimulation problem is modeled as an indirect
reciprocity game. In the proposed game, secondary users choose
how to help primary users relay information and gain reputa-
tions, based on which they can access a certain amount of vacant
licensed channels in the future. By formulating a secondary user’s
decision making as a Markov decision process, we obtain the
optimal action rule, according to which the secondary user will
use maximal power to help primary user relay data if the channel
is not in an outage, and thus greatly improve the primary user’s
quality of service as well as the spectrum utilization efficiency.
Moreover, we prove the uniqueness of stationary reputation
distribution and theoretically derive the condition under which
the optimal action rule is evolutionarily stable. Finally, simulation
results are shown to verify the effectiveness of the proposed
scheme.

Index Terms—Indirect reciprocity, dynamic spectrum access,
game theory, Markov decision process, evolutionarily stable
strategy.

I. INTRODUCTION

ECENTLY, it has been reported that a large portion of

the radio spectrum assigned by Federal Communications
Commission (FCC) to licensed users, also known as primary
users (PUs), remains under-utilized [1]. Dynamic spectrum
access (DSA) technique, where unlicensed users, also known
as secondary users (SUs), are allowed to access and share
the licensed spectrum temporarily, has gained many attentions
since it can greatly improve the efficiency of spectrum utiliza-
tion [2] [3] [4].
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In the literature, many spectrum access approaches have
been proposed. Spectrum sharing is one kind of these ap-
proaches, which studies the allocation of vacant spectrum
where PUs are sensed as inactive [5] [6] [7] [8]. In [5], the
authors introduced a cognitive multiple-access protocol where
SUs sense and exploit idle channels to cooperate with the
PUs for forwarding their packets to improve the PUs’ quality
of service (QoS), while the authors in [6] [7] [8] focused
on designing spectrum sharing rules for SUs to efficiently
and fairly share the vacant channels to forward their own
packets. Another way for SUs to use the licensed spectrum is
through spectrum auction [9] [10], spectrum trading [11] [42]
or spectrum leasing [12] [13]. In [11], the trading mechanism
is modeled as a market where PUs set the qualities and/or
prices for their idle spectrums and SUs choose the spectrum
with appropriate quality and/or cost. Instead of getting virtual
currency, in spectrum leasing [12] [13], PUs ask for coopera-
tion from SUs by leasing a portion of spectrum to them, due
to which the PUs’ QoS is improved while SUs gain the right
to access licensed spectrum.

How to stimulate the cooperation from SUs in DSA net-
works is an important problem. Since PUs and SUs generally
belong to different operators or service providers and pursue
different objectives, SUs may not cooperate if cooperation
cannot bring them benefits. Game theory, a well-developed
mathematical tool that studies the interactions among rational
users [14], has been used to analyze the cooperation behaviors
among nodes in DSA networks [12] [13] [15] [16] [17]
[18] [19] [41] [43]. However, most of the existing game
theoretic frameworks for DSA networks are based on the
direct reciprocity model [12] [13] and repeated game [18],
where the underlying assumption is that the game among
a group of nodes is played for infinite times. Nevertheless,
this assumption is not true in reality since players need to
change their partners frequently due to mobility or changes
of environment. In such a case, the only optimal strategy for
them is to always play non-cooperatively. Moreover, without
punishment for the cheating behavior, players may cheat even
after they have agreed to cooperate. For example, in the
systems such as [13], an SU may use less power to relay
than it had promised after it had gained the chance to use the
spectrum since there is no supervision and evaluation for its
action.

Another two categories of cooperation stimulation schemes
are payment-based and reputation-based schemes. Payment-
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based schemes, such as virtual currency [20] and auction [21]
[22] [23], have been proposed to enforce cooperation in DSA
networks. In [20], a payment mechanism where PUs and SUs
can pay charges to each other, was proposed to motivate the
cooperation between multiple PUs and multiple SUs. In [23],
the authors proposed an auction-based protocol to encourage
PUs to free a portion of their spectrum resources to SUs for
the exchange of the help from SUs to relay their signals to the
destinations. Although these schemes can achieve promising
results, the requirement of tamper-proof hardware or central
billing services greatly limits their potential applications.
Reputation-based cooperation stimulation schemes are widely
discussed in Ad-hoc networks [24] [25] and P2P networks [26]
[27]. In [26], Satsiou and Tassiulas proposed a reputation-
based system, where peers earned reputations according to
their contributions and received resources in proportion to
their reputations. Under such a reputation system, the authors
showed that rational peers, who seek to maximize their utilities
with the least possible contributions, have the incentive to
cooperate. However, few reputation-based mechanisms have
been proposed for DSA networks, and there is no theoretical
analysis about using reputation to stimulate cooperation in
DSA networks.

Indirect reciprocity has recently drawn a lot of attentions in
the area of social science and evolutionary biology [28] [29].
In the context of indirect reciprocity, the interactions between
any pair of donor and recipient are short-term. During the
interaction, the donor’s decision to help the recipient can be
interpreted as an indirect expression of gratitude, that is, I help
you not because you have helped me but because you have
helped others. In [30], Chen and Liu have showed that indirect
reciprocity game is a new paradigm to stimulate cooperation
among cognitive nodes. However, the framework proposed in
[30] is too general and cannot be directly applied to DSA
networks due to the following two reasons. Firstly, unlike
in other cognitive networks where players are homogeneous,
the cooperation in DSA networks takes place more frequently
between a primary system and a secondary system, where in
most cases a PU acts as a leader and an SU is a follower.
Secondly, cooperation between a primary system and a sec-
ondary system is asymmetric, e.g., PUs offer spectrum while
SUs offer power. Therefore a careful design for the resource
allocation in DSA networks by taking into account the overall
system performance is needed.

In this paper, we propose a spectrum access framework to
address the efficient allocation of channels by incorporating
indirect reciprocity based incentive mechanism to stimulate the
cooperation of secondary users and thus improve the overall
system performance. Our major contributions are summarized
as follows.

« Different from previous works which focused on direct
reciprocity models, we model the cooperation stimulation
problem in DSA networks as an indirect reciprocity
game. In the game, PUs are source nodes and SUs are
selected as relays while the base station (BS) is the
destination as well as the observer who assigns SUSs’
reputations based on their actions. Indirect reciprocity
game here is used not only to stimulate the cooperation
of SUs, but also to overcome the cheating behaviors. On
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The system model.

one hand, we incorporate the energy detection mechanism
in the BS, which can help the BS detect the cheating
behavior when the SU uses less power for relaying data
than it has promised to. On the other hand, if the SU uses
less power for relaying data, it will get less reputation,
due to which the SU has no incentive to cheat.

o While previous works focused on the reputation prop-
agation, our proposed model does not have reputation
propagation error since the reputation is assigned by and
stored in the BS. However, the noise in channels between
SUs and the BS may distort the SUs’ actions and affect
the detection accuracy of the BS. To overcome such a
problem, we take into account the impact of channel
noise and develop a reputation updating policy to update
SUs’ reputations. In our model, we adopt the concept of
reputation distribution to capture the likelihoods of the
SU’s reputation and prove theoretically the uniqueness of
stationary reputation distribution of the whole population.

« In our proposed scheme, we formulate the SUs’ decision
making as a Markov Decision Process (MDP) and use
a modified value iteration algorithm to find the optimal
action rule. We show that within an appropriate cost-to-
gain ration, the optimal strategy for SUs is to use the
maximum power to relay if the source-relay-destination
channel does not encounter an outage, which greatly
improves the PUs’ QoS. We also find that this optimal
action rule will lead to a “good” society where most of
the SUs have the highest reputation. Finally, we derive
theoretically the stable condition of the optimal action
rule.

The rest of the paper is organized as follows. Section II
describes in details our system model for the DSA networks.
In Section III, we introduce the reputation updating policy,
characterize the equilibrium of the indirect reciprocity game,
and analyze the stability of optimal action rule. Finally, we
show the simulation results in Section IV and draw conclu-
sions in Section V.

II. SYSTEM MODEL

As shown in Fig. 1, we consider the system where PUs
far away from the BS are experiencing low achievable rates
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while some SUs between the PUs and the BS are searching
opportunities to use the licensed spectrum. It is well known
that cooperative communications can greatly improve the
communication performance [31]. To improve the PU’s QoS,
e.g., achievable rate or throughput, if there are SUs having
more favorable channel conditions than the PU, then one of
them can be selected as a relay by the BS based on the relay
selection strategy in [32]'. In this paper, we address the uplink
transmission case, where PUs work as the source nodes and
SUs and the BS are the relays and destination, respectively.
In the rest of this paper, the channel between a PU and an
SU, an SU and the BS, and a PU and the BS are referred as
S-R channel, R-D channel and S-D channel, respectively, for
short.

An SU who is selected as the relay needs to make decision
on whether to help the PU relay the information, and if help,
how much power to use for relaying. Although our scheme is
applicable to any cooperation protocol, here, we assume SUs
use Decode-and-Forward (DF) protocol to relay PUs’ signals.
We assume that a time frame is divided into two time slots,
where the PU transmits in the first time slot and the selected
SU relays PU’s information in the second time slot. After the
transmission, the BS will update the selected SU’s reputation.
Later, when the SU applies for the usage of vacant channels,
it will be given the right for accessing a certain amount of
vacant channels by the BS according to its reputation.

From the discussion above, we can see that the concept of
indirect reciprocity adopted in our model is that the BS helps
certain SUs because they have helped PUs.

A. Action

In our model, action a € A stands for the power level
used by an SU when relaying the data of a PU, where A =
{1,..., N} is the action set that an SU can choose its action
from when it is selected as a relay. In the action set A, “1”
represents that an SU uses zero power to relay, i.e., the SU
denies cooperation, while “/N” denotes that an SU relays a
PU’s data with its maximum power P, i.e., SU makes its
best effort to cooperate.

While an SU makes its decision, it needs to consider how
many reputations it has gained as well as what the source-
relay-destination channel condition is. Then a; ; € A is used
to describe the action performed by an SU with reputation
i, © € {1,...,N}, under source-relay-destination channel
condition j, j € {1, ..., N}. Here, without loss of generality,
we assume that both the SU’s reputation and source-relay-
destination channel quality are quantized to N levels and we
will discuss how to acquire them in subsection II-C and II-D,
respectively.

B. Social Norm: How to Assign Reputation

A social norm 2 is a matrix used for assigning the imme-
diate reputation of players. In a social norm €2, the element
; ; represents the reputation assigned to an SU immediately
after it takes an action 7 based on the source-relay-destination

ISince whether an SU will be selected only depends on its channel
condition, there is no competition among SUs.
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channel quality j. In our model, we assume that all SUs in
the system share the same norm.

With the DF protocol, the SNR at the BS can be written as
[31]

2
SNRpy = el (1)

where P, is the relay power, h,q is the channel coefficient
of R-D channel, and a,% is the variance of additive Gaussian
white noise in R-D channel.

From (1), we can see that the more power an SU uses, the
higher SNR the BS achieves. Consequently, in our model, 2; ;
is defined as

L j=1
Q= { J ()
i, J#1
and the corresponding social norm is
11 .- 1
1 2 ... 2
Q= . . . - 3)
1 N ... N

The social norm (3) is designed to encourage an SU to relay
the PU’s signal using a higher power by assigning the SU a
larger reputation as long as the channel is not in an outage.

C. Power Level and Relay Power

Based on the social norm, the BS will assign a reputation
to an SU according to its action, i.e., the relay power level
it used. In the following, we will discuss how to quantize
the relay power to N levels based on the outage probability.
Similar analysis can be done for other QoS measurements such
as bit error rate (BER).

Assuming that all S-R, R-D and S-D channels are Rayleigh
fading channels where the channel coefficient is complex
Gaussian, i.e., by, ~ CN (0,02.), hya ~ CN (0,02,) and
hsa ~ CN (0,02,), and o2 is the same for all S-R, R-D
and S-D channels. Then, given the transmission rate threshold
R, the outage probability at the BS with DF relay protocol
[39] can be derived as shown in (4), where \, = Ps02,;/02,
Ay = Prafd/aﬁ, w=22F_1 and P, is the PU’s transmission

power.
t

Since p°“* is a monotonic function of P,, if we quantize
the required outage probability interval [p2%  po“! ] to N —2
levels Pout = {p§ut pgut, .., p%t,} with pg“t = po“  and
pt, = pout | then Vp§“t € P, the actual power an SU
should use can be obtained as

Pf’i+1 - F_l(pqut)7 (5)

where F~! is the inverse function of p°“! in (4).

For p°ut > pou  we quantize it to the 1'" level and set
P,, =0, and for p°** < p2%  we quantize it to the N*" level
and set P, = P4z In such a way, we successfully obtain
the N power levels and their corresponding transmission
power.
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ot _ {1 — (3250 Jexp(—Auw) + (12

D. Channel Quality Distribution

The quality of source-relay-destination channel is also quan-
tized to N levels, i.e., 1, 2,..., N. Here the level “1” means
the channel has encountered an outage while the level “2” to
the level “N” stand for different channel qualities, i.e., level
“N” being the best channel quality. Next, we will discuss how
to acquire such IV levels of the channel quality and the channel
quality distribution q = [q1, g2, ..., gn] With the k*" element
qr, k € {1,2,..., N}, being the probability of channel quality
at the level k.

The channel quality distribution depends on the relay se-
lection strategy. In our work, an SU which has the “best”
source-relay-destination channel will be selected according to
the relay selection strategy in [32]. In other words, denote the
relay metric of SU;, h;, as

_ 261 Balhsr,i|* | hra,i|®
Bilhra,il? + Ba|hsril?’

where (51 and (3 are two parameters defined in (5) in [32],
then the SU with the maximum metric h* = max h; is the

h;

(6)

one with the “best” source-relay-destination channel in the
secondary system.

Suppose there are M SUs in the secondary system and the
S-R channel and the R-D channel for all SUs are independent
identical distribution Rayleigh fading channels with complex
Gaussian channel coefficient, i.e., Vi € {1,2,...., M}, hgp; ~
CN (0,02,) and hyq; ~ CN (0,0%;). In such a case, the
probability distribution function (PDF) of A* can be derived
according to [32]. Finally, by dividing the domain of A* into N
intervals we get IV levels of channel quality, and by integrating
the PDF of h* over each interval, we obtain the channel quality
distribution q.

III. PROPOSED ALGORITHM AND ANALYSIS

In this section, we first propose a reputation updating policy
by incorporating the impact of channel noise on SUs’ actions.
Then, we analyze the uniqueness of stationary reputation
distribution of the whole population. Finally, we formulate
the cooperation problem as an indirect reciprocity game,
characterize the equilibrium of the proposed game, and derive
the stable condition for the optimal action rule.

A. Reputation Updating Policy

As we have discussed in Section II, after an SU finishes
relaying, it will be assigned a reputation, based on which
it can apply for the usage of vacant channels in the future.
In order to establish the reputation of an SU with the social
norm, we develop a reputation updating policy as shown in
Fig. 2. Different from the reputation updating policy in [30]
which considered the reputation propagation, our proposed
model does not have reputation propagation error since the
reputation is assigned by and stored in the BS. However,
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Fig. 2. Reputation updating policy.

the noise in channels between SUs and the BS may distort
the SUs’ actions, affect the detection accuracy of the BS
and hence influence the SUs’ reputation updating. Therefore,
in our reputation updating policy, we define G, which will
be discussed in the next subsection, as the power detection
transition matrix to describe the impact of R-D channels on
SUs’ actions.

To capture all the likelihoods of the SU’s reputation after it
takes action a; ;, we assign for the SU a reputation distribution
d(ai,j) = [dl(ai7j),d2(ai7j), ...,dN(am)]T where dk(ai,j),
k € {1,2,..., N}, denotes the probability of the SU’s being
assigned with reputation k. Due to the channel noise, it is
impossible for the BS to perfectly recognize the power level
an SU used. In such a case, a;; may be falsely detected
as a;j. Consequently, for an SU which performs action
a;; at time index n + 1, it will be assigned an immediate
reputation d"t! = d(a; ;) according to the social norm.
Finally, the BS updates the SU’s reputation distribution at
time index n + 1, d™*1, using a linear combination of the
SU’s original reputation distribution d™ and the immediate
reputation distribution d"*! with a weight \. Here, the weight
A can be treated as a discount factor of the past reputation.

In a simple case, an SU’s original reputation distribution is
e;, where e; is the standard basis vector. According to our
reputation updating policy in Fig. 2, after the SU takes action
a; ;, its reputation distribution d(a; ;) can be updated as

N
d(ai;) = (1= [eq,, - Ga,, 1] + Nei, (7)

=1

where Gy, ,; is the probability of the SU’s action a; ; being
detected as [, and ); ; is the immediate reputation assigned
to the SU when the BS considers that the SU takes an action
[ with channel quality j.

B. Power Detection and Power Detection Transition Matrix

In this subsection, we will discuss in details how the BS
estimates the power level an SU uses through energy detection.
Let x;, « = 1,2,... L, be the signals modulated with ASK,
PSK or FSK and broadcasted by a PU in L frames. After
relayed by an SU with the DF protocol, the signals received
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by the BS are

yi:VPTth!%i+ni7i:1727"'7L7 (8)

where #; is the signal decoded by SU, E (3?) = 02 and
n; is channel noise. After coherent demodulation and being
matched with the constellation map, the value of #; can be
obtained, based on which the BS can further estimate the relay
power the SU used.

Suppose that both the channel state information of the R-D
channel and the relay power the SU used remain unchanged

in L frames. To improve the accuracy of estimation, the

BS combines L received signals y;, ¢ = 1,2,..., L, using
Maximal Ratio Combining (MRC) and gets
2 = \/Polhea)?||x])? + higxTn, 9)

where B, is the complex conjugate of h.q, x =
[x1,22,...,2r] and n = [ny,na, ..., nL].

From (9), we can see that z follows a Gaussian distribution
with the mean E[z] = L/P,0?,02 and variance Var[z] =
Lo?,0202. Therefore, for each of the NV possible power levels,
ie, P, € P, ={P,,,i=1,2,.N}, let B; = \/P,,, B; €
B={B;,i=1,2,..N}, we have

zi v N (Lo7yosBiy Lotgos0) =N (piso®),  (10)

where p; = Lo?;,02B; and 0® = Lo?,0202.

Since all z;s are Gaussian, the optimal detection threshold
would be v; = L i = 1.2 N — 1. With the optimal
thresholds, we construct the power detection transition matrix
G = (G, ;|Vi,j) with G, ;, the probability of an SU using
power level ¢ to relay while being detected as power level 7,
being defined as follows

1_@(#1"1‘[520—2#«;)’ ]:17
1 — 24 41 —20 :
Gi,j _ Q(HJ 1‘*'2!;1 Iz )_Q(I‘l’]-‘r#]?-;l M )’ 1<j<N,
_ — 24 .
Qi) j=N

(11
where Q(x) = \/%fzoexp(—“;)du is the Q-function.

The power detection transition matrix G in (11) has two
nice properties as described below in Lemma 1 and Lemma
2, and these two properties will be used in later analysis.

Lemma 1: GN; < G; 5, V1 <i<Nand1l<j <.

Proof: See proof in the appendix. [ ]
Lemma 2: G;; > G;;,V1<4,j <N and ¢ # j.
Proof: See proof in the appendix. [ ]

C. Stationary Reputation Distribution

Let = [n1, 72, ..., nn] be the reputation distribution of the
entire population, where 7;, ¢ € {1,2,..., N}, is the portion
of the population that has reputation ¢. After the transmission,
the reputation of the SU is updated according to the reputation
updating policy and the new reputation distribution of the
entire population " can be computed by

n"" = (1= A\nP; + In, (12)

where P, is the reputation transition matrix. Each element
Py, ; in Py stands for the probability of reputation ¢ turning
into j after the SU has taken an action. Recalling that gy,
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k € {1,2,...,N}, is the probability of channel quality at the
level k, according to Fig. 2, Py, . can be calculated by

Pti,]‘ = Z Ga;k,Zka

k1 =7

13)

where a7, is the optimal action an SU with reputation ¢ takes
under channel condition k.

In the steady state, the new reputation distribution ™"
should be equal to 7, i.e., n™“ = n). Therefore, if there exists
a stationary reputation distribution n* , it must be the solution
to the following equation

(L=XNn"Py+ A" =n", (14)

which is equivalent to

n'P,=n" 15)

In the following Theorem 1, we will show that there is a
unique stationary reputation distribution.

Theorem 1: There exists a unique stationary reputation
distribution of the whole population for any given optimal
action rule, and the stationary reputation distribution is P;’s
eigenvector with the corresponding eigenvalue one.

Proof: For any given optimal action rule a

> Gay, 14k > 0,
kQy k=]

*

ijs We have

P, = Vi, . (16)
Moreover, we have > j Py, ; = 1. Therefore, Py is a stochas-
tic matrix with strictly positive entries. According to the
Perron—Frobenius theorem [33] [34], there exists a unique
eigenvector of P; corresponding to eigenvalue 1. Such an
eigenvector is the stationary reputation distribution. ]

D. Payoff Function and Equilibrium of Indirect Reciprocity
Game

In this subsection, we will discuss how an SU chooses the
optimal action. Intuitively, it will cooperate only if cooperation
can bring it benefits. By helping relay the PU’s data, the SU
will incur a cost that is determined by power consumption, i.e.,
the power level a; ;. Here, we assume a linear cost function
as follows

C(ai,j) = c(am - 1), (17)

where c is the price per unit power level.

On the other hand, the SU will benefit from the allocation
of certain vacant channels in the future based on its newest
reputation after relaying. Suppose there are Y channels and
let p be the probability of a channel being unoccupied, the
expected amount of vacant channels is N, = pY. In our
model, the BS allocates the vacant channels to all M SUs
in a proportionally fair manner. In such a case, the number of
vacant channels ¢(a; ;) that an SU will be allocated after it
takes action a; ; is

N
N, Zn=1 (i) — 1
Zi\f:l n-ay, =1
where Ny = N.N,/M and N, is the number of SUs one
channel is allowed to accommodate, "0 7 - d,,(a; ;) is the

t(ai;) = , (18)
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Algorithm 1 :
Iteration
1. Given the tolerance ¢ = 0.01 and set ¢y = 1, and
initialize a* with a®.
2. While 1 > ¢
e Seteg =1
o Initialize W; ; = 0, Vi, Vj.
e While 5 > ¢
— Compute reputation distribution d(a; ;) using (7).
— Find the stationary reputation distribution ™ using
(15) and Theorem 1.
— Calculate the number of vacant channels t(a; ;)
using (18).
— Obtain Wl ; based on the stationary reputation dis-
tribution #* using (20).
— Find the optimal action a; ; = arg max Wi ;.

Find the Optimal Action Using Value

aq,j
— Update the parameter 5 by 2 = ||W;; — Wi ;]2
- Update Wi7j with Wi’j = WiJ-
— End

« Update the parameter €1 by &1 = ||a* — a*||?.

« Update a* with a* = a*.

End

SU’s expected reputation, and 2521 n-n. is the expected rep-
utation of the whole system. Note that with n*, the stationary
reputation distribution of the entire population, the impact of
other users’ reputations have been incorporated into t(a; ;).
Suppose the gain from accessing one channel is a constant g,
then the total gain of an SU taking action a; ; is

T(a; ;) = Pygt(ai;),

where P, = 1 — (1 — p)Y is the probability of BS having
vacant channels.

Let W= (W, ;i =1,2,...,N, j =1,2,..., N) with W; ;
denoting the maximum payoff an SU, currently with reputation
1 and taking action a; ; under channel condition j, can obtain
from this iteration to future. Then, we have

19)

Wi’j = max — c(am — ].) + Pvgt(ai,j)

a; ;€A
+7 Z Z di(aij)qWy,i-
PR
(20)

The first term in (20) is the immediate cost an SU incurs
by taking action a;; as denoted in (17), the second term is
the immediate gain it may obtain with a certain probability
as denoted in (19), and the last term is the long-term benefit
it receives in the future with a discount factor . From the
definition of W; ; we can see that an SU’s maximum payoff
is not only related to its own reputation and channel condition,
but also related to other players’ actions due to t(a; ;) defined
in (18).

Note that (20) is a Bellman equation of W;; [35] and
thus finding the optimal action rule a; ; is an MDP. In the
following, we adopt a modified value iteration algorithm to
solve the MDP and the details of the algorithm are listed in
Algorithm 1. From Algorithm 1, we can see that when finding
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a;-*’ j for a specific SU, all other SUs have used the optimal
actions. In such a case, a; ; is the Nash equilibrium according
to the definition in [14].

By adjusting the initial conditions in Algorithm 1, we find
two possible optimal actions as follows.

1 1 ... 1

1 1 ... 1
aj = .

1 1 1
1 N ... N
1 N ... N

and a5 = 21
1 N ... N

Recalling that “1” denotes that an SU uses zero power to relay,
the first optimal action aj is a non-cooperative equilibrium,
where SUs will not act as relays regardless their own reputa-
tions and the channel qualities. Obviously, a] is a bad strategy
since, with such a strategy, SUs always deny cooperation and
thus their payoffs are zero. The second optimal action a3 is
the desired equilibrium where SUs always use their maximum
power to relay PUs’ data unless the source-relay-destination
channels encounter an outage.

Given the optimal action rule a3 in (21), the payoff function
W; ; in (20) has an important property as described below in
Lemma 3 and will be used in later analysis.

Lemma 3: Given the optimal action rule a3 and
the corresponding stationary reputation distribution n* =

[77>1k7 "7;7 ;n}k\/], we have
P»UgANt

Wi, —Wi.la" = Wi — Wy, = —F—
W b TR T A=)

where 7] = Zﬁle n-nt—1,9=[q, g2, -..,qn] and Wy, =
Wi, Wiy ooy Win|.
Proof: For any a;; and the corresponding stationary

reputation distribution n* = [0}, 13, ...,ny], we have

Wi = —c(a;j -1+ Pvgt(af_’j)
+y YD di(al ) a Wi (23)
ko1
e Ifj=14a]; = 1,Vi, we have
d(a;j) = (1 — /\) e; + >\ei, (24)
and
 — 1)AN,
twa>=ﬁﬁ—l—l. (25)
n
Then, by substituting (24) and (25) into (23), we have
 — 1)AN,
Wi = Pvg(zi,)/\t
n
+v(1 =X Wl,;qT +7/\Wi,;qT- (26)

According to (26), we have

AN .
Wi_’j — Wk’j = Pvg# (Z — k‘) + ’y)\ [Wi’; — Wk_’;] qT.
(27)
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o If j#1,a;; =N,Vi,j, we have
d(a* ) = (1 - )\) CTYN,: + /\ei,

2%

(28)

where GN7; = [GN,17 GN72, "'7GN7N]’ and

N .
Hal,) = N, (1= py GiN,n — D+ — 1). (29)unchanged as in vector Gy . —G

n
Then, by substituting (28) and (29) into (23), we have
i — 1)AN,
sz—dN—n+Rgﬁ—Q—l
PogN; (1= ))&
+ M#(Zn(ﬁ;,n D)4y (1-N)
n=1

N
> G iWia + 7AW .q".
k=1

(30)

According to (30), we have

AN,
Wij— Wi, = W7f@—m+7MW@—Whm?

€2y

From (27) and (31), we can see that W; ; — W}, ; does not
depend on j, which means that entries in the vector W; . — W}, .
are the same. In such a case, let W; ; — Wy ; = x, then we
have

AN,
z = Pyg=—=t (i — k) + y\z. (32)
7

Therefore, we can obtain the conclusion shown in (22). H

E. Stability of Optimal Action Rule

In this subsection, we will discuss the stable condition for
a5 and we choose the evolutionarily stable strategy (ESS).
The concept of ESS [36] can be explained as “a strategy such
that, if all members of the population adopt it, then no mutant
strategies could invade the population under the influence of
natural selection”. According to [37], an optimal strategy a*
is an ESS if and only if, Va # a*, a* satisfies

e equilibrium condition: U;(a,a*) < U;(a*,a*), and

« stability condition: if U;(a,a*) = U;(a*, a*), U;(a,a) <

Ui(a*,a),
where U; denotes the payoff function of player ¢ in the game.

To obtain the stable condition for the optimal action a3,
we first denote d(a; ;) = (Gn,: — Ga, ;) — (en —€q, ;) =
[01(ai,;), 02(ai ), ..., On(a; ;)] be the gap vector between
GN,:—Gq, ;. and ey —e,, ;. In the following, we characterize
four nice properties of d(a; ;), which are described in Lemma
4 to Lemma 7 for later analysis.

Lemma 4: The sum of all the elements in §(a; ;) is zero.

Proof: From the definition of &(a; j), we have

Z&(%j) = Z(Gmi —Ga, ;i —€Ni+eq ;i) =0 (33)

K2
]
Lemma 5: The first positive element in §(a, ;) is the al”;
element, and the last negative element is the [V th element.
Proof: From Lemma 1 and Lemma 2, we can see that
Vj<a;; <N,Gn;— G, ; <0, which means all the first
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a;,; elements in vector G ,. — Gy, ;. are negative. We can also
see that the N'*" element in vector G N,:—Ga, ;.. is positive and
no larger than 1. After Gy . — G, ;. subtracts ey —e,, ; and
yields 6(a; ;) , the afZ- element in d(a; ;) becomes positive,
the N*" element becomes negative and other elements remain
a; ;.- Therefore, the a?L?’hj entry
in 8(a;, ;) is the first positive element while the N'" entry is
the last negative one. ]
Lemma 6: Let € = [1,2,..., N], then §(a; ;)&" > (ai; —
N)(l - Gai,j,ai,j + Zév:_alm- GN,k)'
Proof: See proof in the appendix. ]
Lemma 7: &§(a;;)Wql > fﬁ”lgj\ﬁt) (ai; — N)(1 —
Gai,j;ai.j + chvzjzli,j GNJC)'
Proof: See proof in the appendix. ]
Next, let F'(a; j,a*) be the payoff an SU can obtain when
it deviates to action a; ; for one iteration while others always

take the optimal action a; i i.e.,

F(ai,j, a*) = —c(am — 1) + Pvgt(ai7j)
+Y Y dk(ai)a Wi
ko1
Then, according to the one shot deviation principle for MDP

[38] and the definition of ESS, a* is an ESS if the following
inequality holds,

(34)

F(af’j,a*) > F(aij,a"), Va; ;. 35)

According to (35), we can derive the stable condition for

optimal action a3 as described in Theorem 2.
Theorem 2: The optimal action a3 is

the cost-to-gain ratio c¢/g satisfies 0 <

PyN(1=)\) [ .+
r’](lt—'yA) (afglenAGai,j,ai,j + CTYN,N - 1)

Proof: (1) If j =1, a;ﬁ’j =1, Vi. Then Va; ; # a; ;, we

an ESS if
clg <

©,5°

have

d(a; ;) =(1—X)ei+ Ae;, (36)
and
i — 1)AN,
t(a; ) = (= DAN, 7))‘ L (37)
n

By substituting (24), (25), (36) and (37) into (34), we have
F(afﬂj,a*) — Fl(a;;,a") = —c(a’{’j — ;). (38)

Since a;"j —a;; < 0, in order for (35) to be held, we
should have

¢>0. (39)
Q) Ifj#£1, ai ; = N, Vi. Then Va, ; #+ a; ;, we have
d(ai,j) = (1 - )‘) Gai,j7: + Aei, (40)
and
1= AN nGaon— 1)+ A0 —1
a%J%:Nf ) Qo — )+ ).mn

1
Since d(a;j) = (Gn,: — Ga;,;:) — (en — €q,,), by
substituting (28), (29), (40) and (41) into (34), we have (42),
where the inequality above uses the results of Lemma 6 and
Lemma 7.
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F(aj;,a*) — F(a;;,a")
= —o(N —ay;) + PgP i ey — e, )¢"
+7(1= N (en — eq, ,)WaT + Pog™=25(a; ;)€ + (1 \) 8(ai ;) W,
N¢(1=X PygAN,
> (N = aiy) + PogTE2H (N = ai )+ (1= A) 25255(N - ai ) (42)

+Pg A (1 = Gy 0y + Yo,

k:aﬁj

Gn.)(ai; — N)

v t N-1
7 (1= N) 5255 (1 = Gy iy + Dpma,, G (@i — N),
= (N —a,)+ 2N oy JGNR)(N = ai ),

7(1—7X)

Since 1 < a;,; < N, Va,; j, in order for (35) to be held, we
should have
PvgNt (1 - /\)
(1=~
According to (39) and (43), the sufficient condition for a3
to be an ESS is

PN, (1= ))
0<c/g<tn 2
/9 (1 —=~\)

N-1
(Gai,j,aiyj - Z GN,k)-

k=ai;

(43)

( min G
A

ai,j €

i, j,Qi,j + GN,N - 1) (44)
|

From Theorem 2, we can see that in a society where most of
the SUs have high reputation, i.e., 7 =~ N — 1, if the BS has an
acceptable power detection accuracy (e.g. I_n_ienA Ga; jai; =

0.9 ), the vacant channel probability of the PU system is high
enough (e.g. P, = 0.8), the SUs are very likely to continue
staying in the system (e.g. v = 0.9), an appropriate weight on
the past reputation is set (e.g. A = 0.5) and a large portion
of SUs that can be accommodated in the vacant channels is
guaranteed (e.g. Ny = 0.8), then ¢/g has a reasonable upper
bound (e.g. 0.13 with N=5 power levels). In such a case, the
condition for the optimal action a3 to be an ESS is easy to
be satisfied in a practical system.

IV. SIMULATION

In this section, we first examine the evolutionary stability of
the optimal action a3 as described in (21). Then, we evaluate
the effectiveness of the proposed method by comparing with
the state-of-the-art dynamic spectrum access methods. We
finally study the characters of different social norms and
compare their performance.

A. Evolutionary Stability of Optimal Action a5

To evaluate the evolutionary stability of optimal action a3,
we study a scenario including Y = 500 PUs and M = 1000
SUs. At the beginning, each SU is assigned an initial reputa-
tion which is randomly chosen from {1, 2, ..., N} with equally
probability % Mean while, each SU decides the action it will
take. Taking into account the perturbation effect caused by
the uncertainty of the system and/or noisy parameters, not all
SUs will take the optimal action. In our simulation, 60% SUs
will choose to use optimal action shown in (21) while the
others choose other action rules randomly. Other parameters,
i.e., discount factor A, vacant channel probability p and the
number of SUs allowed to access a channel simultaneously
N, are set to be 0.5, 0.8 and 1, respectively.

k:ai,

0.5k S .
o [
ol [
o
Q.75 [ b b
okl e S

0.65

Percentage of the Population Using Optimal Action

0 10 20 30 40 50
Time Index

Fig. 3.
@n.

The percentage of the population using optimal action a3 shown in

Before the step of action updating, each SU performs the
action it has chosen 10 times under different R-D channel
conditions. After 10 actions, the SU gains an average payoff
and gets a new reputation according to the reputation updating
policy show in Fig. 2. We assume that all SUs in the system
use a fix social norm show in (3) and agree on the reputation
generated by the reputation updating policy. Then the SU stays
in the system with probability v = 0.97 or leaves the system
with probability 1 — ~. For every SU who leaves, a new SU
enters the system to keep the total population size constant.
The initial reputation of the new comer is randomly chosen
from {1,2,..., N} with equally probability % All the SUs,
including those staying in the system and those entering the
system, need to choose their actions. Here, we adopt Wright-
Fisher model [40], which is by far the most popular stochastic
model for reproduction in population genetics, to investigate
how the SUs update their actions. According to the Wright-
Fisher model, the percentage of the population using action
a; at time index ¢+ 1, y/*!, is proportional to the total payoff
of the users using a; in time index ¢, i.e.,

trrt
AR | LA (45)
Yim viUf
where U is the total payoff of the users using a; at time index
t.

We show the evolutionary results of the percentage of
population using optimal action in Fig. 3. From Fig. 3, we
can see that the optimal action a3 spreads over the whole
system within 10 iterations. Once the whole population adopt
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Percentage of the Population with Reputation N

Time Index

Fig. 4. The percentage of the population with reputation N=4 under social
norm in (3).

the optimal action, no one will deviate, which verifies that
the optimal action a3 is an evolutionarily stable strategy
under the simulation condition. Accordingly, the percentage
of population with reputation N also converges within 10
iterations, as demonstrated in Fig. 4, which proves that action
as is a desirable strategy since it leads to a “good” society
with most of the SUs having good reputation.

According to the results we have obtained above, in the
following, we only consider the performance of our system
when it is in steady stage where most of SUs have the highest
reputation.

B. System Performance

To give more insights into our proposed algorithm, we
consider the performance of a DSA network with one BS, a
single PU and multiple SUs. We assume the PU and BS locate
at coordinate (0,0) and (1,0) respectively. There are five SUs
randomly located in a circle centered at coordinate (0.5,0) with
a radius of 0.25. An SU’s receiver is randomly located in a
circle centered at the corresponding SU with a radius between
0.1 and 0.25.

The channels are complex Gaussian channels with average
power gains: 02, = 1, 02, = 1/d? , 0%, = 1/d?, and
ags)i = 1/d§s. The path loss factor 6 is set to 4 and dsr, dra
and d,, are distances between PU and the selected SU, the
selected SU and BS, and SU and its receiver, respectively. The
maximum transmission power of PU and SUs are P, = P, =
10, and the signal-to-noise ratio (SNR) is SNR = Ps /o, =
10dB.

We evaluate the system performance in terms of total
throughput and outage probability by comparing the proposed
indirect reciprocity game theoretic scheme with two existing
schemes. One is “NCPC”, where there is no cooperation
between PU and SUs and all SUs can only access unoccupied
channels randomly and transmit their own data via a non-
cooperative power control game. The second approach is
spectrum leasing proposed in [13]. It is a direct reciprocity
based scheme under the Stackelberg game theoretic frame-
work where the PU leases a fraction of its spectrum for the
cooperation of a group of SUs, and after finishing relaying,
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Fig. 5. Throughput of PU under social norm in (3).

this group of SUs compete with each other for their own data
transmission within the leased time slot. However, the authors
in [13] only address how to utilize channels occupied by a
PU. For fair comparison, we assume all SUs randomly access
those vacant channels and transmit their own data via a non-
cooperative power control game. We denote this scheme as
“SL-NCPC”. In SL-NCPC, the SUs with the best performance
are chosen. Note that, in the spectrum leasing approach in
[13], the SU may use less power to relay than it had promised
after it had gained the chance to use the spectrum since there
is no supervision and evaluation for its action. Nevertheless,
here we assume all SUs are honest and use the power they
promise for relaying in SL-NCPC.

In the first simulation, we evaluate the achievable end-to-
end throughput of PU versus vacant channel probability p for
different schemes. In our scheme, only one SU is selected as
relay based on the relay selection strategy in [32], and we
assume the signals broadcasted by PUs are modulated with
BPSK. Since the selected SU uses the same channel as PU to
relay data, we should consider how to allocate the transmission
time between the PU and the selected SU. Here we propose
two strategies, one is “IR-Equal”, where one time frame is
equally divided into two time slot, and the other one is “IR-
Unequal”, where the length of time slot, «, allocated to a PU’s
transmission is given by the following strategy. Let R, =
logy(1 + Pslhsr|?/02), Rra = logy(1 + Prlhyal|?/02) and
Rsq = logy(1 + Pslhsal?/02) denote the achievable rate of
S-R, R-D and S-D channel, respectively. To achieve better
performance, « is chosen in such a way that the rate at the
relay is equal to that at the BS, i.e., &« = R.q/(Rsr + Rsqa —
R.q).

The results of the first simulation are shown in Fig. 5. From
Fig. 5, we can see that NCPC has the worst performance. This
is because there is no cooperation between the PU and SUs,
the PU can only obtain its throughput by direct transmission
without any QoS improvement. Through cooperation with SUs
using spectrum leasing, SL-NCPC can improve the throughput
of PU. However, due to the selfish nature, SUs will use only
part of their transmission power for relaying data when playing
the spectrum leasing game, which leads to an inefficient coop-
eration. With the proposed indirect reciprocity game theoretic
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Fig. 7. Throughput of all SUs under social norm in (3).

method, the selected SU is motivated to use its full power for
relaying the PU’s data. In such a case, the PU’s throughput
can be greatly improved. Furthermore, from Fig. 5, we can see
that the performance of the proposed scheme can be further
improved with the IR-unequal time slot allocation. We can
also see when the vacant channel probability decreases, i.e.,
the PU has more information to transmit, the performance
gap among different schemes increases, which means that
cooperation stimulation becomes more important as the load
of PU becomes heavier.

We also study the performance of PU system in terms
of outage probability. From Fig. 6, we can see that without
cooperation, the outage probability of PU with NCPC is
as high as 0.5 when R=2.5. With cooperation, the outage
probability in SL-NCPC can drop to around 10~2. With the
proposed cooperation stimulation framework, the PU system
can achieve the lowest outage probability.

In the third simulation, we evaluate the throughput of all
SUs versus vacant channel probability and the results are
shown in Fig. 7. In our proposed scheme, when SUs apply
for the usage of vacant channels, only one SU is selected to
access one channel. There are two ways for the BS to select
the SU: “IR-RA” where the SU is randomly chosen, and “IR-
Best” where the SU with the best channel gain is chosen.
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From Fig. 7, we can see that the throughput of all SUs with
the proposed scheme is up to 45% larger than that of SL-
NCPC and NCPC. This is mainly because in our scheme, only
one SU is assigned to access one channel. In such a case, the
interference introduced by multiple SUs’ transmission over
one channel in SL-NCPC and NCPC can be avoided in our
scheme. Fig. 7 also illustrates that the throughput of all SUs
increases as the vacant channel probability increases. Such a
phenomenon is due to the fact that there are more opportunities
for SUs to access the vacant channel as the vacant channel
probability increases.

C. Different Social Norms

In this subsection, we study the impacts of different social
norms on the equilibrium of the indirect reciprocity game and
the system performance.

The first social norm, denoted as €2, is the one we propose
in (3). Recalling that €; is designed to encourage an SU
to relay the PU’s signal using a higher power by assigning
him a larger reputation when the channel is not in an outage.
To avoid blindly penalizing SUs with poor channel quality, a
revised social norm, €29, is proposed as follow, with which
the reputation is assigned purely based on the SU’s action.

1 1 .- 1
2 92 ... 2

Q= (46)
N N ... N

To avoid using excessive transmission powers for relaying, the
following social norm, €23, is proposed

1 1 1
2 2 2
Q2 = : : 47
N-2 N-2 N -2
N N N
N N N

Another social norm we study is the channel quality dependent
social norm, €24, defined as follows

1 1 r - 1 1
1 2 3 N-1 N
2, = : : S : :
N-2 N-1 N - N N
N-1 N N .- N N

(48)
With €4, an SU with bad channel condition may not be able to
receive a good reputation even relaying with maximal power.
On the other hand, if the channel condition is good enough,
a low power level can lead to a high reputation.
With the Algorithm 1 proposed in section III-D, the optimal
action rules for SUs with €2;, ¢ = 2, 3,4, can be derived as
follows
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Fig. 8. The percentage of the population using optimal action shown in (49)
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Fig. 9. The percentage of the population with reputation N=5 with different
social norms.

N N
. N N
aQ, = : N
N N
N1 N -1
. N-—-1 N -1
aQy, = : :
N -1 N1
N N N-1 2
N N N-1 2
and a*ﬂ4= : : : L (49)
N N N-1 - 2

We then examine the evolutionary stability of the optimal
action rules given in (49) with the same setting described
in Section IV-A. The simulation results are shown in Fig. 8
and Fig. 9. We can see that both the optimal actions and the
percentage of population with reputation N converge within
10 iterations, which verify that all these optimal action rules
are ESSs.
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Fig. 11. Outage of the PU with different social norms.

Finally, we compare the system performance of the same
DSA network as described in Section IV-B under different
social norms. In the following, we assume that the IR-unequal
strategy is used and the PU’s QoS requirement is set to po“ =
0.02 and p2% = 0.2.

We first evaluate the end-to-end throughput of PU versus
vacant channel probability. From Fig. 10, we can see that with
2, and €9, the PU has the highest throughput. That’s because
under both social norms, SUs use their maximal powers for
relaying. With 3, since it is not necessary for SUs to use
full power to gain the highest reputation, they decrease their
relay powers to the second highest power level, which leads
to a degradation of the PU’s throughput. With €4, SUs adjust
their power levels according to the channel condition. Since
the channel quality of most selected SUs is good enough, they
will further lower their power levels, due to which the PU
gains the lowest throughput.

The simulation results of PU’s outage probability versus
transmission rate threshold are shown in Fig. 11. From Fig.
11, we can see that with €24, the PU can already meet the
QoS requirement with the help of SUs. With €23, the PU’s
outage probability can be further improved. This phenomenon
is mainly due to the fact that the power level of this social
norm is quantized based on the average channel condition
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while the selected SU always has a better channel condition.
With the largest relay power, the PU gains the lowest outage
probability with €2; and 2.

In the last simulation, we study the performance of the
secondary system. Considering that the throughput of all SUs
will be the same given a specific vacant channel probability,
here we only compare the total energy consumption of all
SUs versus transmission rate threshold with the vacant channel
probability being p = 0.55. From Fig. 12, we can see that to
gain the same throughput, SUs need to spend the most energy
on relaying with social norms €2; and €,. With Q3, they can
save at least 26% of the energy. With €y, the energy saving
can be up to 90%.

Furthermore, from Fig. 8 to Fig. 12, we can see that there is
almost no performance difference between 2; and 5. That’s
because the probability of the selected SU’s channel quality
falling into the lowest channel quality level is so low that it
is hard for the reputation assignment on this level to make a
noticeable difference.

Therefore, among the four social norms, €2; and €2, are
preferable to the PU since it can bring better performance,
while €, is the most energy efficient social norm for SUs.
Moreover, €21, 25 and 23 are easier for a real system to
implement than €24 since the latter requires fine quantization
of the channel quality and relay power as well as accurate
relationship among them, which is not trivial and needs more
theoretical analysis in the future.

V. CONCLUSION

In this paper, we propose a novel spectrum access scheme
to efficiently utilize channels based on the indirect reciprocity
game modeling. With the proposed indirect reciprocity model,
the SUs are stimulated through reputation to use the optimal
strategy, i.e., maximal power to help PUs relay data when the
channel is not in an outage, which leads to the great improve-
ment of PUs’ QoS and the spectrum utilization efficiency.
Through theoretical analysis, we derive the cost-to-gain ration
under which such an optimal strategy is stable. Simulation
results show that the optimal strategy will lead to a “good”
society where most of the SUs have the highest reputation,
and the proposed scheme achieves much better performance
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compared with the state-of-the-art direct reciprocity based
spectrum access schemes.

APPENDIX A
PROOF OF LEMMA 1

Lemma 1: Gn; < G; 5, V1<i<Nand1l<j<i.
Proof:

e If j=1,Vi < N, we have
Gy — G = Q(irtie=21) _ Q(ritie—2un ) (50)

Since p1 < po < ... < pn, we have %3;2’“ >
tatie 2N Since () is monotonically decreasing in
g

x, we have
Gni1— G <0. (51)
o If 1 <j<i,Vi<N, we have
GN_’j — Gi’j
_ o=t = 2N oy By — 20N
= QU TN, g T SN
i1+ — 2 P i1 — 204
_Q(w) +Q(W). (52)
20 20
Let a; = Hj—1+p;—2uN as = HitHi+1—=20N as =
20 ’ 20 ’
%ﬂ]—% and ay = Wﬂ]%g}_zm. Note a < as <
a3 < a4 < 0 and a3 — a1 = a4 — as. From the

characteristic of Q-function, we have Q(a1) — Q(a3z) <

Q(az2) — Q(a4). Hence

GN_’j — Gi_,j < 0. (53)
Inall, Gy ; <G, V1<i<Nand 1 <5 <i. [ |
APPENDIX B

PROOF OF LEMMA 2

Lemma 2: G;; > G;;, V1 <4,7 <N and i # j.
Proof:
o If j =1, Vi # j, we have

+ o — 2 + g — 2
Gy — Gy =2y a2 7,

20 20
Since ““”;20_2‘” < “1+‘g"0_2‘”, we have
Gi1— G >0. (55)
o If 1 < j < N, Vi#j, we have
Gjj—Gij
oM g = 2 g e — 2
— QU (Sl
. R . o — 2u;
20 20
Let by = M1ty =2 b it =2y by =
20 ’ 20 s
Mj—lEléj*?M and by = Mj+uj'24;1f2m . Then we have
b3 — by = by — bo.

If i > j, bg < by < by <0 < by, then Q(by) — Q(b2) >
Q(b3) — Q(b1), and we have

do‘ — Gi,j > 0. 57)

. (54)



4340

If ¢ < 7, b1 < 0 < bgand 0 < by < by, then Q(bl)—
Q(b3) > Q(b2) — Q(bs), and we have

G —Gij > 0. (58)
e Ifj=N,Vi#j
GyN—Gin = Q(MN_1 +50N — ZMN)
_ Q(MNfl +2/éN - 2/%). (59)
Since “N‘1+§‘UN_2“N < “N‘“LZ‘Z_N_QM, we have
GyNn—Gin > 0. (60)

To summarize, V1 <4, j < N and ¢ # j, we have G, ; >
G j, i.e., the diagonal entry of matrix G is the maximum
element in its column. |

APPENDIX C
PROOF OF LEMMA 6

Lemma 6: Let £ = [1,2, ..., N], then J(am)éT > (@i —
N)(L = Ga iy + Sicar, G

Proof: Let S; = {Jk|5;€ > 0,6, € 0(aij)k =

1,2,...,N} and S_ = {k|5k < 0,0, € J(ai,j),k =
1,2,...,N}. Then &(a; ;)€” can be calculated as follows
8(ai )€
= o+ D> kdk> Y a0+ Y, Nox,
keSy keS_ keSy kes-—
N-1
= (ai; —N) D > (aiy —N)Gary + Y G
keSy k=a; j+1
N-1
=(aij — N) (1= Gajuar, + > Gi), (61)
k:ai,j

where the first inequality and the second equality come from
Lemma 5 and Lemma 4, respectively. The second inequality
comes from the fact that Vk € S \a; j, Gy > 0 and a; ; <
N. ]

APPENDIX D
PROOF OF LEMMA 7

Lemma 7: 6(a;;)Wql >

Gaijai; + Eév:_al” GN.k)-

Proof: For each positive element o, k € S, it can be
decomposed into ny parts with each part having the same
value as the negative element in §(a; ;). Let S be the set of
subscript of those negative elements having the same value of
ny parts of o, then § (am)WqT can be computed as shown
in (62), where the first inequality come from Lemma 5, the last
equality comes from Lemma 4, and the last inequality comes
from the fact that Vk € S \a; ;j,Gngp > 0p and a; j; < N. W

P,gA\Ny ( i

atioam (@ig — N)(1L =
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