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Abstract—In this work, we study the error performances of
the multiple access system using analog network coding (ANC),
where all the users broadcast their data to the relays and
destination simultaneously in the first phase, and the relays
forward the source messages that have been mixed in the air
in the second phase. Depending on the type of relay power
constraint, both the variable gain relaying and fixed gain relaying
are considered. We show that the error rates of both schemes
scale as O

(
logP
P2

)
at high signal-to-noise ratio (SNR), where P is

the transmitted power. We also show that the error performance
is dominated by the relay-destination channel, thus the best relay
position should be close to the destination. We also demonstrate
that ANC may be outperformed by the conventional amplify-and-
forward scheme when the data rate is low and the user number
is not large. Finally, we propose a relay selection strategy based
on Min-Max criterion that can achieve full diversity when there
are multiple relays.

I. INTRODUCTION

Cooperative communications have gained much attention

recently as a way to provide spatial diversity, extend trans-

mission coverage and save power consumption [1]. The two

most popular cooperation protocols are amplify-and-forward

(AF) and decode-and-forward (DF), both of which are based

on repetition coding [2]. The error performances of these

two protocols have been widely discussed in [3][4], which

demonstrate the significant gain of node cooperation over the

traditional point-to-point communication system.

In practice, many user devices are subject to half-duplex

constraints. So the above two protocols have the shortcomings

of low spectral efficiency, as two orthogonal channels are

needed to complete the whole message delivery. Wireless

network coding has thus been developed to address such

issues [5][6]. Different from conventional relays which simply

reproduce and forward the data of each source individually, the

network-coded relays first mix different source messages and

then forward a single packet that provides side information

for all sources. Based on AF and DF, there are generally

two kinds of wireless network coding schemes, i.e., analog

network coding (ANC) [5] and physical-layer network coding

(PLNC) [6]. In PLNC, the coding is performed in the finite

field; however, only half of the degrees of spatial diversity may

be leveraged when there exists random decoding error at the

relays [7], and special relaying and detection schemes have to

be employed to achieve full diversity [8], which complicates

the associated transceiver design. On the other hand, in ANC

the source messages are directly combined in the signal space

and consequently no relay decoding is required.
ANC has been widely used in the multiple-access relay

channel due to its simplicity. For example, [9] studied the

channel capacity and developed a relay selection scheme;

[10] derived the corresponding diversity-multiplexing tradeoff

(DMT) curve; [11] devised the space-time coding schemes

to achieve the optimal DMT; and [12] obtained the diversity

bound of the distributed beamforming strategy with quantized

feedback.
We remark that most of the above literatures [9]-[11] are

from an information-theoretic view, which assumes Gaussian

input and the codeword is infinitely long. However, for systems

using practical modulations, the designers usually care more

about the corresponding error performances so as to evaluate

the practical network performances. Although [12] derived the

diversity performances of error rate, it focuses only on the

instantaneous relay power constraint, and the coding gain is

still unclear. So in this work, we study the error performances

of a general multiple access system assisted by ANC relays,

subject to either instantaneous power constraint or average

power constraint. We first derive the pairwise error probability

(PEP) of a single-relay system, and show that a diversity

order of 2 can be achieved. We demonstrate that the PEP is

dominated by the relay-destination channel, thus the best relay

position should be close to the destination. We also reveal that

the conventional AF system may outperform ANC when the

data rate is low. Finally, we propose a relay selection strategy

based on Min-Max criterion, and prove that it can achieve full

diversity when there are multiple relays.
Notations: |·| and (·)∗ stands for absolute value and conju-

gate, respectively. We shall use abbreviation i.i.d. for indepen-

dent and identically distributed, and denote Z ∼ CN (μ, σ2)
as a circularly symmetric complex Gaussian random vari-

able with the real part and imaginary part being i.i.d. and

satisfying N (μ, σ2

2 ). The probability of an event A and the

cumulative distribution function (CDF) of a random variable

Z is denoted by Pr(A) and F (z), respectively. We define

Q (x) = 1√
2π

∫∞
x

e−
t2

2 dt as the Q-function. Finally, we say

h (x) = O (g (x)) if lim supx→∞
h(x)
g(x) <∞.

II. SYSTEM MODEL WITH SINGLE-RELAY

Consider a symmetric multiple access channel with K (≥ 2)

source nodes sending data to a common destination with the
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help of a single relay node. In the first phase, all the source

nodes broadcast their data simultaneously. Suppose perfect

synchronization among the transmitters, the received signal

at the relay and at the destination can be represented as

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ysr =
√
Pλsr

K∑
k=1

fksk + nsr, (1a)

ysd =
√

Pλsd

K∑
k=1

hksk + nsd, (1b)

respectively. Here nsr, nsd ∼ CN (0, 1) are the additive noise;

fk, hk ∼ CN (0, 1) are the rayleigh fading channel with

the channel gain being λsr and λsd, respectively; P is the

transmitted power; and sk is the source symbol chosen from

some constellation Ω with normalized power, i.e., E|sk|2 = 1.

Then in the second phase, the relay node shall forward the

received messages to the destination with the transmitted

signal being xr =
√
αPysr, where α is the amplification

factor. If instantaneous relay power constraint is imposed, the

amplification factor is

αV GR =
1

Pλsr

K∑
k=1

|fk|2 + 1

, (2)

which is called variable gain relaying (VGR) as αV GR is

adaptive to the real-time input channel conditions. On the other

hand, if the average relay power is limited by P in the long

run, then

αFGR =
1

KPλsr + 1
, (3)

which is called fixed gain relaying (FGR). In both cases, the

received signal at the destination is

yrd =
√
λrdgxr+nrd =

√
αP 2λsrλrdg

K∑
k=1

fksk+ñrd, (4)

where ñrd
Δ
=
√
αPλrdgnsr+nrd ∼ CN

(
0, αPλrd |g|2 + 1

)
is the equivalent additive noise, and g ∼ CN (0, 1) is the

rayleigh fading channel with the channel gain being λrd. Upon

observing the signal ysd and yrd, the destination can perform

maximum-likelihood detection to jointly decode all the source

symbols as

sd = arg min
ŝk∈Ω

∣∣∣∣∣ysd −
√
Pλsd

K∑
k=1

hkŝk

∣∣∣∣∣
2

+

∣∣∣∣yrd −√αP 2λsrλrdg
K∑

k=1

fkŝk

∣∣∣∣
2

αPλrd |g|2 + 1
. (5)

III. ERROR PERFORMANCES ANALYSIS

In this section, we analyze the error performances of the

above-mentioned protocol. After some manipulations, we can

bound the conditional PEP as

Pr (s→ ŝ) ≤ E [exp (− (Wd +Wr))] , (6)

where Wd = 1
4Pλsd

∣∣hTΔs
∣∣2, Wr =

αP 2λsrλrd|g|2|fTΔs|2
4(αPλrd|g|2+1)

,

h = (h1, h2, · · ·, hK)
T

, f = (f1, f2, · · ·, fK)T , Δs = s − ŝ,

and we have applied Chernoff bound [1] in the inequality. As

Wd follows exponential distribution, we have

E [exp (−Wd)] =
4

Pλsd‖Δs‖2 + 4

P→∞≈ 4

λsd‖Δs‖2P
−1.

(7)

To evaluate the expectation of the second term in (6), we use

the following lemma.

Lemma 1: Let W1 = abXY
aX+bY+cZ+1 and W2 = abXY

aX+c ,

where a, b and c are constants, X and Y are indepen-

dent exponential random variables with unit mean, and Z
is independent of X and Y and has the gamma distribution

f (z) = 1
Γ(N)z

N−1e−z , then for w ≥ 0 the CDF of W1 and

W2 is given respectively by (8) and (9) shown on the top of

this page, where E1(z) is the exponential integral function [13,

5.1.1] and K1 (z) is the first-order modified Bessel function

of the second kind [13, 9.6.1].

Proof: See [15].

For FGR, after plugging (3) in Wr, we have Wr,FGR =
P 2λsrλrd|g|2|fTΔs|2

4(Pλrd|g|2+KPλsr+1)
. According to Lemma 1, the CDF of

Wr,FGR can be obtained by substituting a1 = Pλrd, b1 =
1
4Pλsr‖Δs‖2, and c1 = KPλsr + 1 in (9). Then we can

obtain (10) shown on the top of next page, where we use

[14, 6.643.3], [13, 13.1.33] and [13, 13.2.5] in (a), and

the inequality E1 (z) < e−z log
(
1 + 1

z

)
[13, 5.1.20] in (b).
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(a)
=

1

b1 + 1
+

b1c1

a1(b1 + 1)
2 exp

(
c1

a1 (b1 + 1)

)
E1

(
c1
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)
(b)

≤ 1

b1 + 1
+
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2 log

(
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a1 (b1 + 1)

c1

)
P→∞≈ 4K

λrd‖Δs‖2
logP

P
, (10)

E [exp (−Wr,V GR)]
(a)

≤ 1− ‖Δs‖2
4

exp

(
− 1√

a2b2

)(‖Δs‖2
4

+

(√
a2 +

√
b2
)2

a2b2

)−1

+
(K − 1) a2‖Δs‖2

4

⎛
⎝ 16

‖Δs‖4a22
log

(
1 +

‖Δs‖2a2
4

)
− 1
‖Δs‖2a2

4

(
1 + ‖Δs‖2a2

4

)
⎞
⎠ P→∞≈ 4 (K − 1)

λrd‖Δs‖2
logP

P
, (12)

Combining (7) with (10) leads to

Pr (s→ ŝ| FGR) ≤ 16K

λrdλsdd4min

logP

P 2
(11)

as P → ∞, where dmin = min
s,ŝ∈Ω,s	=ŝ

|s− ŝ| is the minimum

distance of any two distinct points in the set Ω.

Next we study the PEP of VGR. After plugging (2) in Wr,

we have Wr,V GR =
P 2λsrλrd|g|2|fTΔs|2

4

(
Pλrd|g|2+Pλsr

K∑
k=1

|fk|2+1

) . For any er-

ror vector Δs 
= 0, we can always find a K×K unitary matrix

U with the first row being ΔsT

‖Δs‖ . Define a new vector f̃ = Uf ,

then we have Wr,V GR = ‖Δs‖2
4 W̃r,V GR with W̃r,V GR =

P 2λsrλrd|g|2|f̃1|2
Pλrd|g|2+Pλsr|f̃1|2+Pλsr

K∑
k=2
|f̃k|2+1

. As f̃ ∼ CN (0, I),
∣∣∣f̃1∣∣∣2

is independent of
K∑

k=2

∣∣∣f̃k∣∣∣2, which has the gamma distribution.

According to Lemma 1, the CDF of W̃r,V GR can be obtained

after plugging a2 = Pλrd, b2 = c2 = Pλsr and N = K − 1
into (8). Then we can obtain (12) shown on the top of

this page, where we use [14, 6.227.1] and the inequality

xK1 (x) ≥ exp (−x) [12] in (a). Combining (7) with (12)

leads to

Pr (s→ ŝ|VGR) ≤ 16 (K − 1)

λrdλsdd4min

logP

P 2
(13)

as P →∞.

Remark 1: It is observed that the PEPs scale as O
(

logP
P 2

)
at

high SNRs, thus both of FGR and VGR can achieve a diversity

order of 2. However, the multi-user interferences (MUI) at

the intended receiver introduce an additional logarithmic term

(i.e., logP ) in the expression of PEP, which would incur

noticeable diversity loss in the reasonably high SNR regions.

Recall that the multiple access could also be accomplished by

the conventional repetition-coding based AF protocol, which

serves a single user each time and as a result a total of 4K
orthogonal channels is required. The error rate of AF protocol

scales as O
(
P−2

)
for VGR [3] and O

(
logP
P 2

)
for FGR [4],

respectively. Therefore, ANC is generally more bandwidth

efficient than the conventional AF; however, as the error rate

of AF-VGR decreases faster, ANC may even be outperformed

by AF-VGR when the data rate is low and the user number

K is not large.

Remark 2: By comparing (11) and (13), we observe that

increasing the user number K would not degrade the diversity

gain. However, since the PEP is proportional to K, there is a

linear loss of coding gain. Relatively speaking, VGR performs

slightly better than FGR. This is because the instantaneous

output power at the relay node is always normalized to P
in VGR, which helps to mitigate the extent of channel fading;

however, such performance gap would diminish as K →∞. It

is also noteworthy that the PEP is inversely proportional to λrd

but is independent of λsr. Consequently, the quality of relay-

destination channel dominates the overall error performances,

and the best relay position should be close to the destination.

IV. RELAY SELECTION STRATEGY

Yet we focus only on the system with a single relay. In a

large wireless network with multiple relays, it is possible to

further improve diversity performances by leveraging spatial

diversity through relay selection. So in this section, we study

the relay selection strategy that can achieve full diversity.

The system model is a natural extension of the single-relay

model discussed in the last section. Suppose there are now L
parallel relays. Let fkl be the channel coefficient from the

kth user to the lth relay, and gl be the channel from the

lth relay to the destination. We still consider a symmetric

network, where all the user-relay channels have the same path-

loss coefficient λsr, and all the relay-destination channels have

the same path-loss coefficient λrd. Suppose only one good

relay (i.e., the qth relay) is selected to help forward the source

messages. The resulting signal model is basically the same

as that in the single-relay case after properly modifying the

subscripts in (1a) and (4). To be specific, all the users still

broadcast concurrently in the first phase. The received signal

at the qth relay is ysrq =
√
Pλsr

K∑
k=1

fkqsk + nsrq , and the

received signal at the destination is still given by (1b). Then

in the second phase, the qth relay will amplify and forward

the data using either αq,V GR =

(
Pλsr

K∑
k=1

|fkq|2 + 1

)−1

or
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αq,FGR = (KPGλsr + 1)
−1

. Note that αq,FGR is slightly

different from (3), as the input channel distribution has

changed after relay selection. The constant G (>1) can be

obtained using computer simulations once the relay selection

scheme is given, and this factor would not influence the diver-

sity performance. The received signal at the destination during

the second phase is yrqd =
√
αP 2λsrλrdgq

K∑
k=1

fkqsk + ñrqd,

where ñrqd ∼ CN
(
0, αPλrd|gq|2 + 1

)
. Finally, the MLD

similar to (5) is performed to decode all the user symbols

based on the observations ysd and yrqd, and the conditional

PEP is given by

Pr (s→ ŝ|h, fsq, gq) ≤ exp
(−Wd −Wrq (Δs)

)
, (14)

where Wrq (Δs) =
αP 2λsrλrd|gq|2|fTsqΔs|2

4(αPλrd|gq|2+1)
, Wd =

1
4Pλsd

∣∣hTΔs
∣∣2 and fsq = (f1q, f2q, · · ·, fKq)

T
. It is

observed that the quality of the qth relay branch is uniquely

characterized by Wrq (Δs), which itself depends on the error

vector Δs. As the real error probability is lower bounded

by any PEP, we propose to select the relay branch that can

minimize the maximum PEP. Since the exponential function is

monotonically decreasing, the above Min-Max relay selection

strategy can be equivalently formulated as

q = arg min
l=1,2,···,L

max
ŝ 	=s

Pr (s→ ŝ|h, fsl, gl)
= arg max

l=1,2,···,L
min
Δs	=0

Wrl (Δs) . (15)

We remark that the above Min-Max criterion is also inde-

pendently studied in [12] for VGR without considering the

direct link. In the following, we shall obtain the diversity

performances of both VGR and FGR by using a much simpler

approach.

Proposition 1: The diversity order of both VGR and FGR

using the Min-Max relay selection strategy (15) is L+ 1.

Proof: Let W ∗
rl

= min
Δs	=0

Wrl (Δs) and W ∗
rq =

max
l=1,2,···,L

W ∗
rl

, then we have

FWrq (Δs) (w) ≤ Pr
(
W ∗

rq ≤ w
)
≤

L∏
l=1

∑
Δs	=0

FWrl
(Δs) (w).(16)

For VGR, we have Wrl,FGR (Δs) =
P 2λsrλrd|gl|2|fTslΔs|2

4(Pλrd|gl|2+KPGλsr+1)

P→∞≥ Pλsrλrd|gl|2|fTslΔs|2
4(λrd|gl|2+KGλsr+1)

. The

CDF of Wrl,FGR (Δs) is thus given by

FWrl,FGR(Δs) (w)
P→∞≤ c3

a3b3

w

P
log

(
P

w

)
, (17)

where a3 = λrd, b3 = λsr‖Δs‖2
4 , c3 =

KGλsr + 1 and the approximation is due to (9).

Likewise, for VGR we have Wrl,V GR (Δs) =
P 2λsrλrd|gl|2|fTslΔs|2

4

(
Pλrd|gl|2+Pλsr

K∑
k=1

|fkl|2+1

) P→∞≥ Pλsrλrd|gl|2|fTslΔs|2
4

(
λrd|gl|2+λsr

K∑
k=1

|fkl|2+1

) .

The CDF of Wrl,V GR (Δs) is given by

FWrl,V GR(Δs) (w)
P→∞≤ (K − 1) c4 + 1

a4b4

w

P
log

(
P

w

)
,(18)

where a4 = λrd, b4 =
λsr‖Δs‖2

4 , c4 = λsr, and we use the

small value approximation in (8). Plugging (17) and (18) back

into (16) leads to FWrq (Δs) (w)
P→∞≤ C

[
w
P log

(
P
w

)]L
, where

C is some constant. Therefore, for both of VGR and FGR we

can obtain

E
[
exp

(−Wrq (Δs)
)]

P→∞≤ CP (−1)L
∫ ∞

0

exp (−Pw)wL(logw)
L

dw

(a)
= CP (−1)L ∂L

∂wL

{
P−wΓ (w)

}∣∣∣∣
w=L+1

P→∞≈ CP (−1)L
{
∂LP−w

∂wL
Γ (w)

}∣∣∣∣
w=L+1

= CΓ (L+ 1)
(logP )

L

PL
, (19)

where we use [14, 4.358.5] in (a), and Γ (x) is the Gamma

function [14, 8.310.1]. Combining the above result with (7)

completes the proof.

V. SIMULATIONS

In this section, we shall present some simulation results to

validate our analysis. Throughout simulations, we use the path

loss model λ = D−3, where λ is the channel gain and D is the

distance between two terminals. Pair error probability is used

as the performance metric, i.e., the probability that at least one

of the source symbols is decoded incorrectly at the destination.

To simplify the simulation settings, only symmetric networks

with one or two users are considered, and Dsd is always

normalized to 1.

Fig. 1 shows the error performances with different channel

conditions, where there are two users using QPSK signal

and there is only one relay node. Compared with direct

transmission (DT), a diversity order of 2 is achieved due

to node cooperation. We observe that VGR has about 1dB

SNR gain over FGR in all cases. It is also observed that the

error performances almost keep unchanged after improving the

qualities of user-relay channels, whereas about 3dB SNR gain

is achieved when the relay-destination channels become better,

which is consistent with our analysis that the relay-destination

channel conditions dominate the error performances.

We also compare the single-user network with two-user

network using the same total data rate in Fig. 2 after properly

normalizing the transmitted power, where Dsr = Drd = 0.5.

We observe that full diversity is achieved in all cases. However,

single-user VGR is superior to all the other schemes when the

total data rate is only 1 bit per channel use (bpcu) because there

is no diversity loss in the reasonable SNR regions. When the

data rate is 2bpcu, although the error probability of single-user

VGR still decreases faster, the spectral efficiency dominates
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Fig. 1. Error performances of a two-user network with different channel
conditions.

the performances at reasonable SNRs and thus the two-user

system shows huge performance gain.

Next we study the error performances of relay selection

in Fig. 3, where QPSK signal is employed. As the refer-

ence, we also simulate the Ding’s scheme [9] for VGR,

where q = arg max
l=1,2,···,L

Pλrd|gl|2
(
Pλsr

K∑
k=1

|fkl|2+1

)

Pλrd|gl|2+Pλsr

K∑
k=1

|fkl|2+1

. Clearly,

our Min-Max scheme can achieve full diversity for both of

VGR and FGR, whereas the diversity of Ding’s scheme is

bounded by 2. This is because in Ding’s scheme, the channel

phases have nothing to do with relay selection. However, the

channel phases actually have tremendous effects on PEPs,

since the source messages are randomly mixed in the air and

the MUI depends largely on the orthogonality of the instant

channel coefficients. Although Ding’s scheme does achieve

full diversity in terms of outage capacity [9], where successive

interference cancelation is employed at the destination and

error-free decoding is assumed, our Min-Max strategy is more

practical for real systems where coding/decoding is no longer

ideal.

VI. CONCLUSIONS AND FUTURE WORK

In this work, we have analyzed the error performances of

multiple access system using ANC. We revealed that the error

performance is actually dominated by the relay-destination

channel, and the best relay position should be close to the

destination. We also proposed a relay selection strategy based

on Max-Min criterion and proved that full diversity can be

achieved. In future work, we may further study the multiple

access system using PLNC instead.
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