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Abstract—In wideband communication systems, the
time-reversal (TR) technique can boost the signal-to-noise
ratio (SNR) at the receiver with simple single-tap detection. It has
been shown that conventional waveform design can signiÞcantly
improve the system performance of TR systems. However, when
the symbol rate is very high, the severe intersymbol interference
still limits the performance at high-power region. In this work, we
study a new waveform design with interference pre-cancellation
by exploiting the message information to further improve the
performance. In the proposed design, the causal interference
is subtracted by interference compensation, and the anticausal
interference can be further suppressed by conventional waveform
design by virtue of the more abundant degrees of freedom.
The transmitter utilizes the information of previous symbols to
enhance the signal quality while the receiver structure remains
simple. In the multiuser scenario, both the interuser interference
and intersymbol interference can be similarly categorized by
the causality, and then be tackled accordingly by the proposed
waveform design with interference pre-cancellation. The resulting
multiuser waveform design is a nonconvex optimization problem,
for which two iterative algorithms are proposed and both are
guaranteed to converge to suboptimal solutions. Simulation
results validate the convergence behavior and demonstrate the
remarkable performance improvement over the conventional
waveform design in the previous work.

Index Terms—Interference cancellation, multi-user downlink,
time-reversal, waveform design.

I. I NTRODUCTION

I N BASIC time-reversal (TR) communication systems [1],
[2], the time-reversed channel impulse response serving as

the transmit waveform is able to boost the signal strength in a
large delay spread channel in broadband communication. After
the transmitted TR waveform convolves with the multi-path
channel, the temporal focusing effect [3], [4] of the TR wave-
form re-collects the most of signal energy into a single tap.
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TR transmission techniques have been shown to be a promis-
ing solution to the energy-efÞcient and low-complexity green
wireless communication [1], [6].

In high speed wideband communication systems, however,
when the symbol duration is smaller than the channel delay
spread, the symbol waveforms are overlapped and thus inter-
fere with each other. When the symbol rate is very high, the
inter-symbol interference (ISI) can be notably severe and causes
crucial performance degradation [7], [8]. Further, in multi-user
downlink scenarios, the TR base-station uses each userÕs partic-
ular channel impulse response as the userÕs symbol waveform to
modulate the symbols intended for that user. Despite the inher-
ent randomness of the channel impulse responses, as long as
they are not orthogonal to each other, which is almost always
the case, these waveforms will inevitably interfere with each
other when transmitted concurrently. Hence, the performance
of TR transmission can be impaired and even limited by the
inter-user interference (IUI). Moreover, interference can also
be caused by incorporating multiple transmit antenna in the TR
systems.

In a wideband environment, substantial degrees of freedom
are available for the transmitted waveforms to be designed
to combat the interference. Based on design criteria such as
system performance, quality-of-service (QoS) constraints, or
fairness among users, the waveform design can be formulated
as an optimization problem with the transmitted waveforms as
the optimization valuables. The basic idea of waveform design
is to delicately adjust the amplitude and phase of each tap of
the waveform based on the channel information, such that after
convolving with the channel, the received signal at the receiver
retains most of the intended signal strength and rejects or sup-
presses the interference as much as possible. It can be shown
that the mathematical structure of waveform design is analo-
gous to that of the precoder design in MISO systems, since the
taps in waveform design act as the beamforming coefÞcients
of the transmit antenna in the precoder design. In the litera-
ture, there have been many studies investigating the problems
of designing advanced waveforms to suppress the interference
[7]Ð[13]. In [7], a minimum mean-square-error (MMSE) wave-
form was proposed to suppress ISI and noise for a single-user
scenario without taking into account the rate back-off factor
in the optimization and thus the waveform is suboptimal. In
[8], multi-user joint power allocation and waveform design for
sum rate optimization was investigated in downlink TR sys-
tems. Different from the transmitter waveform design, in [14],
an iterative soft-decision feedback equalization algorithm was
introduced to combat the non-causal ISI created by the receiver
matched Þlter.
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Besides the channel information, another important side
information the transmitter can exploit in the waveform design
is the transmitted symbol information. Theoretically, if the
receiver interference is known to the transmitter, it is possible
to completely remove the interference by means of complicated
coding techniques [15]. The interference is known to the trans-
mitter since it can be derived from the transmit waveforms, the
multipath channels, and the information bits. Given the trans-
mitted symbols, the causal part of ISI can be compensated
in advance in designing the waveform of the current symbol.
Such a design is analogous to the transmitter-based interference
pre-subtraction [16]Ð[20] in the nonlinear precoding literature.
A substantial distinction for time-domain waveform design is
that only the causal part of interference can be pre-canceled
while the anti-causal part of interference cannot be compen-
sated and needs to be suppressed by the waveform design based
on the channel information. Note that throughout this paper,
the term Ôinterference suppressionÕ refers to linear waveform
design as in [8], and the term Ôinterference pre-cancellationÕ
corresponds to non-linear waveform design similar to the
Tomlinson-Harashima Precoding (THP) [21], [22]. For MIMO
systems, the causality restriction is in spatial domain, where the
interference between antenna is canceled sequentially with a
predetermined order. In this paper, the causality is considered
in time domain, where the interference between information
symbols is tackled sequentially according to the order they are
transmitted. Note that in uplink scenarios, noncausal interfer-
ence may also be estimated and compensated at the receiver
since tentative decisions of detected symbols can be utilized to
cancel the interference in the received signals [23].

In this work, we propose a waveform design with inter-
ference pre-cancellation for wideband communication systems
such as TR systems. The single-user scenario permits a closed-
form solution of the proposed waveform design. It is shown
that the resulting design cancels the causal ISI and suppresses
the anti-causal ISI. For the multi-user scenario, similarly the
interference (both ISI and IUI) is categorized into causal
interference and anti-causal interference. The interference-
compensation Þlter design can be easily determined once the
multi-user waveform design is settled. Since the resulting multi-
user waveform design is non-convex, we propose two iterative
algorithms to suboptimally tackle the optimization problem.
One approach is based on the alternating optimization and
the other is a gradient method [24]. We show that both iter-
ative algorithms are guaranteed to converge to local optimal
solutions. Numerical simulation is conducted to validate the
convergence behavior of the proposed iterative algorithms and
demonstrate the superior performance of the proposed wave-
form design.

A key distinction of this paper from previous work [8] is that
the proposed waveform designs pre-cancels causal interference
and suppresses anti-causal interference, while the waveform
design in [8] suppresses both causal and anti-causal interfer-
ence. The proposed algorithms not only can be applied in
traditional time-reversal systems, where the receiver detects
the transmitted information by a single tap, but can be easily
extended to other systems where the receivers can deal with
multi-tap detection. For example, the multiple taps can be com-
bined into one tap using techniques such as maximum-ratio

combining. The equivalent channel including the combin-
ing process can be similarly analyzed, and the proposed
algorithms can be accordingly modiÞed to be applied in such
systems.

The contributions of this paper are summarized as follows.
• Time-domain causality is considered in transmitter wave-

form design for wideband communication systems such
as TR systems. The interference between information
symbols is pre-canceled sequentially according to the
order they are transmitted. An essential observation is that
only the causal part of interference can be pre-canceled
while the anti-causal part of interference cannot be com-
pensated and needs to be suppressed by the waveform
design based on the channel information.

• For the multi-user scenario, the interference (both ISI
and IUI) is categorized into causal interference and anti-
causal interference. Similarly, the multi-user waveform
design pre-cancels the causal interference and suppresses
the anti-causal interference.

• Two iterative algorithms are proposed to tackle the
non-convex multi-user waveform design problem. One
approach is based on the alternating optimization and
the other is a gradient method. Both iterative algorithms
are guaranteed to converge and shown to have superior
performance over other conventional designs.

The rest of the paper is organized as follows. In Section II, the
system model of the TR communication system is introduced in
detail. The waveform design with interference pre-cancellation
for the single-user scenario is described in Section III, and the
multi-user scenario is further depicted in Section IV, where the
two iterative algorithms are proposed. In Section V, simulation
results are shown to demonstrate the performance. Finally, we
draw the conclusion in Section VI.

II. SYSTEM MODEL

A multi-user downlink TR system consists of a base-station
and K users. The multipath channel between the base-station
and thek-th user is denoted byhk , a column vector ofL ele-
ments whereL is the maximum channel length among theK
channels. Letsk denote an information symbol andgk be the
transmit waveform for userk, which can be a basic TR wave-
form or a more advanced waveform [8]. The length ofgk is also
L. As shown in Figure 1, the received signalyk at userk is
given by

yk = Hk

K∑
j=1

g j s j + nk, (1)

whereHk is the Toeplitz matrix of size(2L − 1) × L with the
Þrst column being [hT

k 01×(L−1) ]T , andnk denotes the additive
white Gaussian noise (AWGN).

Userk estimates the symbolsk by scaling the sampleyk [L]
by αk , which corresponds to the gain control at the receiver.
Note that (1) represents the received signal when symbols
are transmitted further apart, i.e., with a symbol rate being at
most 1/L times sampling rate 1/Ts . When the symbol rate
is 1/(DTs) where D denotes the rate back-off factor [7] and
D < L, the received waveforms of different symbols overlap
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The resulting minimum MSE in the TR system is given by

MSESU = 1 − hH
L D

⎛
⎝2L D−1∑

l=1

hlhH
l +

PN

Pmax
I

⎞
⎠

−1

hL D . (7)

Note that the phase ofα can be chosen arbitrarily without
altering the MSE. Therefore, we choose a real-valuedαSU as
in (5). From the derivation above, we can obtain the closed-
form solution to the waveform design without interference
pre-cancellation given the channel matrix and the signal power
to noise power ratio.

The computational complexity of inverting the matrix in (6)
depends on the decimation factorD. WhenD = 1, the matrix
can be shown to be Toeplitz. Inverting a Toeplitz matrix can
be accomplished inO(L2) using TrenchÕs algorithm [27]. For
generalD, the matrix is periodic Toeplitz, whose inversion can
be solved by LevinsonÕs algorithm [28] inO(L2D). Another
algorithm for generalD is to recursively apply the matrix
inversion lemma and solve the inversion inO(L2

⌊ L
D

⌋
). DeÞne

R−1
m =

(
m∑

l=1

hlhH
l +

PN

Pmax
I

)−1

. (8)

Applying the matrix inversion lemma, we have

R−1
m =

(
hmhH

m + Rm−1

)−1

= R−1
m−1 −

(
1 + hH

m R−1
m−1hm

)−1
R−1

m−1hmhH
m R−1

m−1. (9)

Given R−1
m−1 and hm , equation (9) can be computed

in O(L2) . By sequentially calculatingR−1
m for m =

1, 2, . . . , 2L D − 1 using (9), the matrix inversionR−1
2L D−1 can

be obtained inO(L2
⌊ L

D

⌋
).

Therefore, LevinsonÕs algorithm can be applied whenD is
small, and the recursive matrix inversion algorithm can be used
when D is large. Consequently, the computational complex-
ity of the matrix inversion in (6) isO(min(L2D, L2

⌊ L
D

⌋
))

= O(L2.5).

B. Interference Pre-Cancellation

In TR systems, a user estimates the intended symbol by the
sample of the central peak of the receive signal. Therefore,
the ISI can be identiÞed as two parts: the causal ISI and the
anti-causal ISI. Due to the overlapping of the received sig-
nals of consecutive symbols, one symbol can have inßuence to
the previous transmitted symbols and also to thefuture trans-
mitted symbols. To compensate for the interference caused by
the previous symbols, the current symbol can be subtracted by
the interference before convolving with the transmit waveform.
Let v[k] denote the input to the transmit waveformg after the
interference compensation, that is,

v[k] = s[k] − (hH
L D

g)−1
L D−1∑
l=1

(hH
L D+lg)v[k − l]. (10)

The operation in (10) can be considered as pass-
ing the symbols s[·] through a feedback ÞlterbZF =
(hH

L D
g)−1[01×L D , −hH

L D+1g, . . . , −hH
2L D−1g], where 01×L D

denotes a 1× L D zero vector. The resulting MSE is then
given by

MSEIM = |αhH
L D

g − 1|2PV +
L D−1∑
l=1

|αhH
l g|2PV + |α|2PN ,

(11)

where PV , the average power ofv[·], usually requires more
power thanPS since additional power is needed for the sec-
ond term in (10) even though the causal interference part∑2L D−1

l=L D+1 |αhH
l g|2 can be completely compensated. Thus,

the beneÞt of performing interference pre-cancellation can
be impaired by the performance degradation caused by the
additional power. Especially when the noise power is more
dominant than the interference power, the interference pre-
cancellation cannot provide much performance improvement
and much of the transmit power would be wasted in performing
the interference pre-cancellation.

The problem of the increase of the transmit power can
be resolved by applying the Tomlinson-Harashima Precoding
(THP) [21], [22], which is to incorporate a modulo-A compo-
nent after the interference pre-cancellation at the transmitter,
and a modulo-A component before the symbol estimation at the
receiver. This technique is able to address the additional trans-
mit power problem in (10) because the modulo-A operation at
the transmitter folds the signal constellation into [− A

2 , A
2 ), and

thus the average power is limited within the range regardless of
the interference power. The resulting block diagram is depicted
in Figure 2(a). The modulo-A operation, denoted as modA(·), is
to subtract element-wise the nearest integral multiple ofA from
the input such that each element of the output is in [− A

2 , A
2 ),

i.e., for an inputv,

modA(v) = v − A

⌊
v

A
+

1
2

⌋
, (12)

where�·� is the ßoor operator, which returns the highest inte-
ger that is lower or equal to the input value. Note that for
complex value, the modulo-A operator applies to both the real
and the imaginary parts independently. With different constel-
lation size of the symbol modulation (e.g., QPSK, 16-QAM,
or 64-QAM), the parameterA can be chosen accordingly to
minimize the modulo loss which will be explained in detail in
Section III-D.

C. Waveform Design With Interference Pre-Cancellation

The modulo-A component imposes nonlinearity to the design
of the feedback Þlterb. The nonlinear part can be moved to the
outermost of the system design such that the converted system
in Figure 2(b) is equivalent to the original system in Figure 2(a),
[29]Ð[31], wherea anda� denote integral multiples ofA such
that the outputs of the modulo components are within the proper
range. We can focus on minimizing the MSE of the linear part
of the system, i.e., MSEIM = E [� öu − u�2], where the super-
script IM denotes interference pre-cancellation,u denotes the
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Fig. 2. Block diagrams of waveform design with interference pre-cancellation
for a single-user TR system.

symbol after addinga to the original inputs, and öu is the sym-
bol before addinga� for the estimated symbolös. The MSE is
given by

MSEIM (g, b, α) =

|α|2
L D−1∑
l=1

|hH
l g|2PV + |αhH

L D
g − 1|2PV

+
2L D−1∑

l=L D+1

|αhH
l g − b[l]|2PV + |α|2PN , (13)

where PV is the average power of the modulo output. The
Þrst term,|α|2

∑L D−1
l=1 |hH

l g|2PV , is the anti-causal interference
caused by the symbols transmitted after the current symbol. The
third term,

∑2L D−1
l=L D+1 |αhH

l g − b[l]|2PV , is the causal inter-
ference caused by the symbols transmitted before the current
symbol. Our goal of the waveform design with interference pre-
cancellation is to jointly determine the parametersb, g andα

such that the MSE is minimized. It is clear that the optimalb[l]
should be chosen such that

b[l] =

{
αhH

l g, l = L D + 1, . . . , 2L D − 1,

0, otherwise.
(14)

Substituting (14) into (13) and settingPV = 1 for normaliza-
tion, we can solve the problem of MSE minimization subject
to a transmit power constraint by a similar analysis as in the
derivation for (5). The optimalα andg are given by

αIM =

√√√√√P−1
maxhH

L D

⎛
⎝L D−1∑

l=1

hlhH
l +

PN

Pmax
I

⎞
⎠

−2

hL D , (15)

gIM = α−1

⎛
⎝L D−1∑

l=1

hlhH
l +

PN

Pmax
I

⎞
⎠

−1

hL D (16)

The resulting minimum MSE is given by

MSEIM = 1 − hH
L D

⎛
⎝L D−1∑

l=1

hlhH
l +

PN

Pmax
I

⎞
⎠

−1

hL D . (17)

Examining the difference between (6) and (16), we can see
that gIM takes into account only the anti-causal ISI, which
comprises the 1st to the(L D − 1) -th rows of the decimated
channel matrix÷H. The causal ISI, i.e., the(L D + 1) -th to the
(2L D − 1) -th rows, are not considered ingIM since they can be
compensated by the feedback Þlterb. The difference between
the resulting MMSEs in (7) and (17) also demonstrates such
an effect.

The design of the optimal parameters can be summarized as
follows. First, the receiver gainαIM is determined by (15). Then
the waveformgIM is designed to suppress the anti-causal inter-
ference using (16) givenαIM . Finally, the coefÞcients of the
feedback Þlterb for interference pre-cancellation is obtained by
[14] givengIM andαIM . Note that the calculation is performed
at the transmitter and at the decoding process the receiver needs
to compute the parameterαIM based on

αIM =
(hH

L D
gIM )∗∑L D

l=1 |hH
l gIM |2 + PN /PV

, (18)

which is derived by minimizing (13). The knowledge of the

equivalent channel coefÞcients,hH
l gIM , ∀l, could be acquired

by channel estimation using a known training sequence. For
multi-user scenario, the equivalent channel estimation can be
similarly done by each user.

D. Bit Error Rate Analysis

The performance of the waveform design with interference
pre-cancellation can be analyzed by considering several losses
of incorporating the THP, including power loss, modulo loss,
and shaping loss [32], [33]. The power loss is due to the fact
that the modulo output still requires higher powerPV than the
symbol powerPS . Since the modulo operation changes the
constellation to be repeated over the whole space and such
a change shrinks the decision region of those symbols at the
boundary of the constellation, when those boundary symbols
are transmitted, the received symbols may be misinterpreted
as wrong symbols and modulo loss occurs. Finally, the shap-
ing loss happens when the distribution of the transmit signal
becomes non-Gaussian since information-theoretically the opti-
mal input distribution is Gaussian while the modulo operation
generally produces a uniform distributed signal. The output of
the modulo operation is passed though the transmit waveform,
which considerably randomizes the distribution and tends to
give rise to a Gaussian-like distribution based on the obser-
vation in our numerical simulations. Hence, in the following
analysis, we neglect the shaping loss and focus on the power
loss and modulo loss.

The output of the modulo operation is uniformly distributed
when the interference to be compensated is large enough.
Considering both in-phase and quadrature components ofv[·],
we can havePV = A2

6 , whereA is the modulo operation size.
The optimal choice ofA depends on the constellation size
[34]. For example,A = 2

√
2 for QPSK and the power loss is

4/3 ≈ 1.25 dB. As discussed above, the modulo loss occurs
when the boundary symbols are transmitted, and thus depends
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Fig. 3. Block diagrams of waveform design with interference pre-cancellation
for a multi-user TR system.

on the constellation size. The bit error rate for QPSK can be
approximated by [35]

PQPSK
b ≈ 2Q

⎛
⎝

√
1
2 PS

PISI + σ 2

⎞
⎠ − 2Q

⎛
⎝3

√
1
2 PS

PISI + σ 2

⎞
⎠

+ 2Q

⎛
⎝5

√
1
2 PS

PISI + σ 2

⎞
⎠ − . . . , (19)

where PISI = PV
∑L D−1

l=1 |hH
l g|2. For higher order constella-

tion such as 16-QAM or 64-QAM, the analysis can be derived
similarly.

IV. M ULTI -USERWAVEFORM DESIGN WITH

INTERFERENCEPRE-CANCELLATION

In the waveform design with interference pre-cancellation for
the single-user TR system, the causal ISI is compensated by the
feedback Þlter and anti-causal ISI is suppressed by the wave-
form design. In the multi-user downlink TR system, we can
leverage a similar idea of compensating both the causal ISI and
the causal IUI by feedback Þlters, and suppressing both the anti-
causal ISI and the anti-causal IUI by the multi-user waveform
design.

Figure 3(a) depicts the block diagram of a multi-user TR
system with interference pre-cancellation. The wide arrows
denote the ßow of a vector of data streams as the extension
of Figure 2. The feedback Þlter takes a vectored input and turns
out a vectored output. In the waveform part, each data stream is
convolved with its waveformgk and the outputs are additively
aggregated together to be the transmit signal.

To determine the causality of IUI and ISI, the ordering of
users for interference pre-cancellation has to be settled. Notice
that all usersÕ signals are transmitted simultaneously and the
causality of users is determined by the ordering of IUI com-
pensation. Finding the optimal ordering requires exhaustive
search over all possible permutations and is computationally
prohibitive. Moreover, as will be shown in Section V, the
overhead of searching may not be worthy since the amount
of interference with different orderings differs only in the
current symbols, which contribute a relatively small portion

Fig. 4. Illustration of the causality of interference caused by symbols of users.

to the overall interference. In the following, we denote the
index of a user as its ordering. For userkÕsL D-th symbol,
sk [L D], the causal interference is caused by the symbols includ-
ing {s j [l], l < L D, ∀ j} and {s j [L D], j < k}; the anti-causal
interference is caused by the symbols{s j [l], l > L D, ∀ j} and
{s j [L D], j > k}. Figure 4 illustrates the causality of interfer-
ence for a multi-user system withK = 5 and L D = 5, and
different causalities are separated by dash lines. When the cur-
rent symbol iss3[5], the symbols in the bottom left part of
Figure 4 serve as the causal interference to be compensated
by the feedback Þlter, and the symbols in the top right part of
Figure 4 are the anti-causal interference to be suppressed by the
waveform design.

Similar to the single-user case, we consider the linear part of
the equivalent system in Figure 3(b). The MSE of userk in can
be expressed as

MSEk =
K∑

j=1

L D−1∑
l=1

|αkhH
kl g j |2PV +

∑
j>k

|αkhH
kL D

g j |2PV

+ |αkhH
kL D

gk − 1|2PV

+
∑
j<k

|αkhH
kL D

g j − bkj [L D]|2PV

+
K∑

j=1

L D−1∑
l=1

|αkhH
kl g j − bkj [l]|2PV + |αk |2PN , (20)

wherebkj [·] denotes the feedback Þlter of userk for compensat-
ing for the interference of userjÕs data stream. In the following,
we aim to jointly design the waveforms{gk}, the feedback
Þlters{bk}, and the gains{αk} such that the total MSE is min-
imized. It is clear that the optimal coefÞcients of the feedback
Þlter are given by

bkj [l] =

⎧⎪⎨
⎪⎩

αkhH
kl g j , l = L D + 1, . . . , 2L D − 1, ∀ j,

or l = L D, j < k,

0, otherwise.

(21)
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Substituting [21] into (20), we have

MSEk =
K∑

j=1

L D−1∑
l=1

|αkhH
kl g j |2PV +

∑
j>k

|αkhH
kL D

g j |2PV

+ |αkhH
kL D

gk − 1|2PV + |αk |2PN . (22)

It can be seen that userkÕs optimal waveformgk relies on other
usersÕ optimal waveforms. Therefore, unlike the single-user
case, the closed form global optimal solution of the multi-user
problem is difÞcult to Þnd. Hence, we propose two itera-
tive algorithms to search for locally optimal solutions. One
approach is an alternating optimization method and the other
is a gradient method. The convergence of both iterative algo-
rithms can be guaranteed by showing the monotonicity of the
objective functions during the iterations.

A. Alternating Optimization Algorithm

The alternating optimization algorithm is to iteratively opti-
mize over a restricted subset of all variables [24]. In this
proposed algorithm, we iteratively update the waveforms{gk}
and the gains{αk} to optimize the total MSE subject to a power
constraint. It will be shown that Þxing one set of variables, opti-
mization over the other set of variables is a convex problem and
the closed-form solution can be derived. The total MSE in each
iteration is non-increasing and thus the alternating optimization
algorithm is guaranteed to converge.

It is easy to optimize the gains{αk} given a set of Þxed
waveforms{gk} since the total MSE

∑K
k=1 MSEk is a quadratic

function of{αk}. We can consider the Þrst order condition, i.e.,
the Þrst order derivative of the total MSE with respect toαk

equals zero. We can have

αk =

⎛
⎝∑

j≥k

|hH
kL D

g j |2 +
K∑

j=1

L D−1∑
l=1

|hH
kl g j |2 +

PN

PV

⎞
⎠

−1

· gH
k hkL D , ∀k. (23)

Next, we consider the optimization of the waveforms{gk} sub-
ject to a power constraint, with a set of Þxed gains{αk}. Directly
taking the derivative of the Lagrangian with respect to{gk}
leads to an expression in terms of the Lagrange multiplier
λ associated with the power constraint. Solvingλ, however,
is quite difÞcult and arouses the need for numerical search.
Motivated by the technique in solving (6) where the Lagrange
multiplier can be explicitly obtained, we propose to keep the
ratio between{αk} Þxed and optimize the corresponding{gk}
so that the Lagrange multiplier can be solved explicitly. That
is, instead of Þxing{αk}, we Þx øαk = γ −1αk , for all k, where

γ =
√∑

k |αk |2/Pmax, which means
∑

k | øαk |2 = Pmax, andγ

is considered as a variable in the optimization problem. The
Lagrangian of minimizing the total MSE subject to the power
constraint, with variablesγ andgk, ∀k, is given by

L (g1, ..., gK , γ, λ) =
K∑

k=1

MSEk + λ

(
K∑

k=1

gH
k gk − Pmax

)
.

(24)

TABLE I
ALTERNATING OPTIMIZATION ALGORITHM FOR MULTI -USERDOWNLINK

WAVEFORM DESIGN

Taking the Þrst order derivative ofL with respect tog∗
k ,

we have

gk = γ −1 øα∗
k

⎛
⎝∑

j≤k

| øα j |2h j L D hH
j L D

+
K∑

j=1

L D−1∑
l=1

| øα j |2h jlhH
jl

+
λ

PV
I
)−1

hkL D . (25)

Taking the Þrst order derivative ofL with respect toγ ,
we have

γ =

(
K∑

k=1

øα∗
k gH

k hkL D

) ⎛
⎝ K∑

k=1

⎛
⎝∑

j≤k

| øα j hH
j L D

gk |2

+
K∑

j=1

L D−1∑
l=1

| øα j hH
jl gk |2 +

PN

PV
| øαk |2

⎞
⎠

⎞
⎠

−1

. (26)

From (25), (26), and the power constraint
∑

k gH
k gk = Pmax,

we can haveλ = PN . By substitutingγ andλ = PN into (25),
the closed form solution ofgk can be obtained.

The proposed alternating optimization algorithm, summa-
rized in Table I, is to Þx one set of variables and optimize the
other set of variables to decrease the total MSE until conver-
gence or the maximum number of iterations is reached. When
the waveforms{gk} are Þxed, updating the gains{αk} can only
reduce the total MSE or keep it unchanged. Similarly, when the
normalized gains{ øαk} are Þxed, updating the waveforms{gk}
also makes the total MSE non-increasing. Thus, it can be eas-
ily seen that the proposed alternating optimization algorithm
always converges since the total MSE is always non-increasing
during the iterations and the total MSE is lower bounded by
zero. Note that the converged solution may not be a globally
optimal solution but it is a local optimum where none of the
two optimization steps can further improve the performance.

B. Gradient Algorithm

The gradient method, by iteratively updating the variables to
the steepest direction that decreases the objective function, is
able to locate the global minimum for convex functions, but
only a local optimum for a wide class of non-convex functions
[24]. We propose to remove the dependence of{αk} by substi-
tute (23) into the MSE in (22) so that the gradient method can










