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Waveform Design With Interference Pre-cancellation
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Abstract—In wideband communication systems, the
time-reversal (TR) technique can boost the signal-to-noise
ratio (SNR) at the receiver with simple single-tap detection. It has
been shown that conventional waveform design can significantly
improve the system performance of TR systems. However, when
the symbol rate is very high, the severe intersymbol interference
still limits the performance at high-power region. In this work, we
study a new waveform design with interference pre-cancellation
by exploiting the message information to further improve the
performance. In the proposed design, the causal interference
is subtracted by interference compensation, and the anticausal
interference can be further suppressed by conventional waveform
design by virtue of the more abundant degrees of freedom.
The transmitter utilizes the information of previous symbols to
enhance the signal quality while the receiver structure remains
simple. In the multiuser scenario, both the interuser interference
and intersymbol interference can be similarly categorized by
the causality, and then be tackled accordingly by the proposed
waveform design with interference pre-cancellation. The resulting
multiuser waveform design is a nonconvex optimization problem,
for which two iterative algorithms are proposed and both are
guaranteed to converge to suboptimal solutions. Simulation
results validate the convergence behavior and demonstrate the
remarkable performance improvement over the conventional
waveform design in the previous work.
Index Terms—Interference cancellation, multi-user downlink,
time-reversal, waveform design.

I. I NTRODUCTION

I

N BASIC time-reversal (TR) communication systems [1],
[2], the time-reversed channel impulse response serving as
the transmit waveform is able to boost the signal strength in a
large delay spread channel in broadband communication. After
the transmitted TR waveform convolves with the multi-path
channel, the temporal focusing effect [3], [4] of the TR waveform re-collects the most of signal energy into a single tap.
Utilizing the channel reciprocity, such a time-reversed waveform is essentially a matched filter [5], which guarantees the
optimal performance because of its capability of maximizing
the signal-to-noise ratio (SNR). The TR transmission technique only requires a very low complexity at the receiver since
a simple one-tap symbol estimation is performed. Thus, the
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TR transmission techniques have been shown to be a promising solution to the energy-efficient and low-complexity green
wireless communication [1], [6].
In high speed wideband communication systems, however,
when the symbol duration is smaller than the channel delay
spread, the symbol waveforms are overlapped and thus interfere with each other. When the symbol rate is very high, the
inter-symbol interference (ISI) can be notably severe and causes
crucial performance degradation [7], [8]. Further, in multi-user
downlink scenarios, the TR base-station uses each user’s particular channel impulse response as the user’s symbol waveform to
modulate the symbols intended for that user. Despite the inherent randomness of the channel impulse responses, as long as
they are not orthogonal to each other, which is almost always
the case, these waveforms will inevitably interfere with each
other when transmitted concurrently. Hence, the performance
of TR transmission can be impaired and even limited by the
inter-user interference (IUI). Moreover, interference can also
be caused by incorporating multiple transmit antenna in the TR
systems.
In a wideband environment, substantial degrees of freedom
are available for the transmitted waveforms to be designed
to combat the interference. Based on design criteria such as
system performance, quality-of-service (QoS) constraints, or
fairness among users, the waveform design can be formulated
as an optimization problem with the transmitted waveforms as
the optimization valuables. The basic idea of waveform design
is to delicately adjust the amplitude and phase of each tap of
the waveform based on the channel information, such that after
convolving with the channel, the received signal at the receiver
retains most of the intended signal strength and rejects or suppresses the interference as much as possible. It can be shown
that the mathematical structure of waveform design is analogous to that of the precoder design in MISO systems, since the
taps in waveform design act as the beamforming coefficients
of the transmit antenna in the precoder design. In the literature, there have been many studies investigating the problems
of designing advanced waveforms to suppress the interference
[7]–[13]. In [7], a minimum mean-square-error (MMSE) waveform was proposed to suppress ISI and noise for a single-user
scenario without taking into account the rate back-off factor
in the optimization and thus the waveform is suboptimal. In
[8], multi-user joint power allocation and waveform design for
sum rate optimization was investigated in downlink TR systems. Different from the transmitter waveform design, in [14],
an iterative soft-decision feedback equalization algorithm was
introduced to combat the non-causal ISI created by the receiver
matched filter.
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Besides the channel information, another important side
information the transmitter can exploit in the waveform design
is the transmitted symbol information. Theoretically, if the
receiver interference is known to the transmitter, it is possible
to completely remove the interference by means of complicated
coding techniques [15]. The interference is known to the transmitter since it can be derived from the transmit waveforms, the
multipath channels, and the information bits. Given the transmitted symbols, the causal part of ISI can be compensated
in advance in designing the waveform of the current symbol.
Such a design is analogous to the transmitter-based interference
pre-subtraction [16]–[20] in the nonlinear precoding literature.
A substantial distinction for time-domain waveform design is
that only the causal part of interference can be pre-canceled
while the anti-causal part of interference cannot be compensated and needs to be suppressed by the waveform design based
on the channel information. Note that throughout this paper,
the term ‘interference suppression’ refers to linear waveform
design as in [8], and the term ‘interference pre-cancellation’
corresponds to non-linear waveform design similar to the
Tomlinson-Harashima Precoding (THP) [21], [22]. For MIMO
systems, the causality restriction is in spatial domain, where the
interference between antenna is canceled sequentially with a
predetermined order. In this paper, the causality is considered
in time domain, where the interference between information
symbols is tackled sequentially according to the order they are
transmitted. Note that in uplink scenarios, noncausal interference may also be estimated and compensated at the receiver
since tentative decisions of detected symbols can be utilized to
cancel the interference in the received signals [23].
In this work, we propose a waveform design with interference pre-cancellation for wideband communication systems
such as TR systems. The single-user scenario permits a closedform solution of the proposed waveform design. It is shown
that the resulting design cancels the causal ISI and suppresses
the anti-causal ISI. For the multi-user scenario, similarly the
interference (both ISI and IUI) is categorized into causal
interference and anti-causal interference. The interferencecompensation filter design can be easily determined once the
multi-user waveform design is settled. Since the resulting multiuser waveform design is non-convex, we propose two iterative
algorithms to suboptimally tackle the optimization problem.
One approach is based on the alternating optimization and
the other is a gradient method [24]. We show that both iterative algorithms are guaranteed to converge to local optimal
solutions. Numerical simulation is conducted to validate the
convergence behavior of the proposed iterative algorithms and
demonstrate the superior performance of the proposed waveform design.
A key distinction of this paper from previous work [8] is that
the proposed waveform designs pre-cancels causal interference
and suppresses anti-causal interference, while the waveform
design in [8] suppresses both causal and anti-causal interference. The proposed algorithms not only can be applied in
traditional time-reversal systems, where the receiver detects
the transmitted information by a single tap, but can be easily
extended to other systems where the receivers can deal with
multi-tap detection. For example, the multiple taps can be combined into one tap using techniques such as maximum-ratio

combining. The equivalent channel including the combining process can be similarly analyzed, and the proposed
algorithms can be accordingly modified to be applied in such
systems.
The contributions of this paper are summarized as follows.
• Time-domain causality is considered in transmitter waveform design for wideband communication systems such
as TR systems. The interference between information
symbols is pre-canceled sequentially according to the
order they are transmitted. An essential observation is that
only the causal part of interference can be pre-canceled
while the anti-causal part of interference cannot be compensated and needs to be suppressed by the waveform
design based on the channel information.
• For the multi-user scenario, the interference (both ISI
and IUI) is categorized into causal interference and anticausal interference. Similarly, the multi-user waveform
design pre-cancels the causal interference and suppresses
the anti-causal interference.
• Two iterative algorithms are proposed to tackle the
non-convex multi-user waveform design problem. One
approach is based on the alternating optimization and
the other is a gradient method. Both iterative algorithms
are guaranteed to converge and shown to have superior
performance over other conventional designs.
The rest of the paper is organized as follows. In Section II, the
system model of the TR communication system is introduced in
detail. The waveform design with interference pre-cancellation
for the single-user scenario is described in Section III, and the
multi-user scenario is further depicted in Section IV, where the
two iterative algorithms are proposed. In Section V, simulation
results are shown to demonstrate the performance. Finally, we
draw the conclusion in Section VI.
II. S YSTEM M ODEL
A multi-user downlink TR system consists of a base-station
and K users. The multipath channel between the base-station
and the k-th user is denoted by hk , a column vector of L elements where L is the maximum channel length among the K
channels. Let sk denote an information symbol and gk be the
transmit waveform for user k, which can be a basic TR waveform or a more advanced waveform [8]. The length of gk is also
L. As shown in Figure 1, the received signal yk at user k is
given by
yk = Hk

K


g j s j + nk ,

(1)

j=1

where Hk is the Toeplitz matrix of size (2L − 1) × L with the
first column being [hkT 01×(L−1) ]T , and nk denotes the additive
white Gaussian noise (AWGN).
User k estimates the symbol sk by scaling the sample yk [L]
by αk , which corresponds to the gain control at the receiver.
Note that (1) represents the received signal when symbols
are transmitted further apart, i.e., with a symbol rate being at
most 1/L times sampling rate 1/Ts . When the symbol rate
is 1/(DTs ) where D denotes the rate back-off factor [7] and
D < L, the received waveforms of different symbols overlap
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Fig. 1. Block diagram of waveform design for the multi-user downlink TR
system.

with each other and give rise to the inter-symbol interference
(ISI). Here D is the rate back-off factor introduced to adjust the
symbol rate in TR systems [1], [2]. To characterize the effect
of ISI, the decimated channel matrix of size (2L D − 1) × L,
where L D =  L−1
D  + 1, is defined as
H̃k =

L
D −1

e L D +i eTL+i D Hk ,

(2)

i=−L D +1

where el is the l-th column of a (2L − 1) × (2L − 1) identity
matrix. In other words, H̃k is obtained by decimating the rows
of Hk by D, i.e., centering at the L-th row, every D-th row of Hk
is kept in H̃k while the other rows are discarded. The decimated
channel takes into consideration only the samples of interest
and forcing everything else to zero. The center row index of H̃k
is L D . Then the sample for symbol estimation can be written as

g j s j [L D ]
yk [L] = hkHL D gk sk [L D ] + hkHL D
j=k

+

2L
D −1
l=1,l= L D

H
hkl

K


g j s j [l] + n k [L],

(3)

j=1

H = eT H̃ denotes the l-th row of H̃ , and s [l]
where the hkl
k
k
j
l
denotes user j’s l-th symbol. It can be seen from [3] that the
symbol sk [L D ], the L D -th symbol of user k, is interfered by
the previous L D − 1 symbols and the later L D − 1 symbols
as well as other users’ K (2L D − 1) symbols, and also corrupted by the noise. The design of waveforms {gk } has critical
influence to the symbol estimation and thus the system performance. If the basic TR waveforms are adopted, i.e., gk = hk L ,
then the intended signal power for each user is maximized but
without considering the interference caused by other symbols.
As such, the performance is limited by the interference when
the transmit power is high. Another possible waveform design
is zero-forcing (ZF) [25], which minimizes all the interference signal power but without taking into account the intended
signal power. Thus, the resulting SNR can be very low and
causes severe performance degradation especially when the
transmit power is relatively low. In our previous work [8], it has
been shown that well-designed waveforms can strike a balance
between enhancing the intended signal power and suppressing
the interference power.
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design in the multi-user scenario. To simplify the notations, the
user index for the single-user scenario is omitted. For example, the channel, the waveform, and the gain are denoted as
h, g, and α, respectively. In [8], a waveform design is proposed to suppress the ISI by designing the transmit waveform g
based on the criterion of maximizing the signal-to-interferenceplus-noise ratio (SINR). Such a formulation usually involves
solving an eigenvalue problem. In this paper, we consider
minimizing mean-square error (MSE) as the design criterion.
It can be shown that in the single-user case, a closed form
solution to the proposed design can be derived, and the minimum MSE waveform without interference pre-cancellation also
achieves the maximum SINR [8], [26]. Minimizing MSE is
equivalent to maximizing SINR for single-user scenarios, in
the sense that the resulting waveform design and the system
error probability performance are the same. A minor difference of the two approaches is the route of computation. For
maximizing SINR, the problem formulation leads to solving an
eigensystem, where the eigenvector represents the waveform
and the eigenvalue relates to the maximum SINR. For minimizing MSE, a closed-form solution can be given as described
later in this subsection. In the following, we will first discuss
the waveform design for minimizing MSE without interference pre-cancellation, and then the interference-compensation
filter design. Finally, the waveform design with interference
pre-cancellation is analyzed and the closed form solution is
derived.
A. Waveform Design Without Interference Pre-Cancellation
The estimated symbol is obtained by scaling the sample y[L]
by the gain α, i.e., ŝ[L D ] = αy[L]. Let the l-th row of the decimated channel matrix H̃ be denoted by hlH . The estimation
MSE defined as E[ŝ[L D ] − s[L D ]2 ] is expressed as
MSE(α, g) = |αh LHD g − 1|2 PS +
+|α|2 PN ,

2L
D −1
l=1,l= L D

|αhlH g|2 PS

(4)

where s[l], l = 1, . . . , L D − 1, L D + 1, . . . , 2L D − 1, denote
the interfering symbols transmitted adjacent to the intended
symbol s[L D ]. The symbol power PS = E[|s[l]|2 ], ∀l, is
assumed to be unity for normalization. The noise is i.i.d.
Gaussian distributed and hence PN = E[|n[l]|2 ], ∀l.
The minimum MSE (MMSE) waveform g can be derived by
formulating the problem as minimizing MSE subject to a power
constraint g H g = Pmax to rule out the trivial solution g = 0, the
all-zero vector.
The optimal gain α SU can be shown to be

⎞−2
⎛


2L
D −1

P
N
−1 H ⎝
α SU =  Pmax
hL D
hl hlH +
I⎠ h L D , (5)
Pmax
l=1

III. S INGLE -U SER WAVEFORM D ESIGN W ITH
I NTERFERENCE P RE -C ANCELLATION
In this section, we discuss the waveform design with interference pre-cancellation for the single-user case, which allows
a closed form solution and provides an insight to the proposed

where the superscript SU denotes the single-user scenario. The
optimal waveform can be obtained as
⎛
⎞−1
2L
D −1
PN ⎠
SU
SU −1 ⎝
H
g =α
hl hl +
I
hL D .
(6)
Pmax
l=1
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The resulting minimum MSE in the TR system is given by
⎛
⎞−1
2L
D −1
P
N
MSESU = 1 − h LHD ⎝
hl hlH +
I⎠ h L D . (7)
Pmax
l=1

Note that the phase of α can be chosen arbitrarily without
altering the MSE. Therefore, we choose a real-valued α SU as
in (5). From the derivation above, we can obtain the closedform solution to the waveform design without interference
pre-cancellation given the channel matrix and the signal power
to noise power ratio.
The computational complexity of inverting the matrix in (6)
depends on the decimation factor D. When D = 1, the matrix
can be shown to be Toeplitz. Inverting a Toeplitz matrix can
be accomplished in O(L 2 ) using Trench’s algorithm [27]. For
general D, the matrix is periodic Toeplitz, whose inversion can
be solved by Levinson’s algorithm [28] in O(L 2 D). Another
algorithm for general D is to recursively apply the matrix
L
). Define
inversion lemma and solve the inversion in O(L 2 D

−1
m

PN
−1
H
Rm =
hl hl +
I
.
(8)
Pmax
l=1

Applying the matrix inversion lemma, we have
−1

H
=
h
h
+
R
R−1
m
m−1
m
m
−1

H −1
H −1
= R−1
−
1
+
h
R
h
R−1
m
m m−1
m−1
m−1 hm hm Rm−1 . (9)
Given R−1
m−1 and hm , equation (9) can be computed
in O(L 2 ) . By sequentially calculating R−1
for m =
m
−1
1, 2, . . . , 2L D − 1 using (9), the matrix inversion R2L D −1 can
L
be obtained in O(L 2 D
).
Therefore, Levinson’s algorithm can be applied when D is
small, and the recursive matrix inversion algorithm can be used
when D is large. Consequently, the computational complexL
))
ity of the matrix inversion in (6) is O(min(L 2 D, L 2 D
2.5
= O(L ).
B. Interference Pre-Cancellation
In TR systems, a user estimates the intended symbol by the
sample of the central peak of the receive signal. Therefore,
the ISI can be identified as two parts: the causal ISI and the
anti-causal ISI. Due to the overlapping of the received signals of consecutive symbols, one symbol can have influence to
the previous transmitted symbols and also to the future transmitted symbols. To compensate for the interference caused by
the previous symbols, the current symbol can be subtracted by
the interference before convolving with the transmit waveform.
Let v[k] denote the input to the transmit waveform g after the
interference compensation, that is,
v[k] = s[k] − (h LHD g)−1

L
D −1
l=1

(h LHD +l g)v[k − l].

(10)

The operation in (10) can be considered as passing the symbols s[·] through a feedback filter bZF =
H
g], where 01×L D
(h LHD g)−1 [01×L D , −h LHD +1 g, . . . , −h2L
D −1
denotes a 1 × L D zero vector. The resulting MSE is then
given by
MSEIM = |αh LHD g − 1|2 PV +

L
D −1

|αhlH g|2 PV + |α|2 PN ,

l=1

(11)
where PV , the average power of v[·], usually requires more
power than PS since additional power is needed for the second term in (10) even though the causal interference part
2L D −1
H 2
l=L D +1 |αhl g| can be completely compensated. Thus,
the benefit of performing interference pre-cancellation can
be impaired by the performance degradation caused by the
additional power. Especially when the noise power is more
dominant than the interference power, the interference precancellation cannot provide much performance improvement
and much of the transmit power would be wasted in performing
the interference pre-cancellation.
The problem of the increase of the transmit power can
be resolved by applying the Tomlinson-Harashima Precoding
(THP) [21], [22], which is to incorporate a modulo-A component after the interference pre-cancellation at the transmitter,
and a modulo-A component before the symbol estimation at the
receiver. This technique is able to address the additional transmit power problem in (10) because the modulo-A operation at
the transmitter folds the signal constellation into [− A2 , A2 ), and
thus the average power is limited within the range regardless of
the interference power. The resulting block diagram is depicted
in Figure 2(a). The modulo-A operation, denoted as mod A (·), is
to subtract element-wise the nearest integral multiple of A from
the input such that each element of the output is in [− A2 , A2 ),
i.e., for an input v,


1
v
+
,
(12)
mod A (v) = v − A
A 2
where · is the floor operator, which returns the highest integer that is lower or equal to the input value. Note that for
complex value, the modulo-A operator applies to both the real
and the imaginary parts independently. With different constellation size of the symbol modulation (e.g., QPSK, 16-QAM,
or 64-QAM), the parameter A can be chosen accordingly to
minimize the modulo loss which will be explained in detail in
Section III-D.
C. Waveform Design With Interference Pre-Cancellation
The modulo-A component imposes nonlinearity to the design
of the feedback filter b. The nonlinear part can be moved to the
outermost of the system design such that the converted system
in Figure 2(b) is equivalent to the original system in Figure 2(a),
[29]–[31], where a and a  denote integral multiples of A such
that the outputs of the modulo components are within the proper
range. We can focus on minimizing the MSE of the linear part
of the system, i.e., MSEIM = E[û − u2 ], where the superscript IM denotes interference pre-cancellation, u denotes the
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Fig. 2. Block diagrams of waveform design with interference pre-cancellation
for a single-user TR system.

symbol after adding a to the original input s, and û is the symbol before adding a  for the estimated symbol ŝ. The MSE is
given by

|α|

L
D −1

|hlH g|2 PV

α IM =  L
D

(h LHD gIM )∗

H IM 2
l=1 |hl g |

+ PN /PV

,

(18)

equivalent channel coefficients, hlH gIM , ∀l, could be acquired
by channel estimation using a known training sequence. For
multi-user scenario, the equivalent channel estimation can be
similarly done by each user.

+ |αh LHD g − 1|2 PV

l=1

+

Examining the difference between (6) and (16), we can see
that gIM takes into account only the anti-causal ISI, which
comprises the 1st to the (L D − 1) -th rows of the decimated
channel matrix H̃. The causal ISI, i.e., the (L D + 1) -th to the
(2L D − 1) -th rows, are not considered in gIM since they can be
compensated by the feedback filter b. The difference between
the resulting MMSEs in (7) and (17) also demonstrates such
an effect.
The design of the optimal parameters can be summarized as
follows. First, the receiver gain α IM is determined by (15). Then
the waveform gIM is designed to suppress the anti-causal interference using (16) given α IM . Finally, the coefficients of the
feedback filter b for interference pre-cancellation is obtained by
[14] given gIM and α IM . Note that the calculation is performed
at the transmitter and at the decoding process the receiver needs
to compute the parameter α IM based on

which is derived by minimizing (13). The knowledge of the

MSEIM (g, b, α) =
2
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2L
D −1

|αhlH g − b[l]|2 PV + |α|2 PN , (13)

l=L D +1

D. Bit Error Rate Analysis

where PV is the average power of the modulo output. The
 L D −1 H 2
first term, |α|2 l=1
|hl g| PV , is the anti-causal interference
caused by the symbols transmitted after the current symbol. The
2L D −1
H
2
third term,
l=L D +1 |αhl g − b[l]| PV , is the causal interference caused by the symbols transmitted before the current
symbol. Our goal of the waveform design with interference precancellation is to jointly determine the parameters b, g and α
such that the MSE is minimized. It is clear that the optimal b[l]
should be chosen such that

αhlH g, l = L D + 1, . . . , 2L D − 1,
b[l] =
(14)
0,
otherwise.
Substituting (14) into (13) and setting PV = 1 for normalization, we can solve the problem of MSE minimization subject
to a transmit power constraint by a similar analysis as in the
derivation for (5). The optimal α and g are given by

⎛
⎞−2


L
D −1

PN ⎠
−1 H ⎝
hL D
hl hlH +
I
h L D , (15)
α IM =  Pmax
Pmax
⎛
gIM = α −1 ⎝

l=1

L
D −1
l=1

⎞−1
P
N ⎠
hl hlH +
I
hL D
Pmax

The resulting minimum MSE is given by
⎞−1
⎛
L
D −1
PN ⎠
IM
H ⎝
H
MSE = 1 − h L D
hl hl +
I
hL D .
Pmax
l=1

(16)

(17)

The performance of the waveform design with interference
pre-cancellation can be analyzed by considering several losses
of incorporating the THP, including power loss, modulo loss,
and shaping loss [32], [33]. The power loss is due to the fact
that the modulo output still requires higher power PV than the
symbol power PS . Since the modulo operation changes the
constellation to be repeated over the whole space and such
a change shrinks the decision region of those symbols at the
boundary of the constellation, when those boundary symbols
are transmitted, the received symbols may be misinterpreted
as wrong symbols and modulo loss occurs. Finally, the shaping loss happens when the distribution of the transmit signal
becomes non-Gaussian since information-theoretically the optimal input distribution is Gaussian while the modulo operation
generally produces a uniform distributed signal. The output of
the modulo operation is passed though the transmit waveform,
which considerably randomizes the distribution and tends to
give rise to a Gaussian-like distribution based on the observation in our numerical simulations. Hence, in the following
analysis, we neglect the shaping loss and focus on the power
loss and modulo loss.
The output of the modulo operation is uniformly distributed
when the interference to be compensated is large enough.
Considering both in-phase and quadrature components of v[·],
2
we can have PV = A6 , where A is the modulo operation size.
The optimal choice of A√depends on the constellation size
[34]. For example, A = 2 2 for QPSK and the power loss is
4/3 ≈ 1.25 dB. As discussed above, the modulo loss occurs
when the boundary symbols are transmitted, and thus depends
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Fig. 3. Block diagrams of waveform design with interference pre-cancellation
for a multi-user TR system.

on the constellation size. The bit error rate for QPSK can be
approximated by [35]
⎛
⎞
⎛ 
⎞
1
1
P
P
S
S
QPSK
2
2
⎠ − 2Q ⎝3
⎠
≈ 2Q ⎝
Pb
PISI + σ 2
PISI + σ 2
⎛ 
⎞
1
P
S
2
⎠ − ...,
+ 2Q ⎝5
(19)
PISI + σ 2
 L D −1 H 2
where PISI = PV l=1
|hl g| . For higher order constellation such as 16-QAM or 64-QAM, the analysis can be derived
similarly.
IV. M ULTI -U SER WAVEFORM D ESIGN W ITH
I NTERFERENCE P RE -C ANCELLATION
In the waveform design with interference pre-cancellation for
the single-user TR system, the causal ISI is compensated by the
feedback filter and anti-causal ISI is suppressed by the waveform design. In the multi-user downlink TR system, we can
leverage a similar idea of compensating both the causal ISI and
the causal IUI by feedback filters, and suppressing both the anticausal ISI and the anti-causal IUI by the multi-user waveform
design.
Figure 3(a) depicts the block diagram of a multi-user TR
system with interference pre-cancellation. The wide arrows
denote the flow of a vector of data streams as the extension
of Figure 2. The feedback filter takes a vectored input and turns
out a vectored output. In the waveform part, each data stream is
convolved with its waveform gk and the outputs are additively
aggregated together to be the transmit signal.
To determine the causality of IUI and ISI, the ordering of
users for interference pre-cancellation has to be settled. Notice
that all users’ signals are transmitted simultaneously and the
causality of users is determined by the ordering of IUI compensation. Finding the optimal ordering requires exhaustive
search over all possible permutations and is computationally
prohibitive. Moreover, as will be shown in Section V, the
overhead of searching may not be worthy since the amount
of interference with different orderings differs only in the
current symbols, which contribute a relatively small portion

Fig. 4. Illustration of the causality of interference caused by symbols of users.

to the overall interference. In the following, we denote the
index of a user as its ordering. For user k’s L D -th symbol,
sk [L D ], the causal interference is caused by the symbols including {s j [l], l < L D , ∀ j} and {s j [L D ], j < k}; the anti-causal
interference is caused by the symbols {s j [l], l > L D , ∀ j} and
{s j [L D ], j > k}. Figure 4 illustrates the causality of interference for a multi-user system with K = 5 and L D = 5, and
different causalities are separated by dash lines. When the current symbol is s3 [5], the symbols in the bottom left part of
Figure 4 serve as the causal interference to be compensated
by the feedback filter, and the symbols in the top right part of
Figure 4 are the anti-causal interference to be suppressed by the
waveform design.
Similar to the single-user case, we consider the linear part of
the equivalent system in Figure 3(b). The MSE of user k in can
be expressed as
MSEk =

K L
D −1


H
|αk hkl
g j |2 PV +

j=1 l=1



|αk hkHL D g j |2 PV

j>k

+ |αk hkHL D gk − 1|2 PV

+
|αk hkHL D g j − bk j [L D ]|2 PV
j<k

+

K L
D −1


H
|αk hkl
g j − bk j [l]|2 PV + |αk |2 PN , (20)

j=1 l=1

where bk j [·] denotes the feedback filter of user k for compensating for the interference of user j’s data stream. In the following,
we aim to jointly design the waveforms {gk }, the feedback
filters {bk }, and the gains {αk } such that the total MSE is minimized. It is clear that the optimal coefficients of the feedback
filter are given by
⎧
H
⎪
⎨αk hkl g j , l = L D + 1, . . . , 2L D − 1, ∀ j,
bk j [l] =
(21)
or l = L D , j < k,
⎪
⎩
0,
otherwise.
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Substituting [21] into (20), we have
MSEk =

K L
D −1


H
|αk hkl
g j |2 PV +



|αk hkHL D g j |2 PV
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j>k

j=1 l=1

+ |αk hkHL D gk

− 1| PV + |αk |2 PN .
2

(22)

It can be seen that user k’s optimal waveform gk relies on other
users’ optimal waveforms. Therefore, unlike the single-user
case, the closed form global optimal solution of the multi-user
problem is difficult to find. Hence, we propose two iterative algorithms to search for locally optimal solutions. One
approach is an alternating optimization method and the other
is a gradient method. The convergence of both iterative algorithms can be guaranteed by showing the monotonicity of the
objective functions during the iterations.

Taking the first order derivative of L with respect to g∗k ,
we have
⎛
K L
D −1


−1 ∗ ⎝
2
H
gk = γ ᾱk
|ᾱ j | h j L D h j L D +
|ᾱ j |2 h jl h Hjl

A. Alternating Optimization Algorithm

j≤k

The alternating optimization algorithm is to iteratively optimize over a restricted subset of all variables [24]. In this
proposed algorithm, we iteratively update the waveforms {gk }
and the gains {αk } to optimize the total MSE subject to a power
constraint. It will be shown that fixing one set of variables, optimization over the other set of variables is a convex problem and
the closed-form solution can be derived. The total MSE in each
iteration is non-increasing and thus the alternating optimization
algorithm is guaranteed to converge.
It is easy to optimize the gains 
{αk } given a set of fixed
K
MSEk is a quadratic
waveforms {gk } since the total MSE k=1
function of {αk }. We can consider the first order condition, i.e.,
the first order derivative of the total MSE with respect to αk
equals zero. We can have
⎛
⎞−1
K L
D −1


P
N
H
⎠
αk = ⎝
|hkHL D g j |2 +
|hkl
g j |2 +
PV
j≥k

· gkH hk L D ,

j=1 l=1

∀k.

(23)

Next, we consider the optimization of the waveforms {gk } subject to a power constraint, with a set of fixed gains {αk }. Directly
taking the derivative of the Lagrangian with respect to {gk }
leads to an expression in terms of the Lagrange multiplier
λ associated with the power constraint. Solving λ, however,
is quite difficult and arouses the need for numerical search.
Motivated by the technique in solving (6) where the Lagrange
multiplier can be explicitly obtained, we propose to keep the
ratio between {αk } fixed and optimize the corresponding {gk }
so that the Lagrange multiplier can be solved explicitly. That
γ −1 αk , for all k, where
is, instead
 of fixing {αk }, we fix ᾱk =
2
2
γ =
k |αk | /Pmax , which means
k |ᾱk | = Pmax , and γ
is considered as a variable in the optimization problem. The
Lagrangian of minimizing the total MSE subject to the power
constraint, with variables γ and gk , ∀k, is given by

K
K


L(g1 , ..., g K , γ , λ) =
MSEk + λ
gkH gk − Pmax .
k=1

k=1

(24)

+

λ
I
PV

−1

j=1 l=1

hk L D .

(25)

Taking the first order derivative of L with respect to γ ,
we have
⎛ K ⎛
K

 
⎝
γ =
ᾱk∗ gkH hk L D ⎝
|ᾱ j h HjL D gk |2
k=1

+

K L
D −1

j=1 l=1

k=1

|ᾱ j h Hjl gk |2 +

j≤k

⎞⎞−1

PN
|ᾱk |2 ⎠⎠
PV

.

(26)


From (25), (26), and the power constraint k gkH gk = Pmax ,
we can have λ = PN . By substituting γ and λ = PN into (25),
the closed form solution of gk can be obtained.
The proposed alternating optimization algorithm, summarized in Table I, is to fix one set of variables and optimize the
other set of variables to decrease the total MSE until convergence or the maximum number of iterations is reached. When
the waveforms {gk } are fixed, updating the gains {αk } can only
reduce the total MSE or keep it unchanged. Similarly, when the
normalized gains {ᾱk } are fixed, updating the waveforms {gk }
also makes the total MSE non-increasing. Thus, it can be easily seen that the proposed alternating optimization algorithm
always converges since the total MSE is always non-increasing
during the iterations and the total MSE is lower bounded by
zero. Note that the converged solution may not be a globally
optimal solution but it is a local optimum where none of the
two optimization steps can further improve the performance.

B. Gradient Algorithm
The gradient method, by iteratively updating the variables to
the steepest direction that decreases the objective function, is
able to locate the global minimum for convex functions, but
only a local optimum for a wide class of non-convex functions
[24]. We propose to remove the dependence of {αk } by substitute (23) into the MSE in (22) so that the gradient method can
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TABLE II
G RADIENT A LGORITHM FOR M ULTI - USER D OWNLINK WAVEFORM
D ESIGN

Fig. 5. Equivalent channels for pure waveform design and joint waveform
design.

V. N UMERICAL S IMULATION
focus on updating {gk } only. Then the resulting total MSE as a
function of {gk } is given by
K


MSEk = PV

k=1

K 


1 − tk−1 |gkH hk L D |2 ,

(27)

k=1

where
tk =



|hkHL D g j |2 +

j≥k

K L
D −1

j=1 l=1

H
|hkl
g j |2 +

PN
.
PV

(28)

It can be easily verified that the total MSE in (27) is non-convex
in {gk }. The gradient of gk can be obtained as


∂
gk  ∗
MSEk
∂gk
k
⎛
k

= PV ⎝−hk L D hkHL D tk−1 +
|g Hj h j L D |2 h j L D h HjL D t −2
j
j=1

+

K L
D −1


⎞

⎠ gk .
|g Hj h j L D |2 h jl h Hjl t −2
j

(29)

j=1 l=1

The gradient algorithm is summarized in Table II, where the
waveforms are iteratively updated by


(n)
(n+1)
(n)
(n) gk
gk
= projC gk − δ
.
(30)
g(n)
k 2
We choose the step size δ (n) to be the harmonic sequence
1
d , d = 1, 2, . . . for its good convergence behavior [24]. The
projection operator projC is to project the updated waveforms
K
into the constraint set k=1
gkH gk = Pmax by normalization.
Note that by choosing a proper step size as described by the line
search in Table II, the update in (30) is guaranteed to reduce the
total MSE.
In each iteration, the total MSE generated by the proposed
gradient algorithm is non-increasing. By the same argument
that the sequence of the total MSE is non-increasing and
bounded below, the proposed gradient algorithm is guaranteed
to converge to a local minimum, where the gradient is zero.

In this section, we perform numerical simulation to study
the performance of the proposed waveform design. The SalehValenzuela channel model for indoor environment is adopted to
generate the instances of a multipath channel impulse response.
In the S.-V. channel model with 500 MHz sampling rate,
the average channel length is around 249. In the following,
we denote the waveform design without interference precancellation as pure waveform design, and denote the proposed
waveform design with interference pre-cancellation as joint
waveform design. In Figure 5, we plot the equivalent channels,
(g ∗ h), i.e., the composite effect of the transmit waveform and
the channel impulse response. Figure 5(a) shows the equivalent
channel of using pure waveform design, and Figure 5(b) shows
the equivalent channel of using the proposed waveform design.
Since the proposed waveform design only suppresses the anticausal interference and the causal part is compensated by
the feedback filter, we can see that the causal interference is
untamed and significantly larger than the pure waveform design
in Figure 5(a). However, with the same degrees of freedom, the
proposed waveform design only needs to suppress about half of
the interference compared to the pure waveform design, and it
is able to achieve higher peak amplitude and better interference
suppression for the anti-causal interference.
Figure 6 and 7 show the single-user BER performance for
different waveform design schemes when D = 1 and D = 3,
respectively. Basic TR denotes the traditional TR waveform,
which is the time-reversed and conjugated version of the channel impulse response. It can be seen that the joint waveform
design can achieve a remarkable performance gain at high
SNR region for D = 1 compared to D = 3. This is because
when D is smaller, i.e., the symbol rate is higher, and when
the signal power is more dominant than the noise power, the
interference is more severe and the joint design has a substantial advantage under such a scenario. The theoretical analysis
of the BER performance for the proposed joint design with
D = 1 is quite close to the simulated result. The theoretical BER of D = 1 is more accurate than D = 3 due to the
fact that the analysis is greatly based on the assumption of a
Gaussian distributed interference, and a smaller rate back-off
factor results in more interfering multipaths, which makes the
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Fig. 8. Convergence behavior of the two proposed iterative algorithms.
Fig. 6. BER performance comparison of the basic TR, the pure waveform
design and the proposed joint waveform design for D = 1 with S.-V. channel
model of indoor environment where on average L = 249.

is low, the severe ISI and IUI greatly influence the performance, and a user’s waveform has to take into account others’
waveforms to avoid the interference. Therefore, high Pmax /PN
region typically requires more iterations for the algorithms to
converge.
For both the alternating optimization algorithm and the
gradient algorithm, the ordering of users has to be determined first. As discussed in Section IV, finding the optimal
ordering requires an exhaustive search. Heuristic algorithms
for finding a suboptimal user ordering, such as the ones in
[36], [37], can be adopted. Let us consider the initial step
in the alternating optimization algorithm, the αk ’s are initialized to be the same, and by substituting the solutions
of gk ’s into the MSE in (22), the resulting total MSE is
given by
K


MSEk =

k=1

Fig. 7. BER performance comparison of the basic TR, the pure waveform
design and the proposed joint waveform design for D = 3 with S.-V. channel
model of indoor environment where on average L = 249.

distribution of the ISI more similar to a Gaussian one. Note
that in our previous work [8], the objective is to maximize the
sum rate, and thus it may not be fair to compare it with the
proposed joint design, which is based on minimizing the sum
MSE with interference pre-cancellation. The pure WD, i.e., the
waveform design without interference pre-cancellation for minimizing sum MSE, may be a better candidate for performance
comparison.
A typical convergence behavior of the two proposed iterative algorithms is plotted in Figure 8 with K = 2, D = 2
and Pmax /PN = 18 dB. The average number of convergence
for the proposed alternating optimization algorithm is 10.34 at
0 dB and 26.88 at 18 dB. For the proposed gradient method,
the average number of iterations is 7.49 at 0 dB and 48.51
at 18 dB. When Pmax /PN is low, the noise power dominates
the interference power, and thus the waveform calculation is
easier since a user’s waveform should be close to the basic
time-reversal waveform which is based its own channel and
irrelevant to others’. On the other hand, when the noise power

K




PV 1 − hπk L D T−1
πk hπk L D ,

(31)

k=1

where
Tπk =



hπ j L D hπHj L D

+

j≤k

LD
K 


hπ j l hπHj l +

j=1 l=1

PN
I.
PV

(32)

We consider a greedy algorithm exploiting the fact that Tπk
does not depend on the particular ordering of {π j , j ≤ k} for
the first term in (32) and the second term is the sum of all users’
causal ISI and does not rely on the overall ordering. Based on
this, once {π j , j > k} is determined, MSEk can be optimized
by choosing πk . We can sequentially choose π K , . . . , π1 , i.e.,
the greedy {πkG } can be determined by
πkG = arg

max

πk ∈{π G
j , j>k}

hπk L D T−1
πk hπk L D ,

for k = K , K − 1 . . . , 1.

(33)

However, such a greedy approach is not globally optimal since
first of all, the objective function in (31) is an approximation
since we assume {αk } the same, and secondly, even if the globally optimal {π j , j > k} can be found, the subsequent global
optimization of πk has to take into account all terms in (31)
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Fig. 9. Total MSE performance comparison of the alternating optimization
method and the gradient method for K = 2 and D = 2 with S.-V. channel
model of indoor environment where on average L = 249.

Fig. 10. Average BER performance comparison of the alternating optimization method and the gradient method for K = 2 and D = 2 with S.-V. channel
model of indoor environment where on average L = 249.

instead of only hπk L D T−1
πk hπk L D , but such optimization is quite
involved and does not permit a better solution other than the
exhaustive search.
In Figure 9 and 10, we compare the total MSE and the average BER performance of the methods with K = 2 and D = 2.
It can be seen that for the total MSE, the alternating optimization algorithm performs slightly better than the gradient
method at high power region while it performs a bit worse at
low power region. However, such a difference does not appear
obvious in the average BER performance. The greedy ordering algorithm does not show any perceivable advantage since
the current symbols only contribute a small portion to the total
interference.
In Figures 11 and 12, we compare the proposed algorithms
with the zero-forcing (ZF) technique, which is well-known in
MIMO beamforming design and often considered as a benchmark in the high SNR regime. For the sake of benchmarking,
the S.-V. channel model is replaced with a simpler model,
i.e., the channel coefficients are i.i.d. Gaussian distributed with
variance 1/L, where the channel length L = 40, the number

Fig. 11. Total MSE performance comparison of the alternating optimization
method, the gradient method, and the ZF technique for K = 4 and D = 5 with
Gaussian channel model of L = 40.

Fig. 12. Average BER performance comparison of the alternating optimization
method, the gradient method, and the ZF technique for K = 4 and D = 5 with
Gaussian channel model of L = 40.

of users K = 4 and the rate back-off factor D = 5. The ZF
ZF †
waveform is computed by gZF
k = c Hanti,k e0 , where Hanti,k
denotes the matrix composed of the anti-causal interference,
{h Hjl | j = 1, . . . , K ; l = 1, . . . , L D − 1} and {h HjL D | j < k}, as
its rows, and the last row of Hanti,k is hk L D . The operator
(·)† denotes the Moore-Penrose pseudo inverse, the vector e0
denotes a vector with the last element being 1 and other elements are zeros, and cZF is a scalar for power normalization.
H
ZF 2
∗
The receiver gain αkZF = (hkHL D gZF
k ) /(|hk L D gk | + PN /PV )
is obtained by omitting the anti-causal interference and optimizing the MSE. This ZF waveform design ignores the noise power
and focuses on minimizing the anti-causal interference that cannot be handled by the interference pre-cancellation technique.
From Figure 11, it can be seen that at very high SNR (more
than 33 dB), the ZF performs the best among the 3 designs
in total MSE. However, in Figure 12, the alternating optimization method outperforms the other 2 methods at the high power
region. Interestingly, the advantage of the ZF in total MSE does
not carry over to the BER performance. The proposed alternating optimization method, even with the sub-optimality in
total MSE, can still achieve a superior performance in BER
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compared with the ZF technique. ZF imposes a stricter constraint, which seeks to eliminate all the anti-causal interference
by choosing the waveform gk from the space that minimizes
the anti-causal interference, and this may suffer from reducing the intended signal strength. The proposed algorithms do
not have such a constraint and are able to strike a balance
between suppressing the anti-causal interference and enhancing the intended signal strength. For both the total MSE and the
average BER performance at high power region, the alternating
optimization shows a noticeable advantage over the gradient
algorithm. At low power region, the total MSE performance
of the gradient method is slightly superior than the alternating
optimization algorithm, but such a difference is imperceptible
in the average BER performance.
At high SNR, the gradient algorithm appears to have a floor
and performs worse than the alternating optimization algorithm in the average BER performance. This is not always true
for each individual channel realization, but a statistical performance. We believe that this performance difference is due to
how the algorithms tackle the non-convexity of the optimization
problem. Both algorithms aim to search for a local optimum.
The gradient algorithm transforms the optimization problem
into a function of {gk } by removing the dependency of {αk }.
Such a transformation may result in a highly non-linear function in terms of {gk }, which could lead to a worse solution if
the search is trapped in a worse local optimum. The alternating optimization algorithm, on the other hand, considers this
non-convex problem as two entangled convex problems, where
the global optimum of each problem can be efficiently found if
the solution to the other problem is given. We believe that the
alternating optimization algorithm performs better since it takes
advantage of the special problem structure, i.e., it utilizes more
information than the gradient algorithm.
As to the high-SNR slopes, it is worth noting that there is
no guarantee that the slope of the ZF technique in general is
worse than that of the alternating optimization algorithm since
the high-SNR slope reflects the degrees of freedom of the equivalent channel, which are not necessarily be degraded by the ZF
waveforms. Thus, it is possible that the high-SNR slope of the
alternating optimization algorithm turns out to be the same or
better than that of the ZF technique at higher SNR than showed
in the figures.
In Figure 13, the proposed interference pre-cancellation technique is compared with the basic TR waveform and the pure
waveform design for the robustness to channel uncertainty. The
channel uncertainty model for the k-th user’s channel is given
by ĥk = hk + ek , where ĥk denotes the estimated channel vector, hk denotes the true channel with variance σh2 for each
element, and ek is the estimation error with variance σe2 for
each element. It can be observed that the proposed technique
performs the best among the three for most of the channel uncertainty region (σe2 /(σe2 + σh2 ) < 0.82). Comparing
with the pure waveform design, the basic TR waveform is
more robust when the uncertainty is high. When the channel
uncertainty is very severe, the basic TR waveform is slightly
more robust than the others. However, in such a scenario,
none of the three waveforms are usable since the BER is
close to 0.5.
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Fig. 13. Comparison of the basic TR, the pure waveform design and the
proposed joint waveform design for BER versus channel uncertainty.

The spatial focusing performance of the proposed technique
can also be inferred from Figure 13. As the spatial distance
increases, the channel correlation between the two locations
decreases, and thus the channel uncertainty is higher. The
BER performance versus spatial distance is expected to be
similar to the trend in Figure 13. Therefore, we can infer
that the spatial focusing performance of the proposed interference pre-cancellation technique is superior than the basic TR
waveform.
VI. C ONCLUSION
In this work, we proposed the waveform design with interference pre-cancellation for wideband communication systems
such as TR systems by exploiting the symbol information
available at the transmitter. It was shown that the optimal
waveform design with interference pre-cancellation is to compensate the causal interference by a feedback filter and to
suppress the anti-causal interference using the waveform. For
the multi-user scenario, the causality of both ISI and IUI
determines its similar role in the joint design. The resulting
multi-user waveform design is a non-convex optimization problem, for which we proposed two iterative algorithms, including
an alternating optimization algorithm and a gradient method.
Both algorithms can be guaranteed to converge to sub-optimal
solutions. For both the total MSE and the average BER performance at high power region, the alternating optimization
shows a noticeable advantage over the gradient algorithm. At
low power region, the total MSE performance of the gradient
method is slightly superior than the alternating optimization
algorithm, but such a difference is imperceptible in the average
BER performance. Simulation results were shown to validate
the convergence of the proposed algorithms and demonstrate
the effectiveness of the proposed joint design, especially in
the high interference regime. As possible future extensions,
applications of the proposed joint design to the multi-antenna
scenarios can be attained by utilizing the idea of compensating the causal interference and suppressing the anti-causal
interference.
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