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Abstract—Dynamic spectrum access has become a promising
approach to fully utilize the scarce spectrum resources. In a
dynamically changing spectrum environment, it is very important
to consider the statistics of different users’ spectrum access so
as to achieve more efficient spectrum allocation. In this paper,
we propose a primary-prioritized Markov approach for dynamic
spectrum access through modeling the interactions between the
primary and the secondary users as continuous-time Markov
chains (CTMC). Based on the CTMC models, to compensate
the throughput degradation due to the interference among
secondary users, we derive the optimal access probabilities for the
secondary users, by which the spectrum access of the secondary
users is optimally coordinated, and the spectrum dynamics are
clearly captured. Therefore, a good tradeoff can be achieved
between the spectrum efficiency and fairness. The simulation
results show that the proposed primary-prioritized dynamic
spectrum access approach under proportional fairness criterion
achieves much higher throughput than the CSMA-based random
access approaches and the approach achieving max-min fairness.
Moreover, it provides fair spectrum sharing among secondary
users with only small performance degradation compared to the
approach maximizing the overall average throughput.

Index Terms—Cognitive radio networks, dynamic spectrum
access, interference management, Markov chain.

I. INTRODUCTION

THE usage of radio spectrum resources and the regulation
of radio emissions are coordinated by national regulatory

bodies like the Federal Communications Commission (FCC).
The FCC assigns spectrum to license holders or services on
a long-term basis for large geographical regions; however, a
large portion of the assigned spectrum remains unutilized. The
inefficient usage of the limited spectrum necessitates the de-
velopment of dynamic spectrum access techniques. Recently,
the FCC began considering more flexible and comprehensive
uses of available spectrum [1], [2], through the use of cognitive
radio technology [3]. By exploiting the spectrum in an oppor-
tunistic fashion, dynamic spectrum access enables secondary
users to sense which portions of the spectrum are available,
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select the best channel, coordinate access to spectrum channels
with other users, and vacate the channel when a licensed user
appears.

In order to fully utilize the limited spectrum resources,
efficiently and fairly sharing the spectrum among secondary
users becomes an important issue, especially when multiple
dissimilar secondary users coexist in the same portion of
the spectrum band. There have been several previous efforts
addressing this issue on a negotiated/pricing basis [4]-[9] or an
opportunistic basis [10], [11]. A local bargaining mechanism
was proposed in [4] to distributively optimize the efficiency of
spectrum allocation and maintain bargaining fairness among
secondary users. Rule-based approaches were proposed in
[5] that regulate users’ spectrum access in order to trade-
off fairness and utilization with communication costs and
algorithmic complexity. In [6], the authors proposed a repeated
game approach, in which the spectrum sharing strategy could
be enforced using the Nash Equilibrium of dynamic games. In
[7] [8], belief-assisted dynamic pricing was used to optimize
the overall spectrum efficiency while basing the participating
incentives of the selfish users on double auction rules. A
centralized spectrum server was considered in [9] to coor-
dinate the transmissions of a group of wireless links sharing
a common spectrum. Recently, attention is being drawn to
opportunistic spectrum sharing. In [10], a distributed random
access protocol was proposed to achieve airtime fairness
between dissimilar secondary users in open spectrum wireless
networks without considering primary users’ activities. The
work in [11] examined the impact of secondary user access
patterns on blocking probability and achievable improvement
in spectrum utilization with statistical multiplexing, and pro-
posed a feasible spectrum sharing scheme.

Although existing dynamic spectrum access schemes have
successfully enhanced spectrum efficiency, most of them
focus on spectrum allocation among secondary users in a
static spectrum environment. Therefore, several fundamental
challenges still remain unanswered. First, the radio spectrum
environment is constantly changing. In conventional power
control to manage mutual interference for a fixed number
of secondary users, after each change of the number of
contending secondary users, the network needs to re-optimize
the power allocation for all users completely. This results in
high complexity and much overhead. Second, if a primary user
appears in some specific portion of the spectrum, secondary
users in that band need to adapt their transmission parameters
to avoid interfering with the primary user. Furthermore, in
addition to maximizing the overall spectrum utilization, a good
spectrum sharing scheme should also achieve fairness among
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dissimilar users. If multiple secondary users are allowed to
access the licensed spectrum, dynamically coordinating their
access to alleviate mutual interference and avoid conflict with
primary users should be carefully considered.

Motivated by the preceding, in this paper we propose a
primary-prioritized Markov approach for dynamic spectrum
access. Specifically, we propose to model the interactions
between the primary users (legacy spectrum holders) and the
secondary users (unlicensed users) as continuous-time Markov
chains (CTMC), by which we can capture the system evolution
dynamics, especially the effect of the primary user’s activities
on the secondary users. It has been shown in [14], [15]
that when unlicensed devices coexist with licensed devices
in the same frequency and time simultaneously, the capacity
achieved by unlicensed devices with reduced power is very
low, while they still cause harmful interference to the licensed
users. Therefore, in this paper, we assume that when primary
users exist in some spectrum band, secondary users cannot
operate in the same band simultaneously.

Further, in order to coordinate secondary spectrum access
in a fair and efficient manner, dynamic spectrum access under
different criteria is proposed based on the CTMC models. In
the proposed approach, the spectrum access of different users
is optimally coordinated through the modeling of secondary
spectrum access statistics to alleviate mutual interference.

The contributions of the proposed primary-prioritized
Markov approach for dynamic spectrum access are multi-
fold. First, the radio system’s evolutionary behavior, including
the primary user’s activities, is thoroughly captured through
CTMC modeling. Second, we consider various policies of
spectrum access by employing different optimality criteria,
among which we focus on the proportional-fair (PF) spectrum
access approach to achieve the optimal tradeoff between spec-
trum utilization efficiency and fairness. Third, the proposed PF
spectrum access approach can achieve better performance than
the CSMA-based scheme, and can be generalized to spectrum
sharing among multiple secondary users.

The remainder of this paper is organized as follows: Dy-
namic spectrum access system model is described in Section
II. The primary-prioritized Markov models are derived in
Section III, and dynamic spectrum access approaches based
on these models are developed in Section IV. The simulation
studies are provided in Section V. Finally, Section VI con-
cludes.

II. SYSTEM MODEL

We consider dynamic spectrum access networks where mul-
tiple secondary users are allowed to access the temporarily-
unused licensed spectrum bands on an opportunistic ba-
sis, without conflicting or interfering the primary spectrum
holders’ usage. Such scenarios can be envisioned in many
applications. Considering the fact [1] that heavy spectrum
utilization often takes place in unlicensed bands while licensed
bands often experience low (e.g., TV bands) or medium (e.g.,
some cellular bands) utilization, IEEE 802.22 [16] proposes
to reuse the fallow TV spectrum without causing any harmful
interference to incumbents (e.g., the TV receivers). Moreover,
with regard to more efficient utilization of some cellular

Fig. 1. System model (upper: system diagram; lower: throughput vs. time).

bands, [17] proposes to share the spectrum between a cel-
lular communication system and wireless local area network
(WLAN) systems. In rural areas where there is little demand
on the cellular communication system, the WLAN users can
efficiently increase their data rates by sharing the spectrum.

In order to take advantage of the temporally unused spec-
trum holes in the licensed band, without loss of generality we
consider a snapshot of the above spectrum access networks
shown in Fig. 1, where two secondary users and one primary
user coexist, and the secondary users opportunistically utilize
the spectrum holes in the licensed band. Note that the system
diagram shown here serves only as an example model to gain
more insight and the scenario with multiple secondary users
will be studied in details in the following section.

The primary user is denoted by P , which has a license to
operate in the spectrum band. The offered traffic for primary
user P is modeled with two random processes1. The service
request is modeled as a Poisson process with rate λP s−1.
The service duration (holding time) is negative-exponentially
distributed with mean time 1/μP s, so the departure of user
P ’s traffic is another Poisson process with rate μP s−1.

The secondary users are denoted by A and B, and set S
is defined as S = {A,B}. For each secondary user γ, where
γ ∈ S, its service session is similarly characterized by two
independent Poisson processes, with arrival rate λγ s−1 and
departure rate μγ s−1. They contend to access the spectrum
when primary user P is not using the spectrum band.

Since the primary user has a license to operate in the
spectrum band, its access should not be affected by the
operation of any other secondary user, and priority to access
the spectrum is given to primary user P . We assume that the
secondary users equipped with cognitive radios are capable
of detecting the primary user’s activities, i.e., the appearance
of the primary user in the spectrum band and its departure
from the spectrum. Furthermore, the secondary users’ access
is assumed to be controlled by a secondary management
point so that they can distinguish whether the spectrum is
occupied by the primary user or secondary users. Therefore,
when primary user P appears, the secondary users should
adjust their transmission parameters, for instance reduce the

1Identical assumptions that the service requests and departures are Poisson
processes can be found in [10], [26] and references therein.

Authorized licensed use limited to: IEEE Xplore. Downloaded on May 4, 2009 at 09:59 from IEEE Xplore.  Restrictions apply.



1856 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 8, NO. 4, APRIL 2009

transmit power or vacate the channels and try to transfer their
communications to other available bands. The interference
temperature model [13] is proposed by FCC that allows
secondary users to transmit in licensed bands with carefully
adjusted power, provided that secondary users’ transmission
does not raise the interference temperature for that frequency
band over the interference temperature limit. Although it can
provide better service continuity for the secondary users to
remain operating in the band with reduced power, the capacity
they can achieve is very low [14], [15]. Therefore, in this
paper, we assume that when primary user P appears, any
secondary user should vacate and the traffic currently being
served is cut off. In the duration of primary user P being
served, any entry of the secondary user’s traffic into the
spectrum is denied until primary user P finishes its service.

In the bottom of Fig. 1, we show an example of the system
throughput versus time for the dynamic spectrum access.
First, user A accesses the spectrum band, followed by user
B. During B’s service, user A accesses the band again and
shares the spectrum band with user B, which may result in
less throughput to both user A and B due to their mutual
interference. After user A has finished its service for a while,
primary user P accesses the band, and user B’s service is
interrupted. After user P vacates the band, user B continues
its service until its service duration ends. Afterwards, user A
accesses the band, and its service is ceased when primary user
P appears and resumed when P finishes its service in the way
as user B.

For any secondary user γ that operates in the spectrum band
alone, its maximal data rate [18] can be represented by

rγ
1 = W log2(1 +

pγGγγ

n0
), (1)

where W is the communication bandwidth, n0 is power of the
additive white Gaussian noise (AWGN), pγ is the transmission
power for user γ, and Gγγ is the channel gain for user γ. The
secondary users A and B are allowed to share the spectrum
band. We assume that the transmitter of a secondary user can
vary its data rate through a combination of adaptive modula-
tion and coding, so the transmitter and receiver can employ
the highest rate that permits reliable communication, given
the signal-to-interference-plus-noise ratio (SINR). We assume
that the secondary users use random Gaussian codebooks, so
their transmitted signals can be treated as white Gaussian
processes and the transmission of other secondary users are
treated as Gaussian noise. Then, the maximal rate of user γ
when secondary users share the spectrum can be represented
by

rγ
2 = W log2(1 +

pγGγγ

n0 +
∑

α�=γ pαGαγ
), (2)

where α �= γ, α ∈ S, and Gαγ is the channel gain from user
α’s transmitter to user γ’s receiver.

III. PRIMARY-PRIORITIZED MARKOV MODELS

In this section, we derive primary-prioritized Markov mod-
els to capture the dynamics of spectrum access statistics for
the primary user and the secondary users.

Fig. 2. The rate diagram of CTMC with no queuing.

A. Primary-Prioritized CTMC without Queuing

1) CTMC without Queuing: In dynamic spectrum access,
where the secondary users opportunistically access the unused
licensed spectrum, priority should be given to the primary user.
That is, secondary users cannot operate in the same spectrum
band with the primary user at the same time; when the primary
user appears in the spectrum band, all secondary users in the
same band should stop operating in the spectrum. Moreover,
the arrival and departure of different users’ traffic are assumed
to be independent Poisson processes. Therefore, we model the
interactions between the secondary users and the primary user
as a primary-prioritized CTMC.

In the CTMC, when the secondary users contend to access
the idle spectrum using CSMA, collisions only occur when
their service requests arrive exactly at the same time. This case
rarely happens for independent Poisson processes. Therefore,
in the CTMC model we omit the collision state of the
secondary users, and assume their service durations always
start from different time instances.

If we assume that when the primary user appears, there is
no queuing of the interrupted service for the secondary users,
then we can model the spectrum access process as a five-state
CTMC shown in Fig. 2. We denote this five-state Markov
chain by “CTMC-5” for short, where state 0 means no user
operates in the spectrum, state γ means user γ operates in the
spectrum with γ ∈ {A,B, P}, and state 2 means both user A
and user B operate in the spectrum.

Assume at first the spectrum band is idle, i.e., CTMC-5 is
in state 0. Secondary users contend to operate in the spectrum.
Upon the first access attempt of some user, say user A, CTMC-
5 enters state A with transition rate λA s−1. If user A’s service
completes before any other user requests spectrum access,
CTMC-5 then transits to state 0 with rate μA s−1. If user B’s
service request arrives before A completes its service, CTMC-
5 transits to state 2 with rate λB s−1, where both secondary
users share the spectrum. Once user B (or A)’s service is
completed, CTMC-5 transits from state 2 to state A (or B),
with rate μB (or μA) s−1. However, primary user P may, once
in a while, appear during the service duration of the secondary
users, i.e., when CTMC-5 is in state A, B or 2. At that time,
the secondary user’s traffic is dropped to avoid conflict with
the primary user, and CTMC-5 transits to state P with rate λP

s−1. During the primary user operating in the spectrum band,
no secondary user is given access to the spectrum. CTMC-5
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transits to state 0 with rate μP s−1 only if P completes its
service.

The “flow-balance” (the rate at which transitions take place
out of state si equals to the rate at which transitions take place
into state si) and the normalization [19] equations governing
the above system are given by

μAΠA + μP ΠP + μBΠB = (λA + λB + λP )Π0, (3)

λAΠ0 + μBΠ2 = (μA + λP + λB)ΠA, (4)

λP (Π0 + ΠA + Π2 + ΠB) = μP ΠP , (5)

λBΠ0 + μAΠ2 = (μB + λP + λA)ΠB , (6)

λBΠA + λAΠB = (μB + λP + μA)Π2, (7)

Π0 + ΠA + ΠB + ΠP + Π2 = 1, (8)

where Πsi represents the stationary probability of being in

state si, si ∈ S �
= {0, A,B, P, 2}.

The solutions to the above equations, i.e., the probabilities
when the spectrum is occupied by either primary user P or
the secondary users, are given by

ΠP = λP /(λP + μP ), (9)

ΠA = C1λA[λBμB + (λP + μB)(λA + λP + μA + μB)],(10)

ΠB = C1λB[λAμA + (λP + μA)(λB + λP + μA + μB)],(11)

Π2 = C1λAλB(λA + λB + 2λP + μA + μB), (12)

where, for simplicity, the coefficient C1 is defined as

C1 =(1 − ΠP )[(λA + μA + λP )(λB + μB + λP )
(λA + μA + λB + μB + λP )]−1.

(13)

One of the most important goals in spectrum sharing is
efficient spectrum utilization, i.e., high throughput achieved
by each secondary user through successful acquisition of a
spectrum band. From a statistical point of view, the secondary
users want to maximize their average throughput. Given the
solutions of the steady state probabilities, we know that Πsi

is the stationary probability that the system is in state si, so
it can be thought of as the expected long-run fraction of the
time that the CTMC spends in state si [19]:

Πsi = lim
T→∞

1
T

∫ T

0

Pr{S(t) = si}dt, (14)

where S(t) is the state of the CTMC at time t. If we define

Uγ = lim
T→∞

1
T
E

(∫ T

0

Rγ(S(t))dt

)
(15)

as the long-run expected average throughput for user γ, where
Rγ(S(t)) is the throughput of user γ achieved in state S(t),
we have

Uγ = lim
T→∞

1
T

∫ T

0

E(Rγ(S(t)))dt

= lim
T→∞

1
T

∫ T

0

∑
si∈S

Rγ(si)Pr{S(t) = si}dt

=
∑
si∈S

Rγ(si) lim
T→∞

1
T

∫ T

0

Pr{S(t) = si}dt

=
∑
si∈S

Rγ(si)Πsi .

(16)

The interchanges of limits, integrals, sums, etc. are permitted
as long as

∑
si∈S |R|γ(si)Πsi <∞. Thus, from CTMC-5, we

can express the total average throughput for user γ as follows,

Uγ = Πγr
γ
1 + Π2r

γ
2 , (17)

where Πγ and Π2 are as solved in (10)-(12), and rγ
1 and rγ

2

are defined in (1) and (2), respectively. The first term on the
right-hand side of (17) represents the throughput when user γ
occupies the spectrum alone, and the second term represents
the throughput when two secondary users share the spectrum.

Therefore, by using CTMC-5, we not only can capture
the dynamic utilization of the unused licensed spectrum for
secondary users without conflicting with the primary user, but
also can study their stationary behaviors and quantify their
spectrum utilization from a statistical point of view.

2) Multi-User CTMC without Queuing: The CTMC previ-
ously introduced can also be generalized to model the scenario
with more than two secondary users. Suppose the set of N
secondary users is denoted by S = {1, · · · , N}, then the state
space A consists of 2N + 1 combinations of the status of
primary user P and the secondary users:

(ΦP ,ΦS) ∈ A �
= {(1, [0, · · · , 0])}

⋃
{(0, φS) : φS

�
= [nN , · · · , n1] ∈ {0, 1}N},

(18)

where state (1, [0, · · · , 0]) represents the case where the
primary user is in service in the spectrum band alone, and
{(0, φS)} represents all 2N states where primary user P is not
in service and zero up to N secondary users are in service.

For this generalized Markov model, the rate diagram can be
drawn as an N -dimensional hypercube. Each vertex of the hy-
percube represents a state in {(0, φS)}; each edge connecting
two vertices is bi-directional, and it represents the transition
that some secondary user begins or completes its service.
The center of the hypercube represents state (1, [0, · · · , 0]);
a straight line from each vertex to the center represents the
transition when primary user P begins its service, and another
line from the center to state (0, [0, · · · , 0]) represents the
transition when user P completes its service. The stationary
probabilities can be obtained by solving the corresponding
linear equations in Appendix VII-A.

For each secondary user γ, γ ∈ S = {1, · · · , N}, its
average throughput consists of 2N−1 components, each of
which represents the average throughput when user γ, together
with zero up to all the other N − 1 secondary users, are
in service. Since more secondary users contend the spectrum
access, the contention in the generalized Markov model be-
comes heavier than CTMC-5. As a result, each secondary
user shares less spectrum access on average. Moreover, the
interference also increases by introducing more secondary
users. Therefore, as the number of secondary users increases,
the average throughput for each of them is reduced.

B. Primary-Prioritized CTMC with Queuing

1) CTMC with Queuing: In CTMC-5 presented in Section
III-A1, the service of the secondary users is forced to stop
and be dropped when primary user P appears in the spectrum
band. After primary user P completes its service, CTMC-5
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Fig. 3. The rate diagram of CTMC with queuing.

will transit to the idle state. However, there may be some
time interval wasted between when the system is in the idle
state and the next secondary user accesses the spectrum. In
order to further increase the spectrum utilization, queuing of
the secondary users’ service requests due to the primary user’s
presence is considered. More specifically, when the spectrum
is being occupied by secondary users, upon the appearance of
primary user, the secondary users should stop transmission,
buffer their interrupted service session, and continue scanning
the licensed band until the licensed band becomes available
again. Also, if the primary user begins to operate in the
previously idle spectrum, new service requests of secondary
users are also queued. In this paper, we assume that there is
one waiting room for the secondary user, i.e., each user can
only buffer a single service request; and if a service request
already exists in the queue, the secondary user will direct the
following service requests to other available licensed bands to
avoid potential delay, and that scenario is beyond the scope
of this paper.

By considering the above factors, we model the spectrum
access with queuing as an eight-state CTMC, denoted by
“CTMC-8”. The rate diagram of CTMC-8 is shown in Fig.
3. Compared to CTMC-5 and its dynamics, in CTMC-8
three additional states are introduced: (P,Aw), (P,Bw) and
(P, (AB)w). State (P, γw) means primary user P is in service
and secondary user γ is waiting, and state (P, (AB)w) means
P is in service and both secondary users are waiting. The
transitions in CTMC-8 are briefed as follows. When the
spectrum band is occupied by secondary user A, if A detects
that primary user P needs to acquire the spectrum band, it
buffers the unfinished service session, sensing the licensed
band until the end of the primary user’s service session, and
CTMC-8 transits from state (0, A) to state (P,Aw) with rate
λP s−1. If primary user P finishes its service before B’s
access, CTMC-8 transits from state (P,Aw) to (0, A) with
rate μP s−1. In contrast, if secondary user B requests access
to the licensed spectrum before primary user P completes
its service duration, B also buffers its service session, and
CTMC-8 transits to state (P, (AB)w) with rate λB s−1. In
state (P, (AB)w), both A and B keep sensing the spectrum.
Once P vacates, CTMC-8 transits to state (0, AB) with rate
μP s−1, where A and B share the spectrum band. Also, when

CTMC-8 is in state (P, 0), if secondary users attempt to access
the spectrum, they will keep sensing the licensed band until the
primary user vacates, and CTMC-8 transits to state (P,Aw)
or state (P,Bw), with rate λA s−1 or λB s−1, respectively.

The equations governing the above system and the corre-
sponding solutions can be obtained in a similar way as in
Section III-A1.

2) Multi-User CTMC with Queuing: CTMC with queuing
can also be generalized to model the scenario with more than
two secondary users. For the Markov chain with a set S =
{1, · · · , N} of secondary users, the state space B consists of
all possible 2N+1 combinations of the status for primary user
P and the secondary users:

(ΨP ,ΨS) ∈ B �
= {(1, ψw

S )
⋃

(0, ψS) : ψS
�
= [nN , · · · , n1] ∈ {0, 1}N},

(19)

where {(1, ψw
S )} represents all 2N states in which the primary

user is in service and zero up to N secondary users are
waiting, and {(0, ψS)} represents all 2N states where primary
user P is not in service and a subset of the N secondary
users are in service. The rate diagram for this model can
be similarly drawn as in Section III-A2, and the stationary
probabilities can be obtained as shown in Appendix VII-B.
As more secondary users contend the spectrum, in addition to
increased interference, more waiting time is also introduced;
therefore, the average throughput for each secondary user will
be reduced.

IV. PRIMARY-PRIORITIZED DYNAMIC SPECTRUM ACCESS

In this section, we will first analyze the effect of secondary
users’ behavior on the system performance. Then, we propose
primary-prioritized dynamic spectrum access with different
optimality criteria and compare them to CSMA-based random
access approaches.

In order to develop primary-prioritized dynamic spectrum
access, it is important to first analyze the behavior of the
secondary users. Since the secondary users contend for the
spectrum, if they access the spectrum in a greedy manner such
that all of their injected traffic is admitted, then the Markov
chain is more likely to be in the state where more than one
user shares the spectrum. Hence, the secondary users may
suffer a throughput degradation due to interference, if there
is no control on very high arrival rates. On the other hand,
if the secondary users reduce their arrival rates too much
so as to avoid interference, the average throughput may be
unnecessarily low. Therefore, secondary user spectrum access
should be carefully controlled.

In the proposed dynamic spectrum access scheme, we intro-
duce the state-dependent spectrum access probabilities for user
A and user B, and the resulting random access process can
be approximated by slightly modifying the original CTMCs.
Without loss of generality, we take CTMC-5 as an example,
and the modified Markov chain is shown in Fig. 4. It is
seen from the figure that when one secondary user, e.g.
user B, already occupies the spectrum and the system is in
state B, user A’s spectrum access requests are admitted with
probability aA,1, where 0 ≤ aA,1 ≤ 1. Since on average one
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Fig. 4. Modified CTMC with access control (no queuing).

out of 1
aA,1

user A’s access requests are allowed when user
B is in service, the chance of coexistence of the secondary
users and mutual interference can be reduced. Due to the
decomposition property of Poisson random process [19], if
each access request of user A has a probability aA,1 of
being admitted, then the number of actual admitted access
requests is also a Poisson process with parameter aA,1λA

s−1. Hence, the transition rate from state B to state 2 now
becomes aA,1λA s−1. It is also seen that user A’s access
requests are admitted with probability aA,2 when the spectrum
is idle (i.e., the transition from state 0 to state A). However,
there is no interference in state A. In order to obtain a high
throughput, we assume that when the spectrum is sensed idle,
user A is allowed to access the spectrum with probability one,
i.e., aA,2 = 1. In addition, it is expected that if the mutual
interference between the secondary users is high, aA,1 should
be close to 0; if there is little mutual interference, aA,1 should
be close to 1. User B’s spectrum access is controlled in a
similar way as user A, because the CTMC is symmetric.

Denote the access probability for user A and user B as vec-
tors aA = [aA,1, aA,2], and aB = [aB,1, aB,2], respectively.
Then, the optimization goal is to determine aA and aB , such
that the system performance can be maximized, i.e.,

{aγ} = argmax
0≤aγ≤1

U({aγ}), (20)

where ∀γ ∈ {A,B}.
Since a good spectrum sharing scheme not only can effi-

ciently utilize the spectrum resources, but also can provide
fairness among different users, we first propose to maximize
the average throughput based on PF criterion [20] [21]. Thus,
in (20), U(aA,aB) can be written as

UPF (aA,aB) =
∏
γ∈S

Uγ(aA,aB). (21)

We also consider other criteria to compare with PF, ex-
pressed by the following maximal-throughput criterion

U(aA,aB) =
∑
γ∈S

Uγ(aA,aB), (22)

and max-min fairness criterion

U(aA,aB) = min
γ∈S

Uγ(aA,aB). (23)

For the maximal-throughput optimization, the overall sys-
tem throughput is maximized, but the users with the worse
channel conditions may starve. For the max-min fairness opti-
mization, the performance of the secondary user with the worst
channel condition is optimized, while resulting in inferior
overall system performance. In this paper, we will demonstrate
that the PF dynamic spectrum access is preferred because
it can ensure more fairness than the maximal-throughput
optimization, while achieve better performance than the max-
min fairness optimization. Specifically, the definition of PF is
expressed as follows.

Definition: The throughput distribution is proportionally fair
if any change in the distribution of throughput pairs results in
the sum of the proportional changes of the throughput being
non-positive [20], i.e.,∑

γ∈S

Uγ(aA, aB) − U∗
γ (aA, aB)

U∗
γ (aA, aB)

≤ 0, (24)

where U∗
γ (aA, aB) is the proportionally fair throughput dis-

tribution, and Uγ(aA, aB) is any other feasible throughput
distribution for user γ.

As proved in Appendix VII-C, the optimal solution
U∗

γ (aA, aB) defined in (24) can be obtained by solving (20),
with U(aA, aB) defined in (21).

As mentioned earlier in this section, we assume aA,2 =
aB,2 = 1, then the two access probabilities to be optimized are
aA,1 and aB,1. We denote them by aA and aB for simplicity,
and can write Uγ as

Uγ(aA, aB) = Πγ(aA, aB)rγ
1 + Π2(aA, aB)rγ

2 , (25)

where

ΠA(aA, aB) = C1λA[(λP + μB)(aAλA

+ λP + μA + μB) + aAλBμB]
ΠB(aA, aB) = C1λB[(λP + μA)(aBλB

+ λP + μA + μB) + aBλAμA]
Π2(aA, aB) = C1λAλB [aA(aB(λA + λB) + λP

+ μA) + aB(λP + μB)]

, (26)

with

C1 = (1 − ΠP )
{
aAλA[aBλB(λA + λB + λP )

+ (λB + λP )(λP + μA) + (λB + λP + μA)μB

+ λA(λP + μB)] + (λP + μA + μB)[λA(λP + μB)
+ (λP + μA)(λB + λP + μB)] + aBλB[(λP + μA)

(λB + λP + μB) + λA(λP + μA + μB)]
}−1

,

(27)
When 0 ≤ aγ ≤ 1, we have ΠA(aA, aB) ≥ 0,

ΠB(aA, aB) ≥ 0, Π2(aA, aB) ≥ 0, and Uγ(aA, aB) ≥ 0.
Taking derivative of Uγ(aA, aB) with respect to aA, we can
show that

∂UA(aA, aB)
∂aA

> 0,
∂UB(aA, aB)

∂aA
< 0. (28)

So when secondary user A is given more chance to access the
frequency band, i.e., when aA increases, UA(aA, aB) becomes
larger while UB(aA, aB) shrinks, indicating that there is a
possible tradeoff to choose the optimal aA that maximizes
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TABLE I
PRIMARY-PRIORITIZED DYNAMIC SPECTRUM ACCESS

1. Initially primary user P is operating in the spectrum band;
2. Secondary access point obtains optimal access probabilities defined in (29) for secondary users

(Other optimality criteria can also be implemented);
3. Once primary user P is sensed to have completed its service, secondary users start to access the spectrum

band with the probabilities solved in Step 2 depending on various states;
4. When primary user P re-appears in the band, secondary users currently operating in the band vacate;
5. If secondary users still have service not completed, go back to Step 3;

If the statistics of secondary users’ services or their locations change, go to Step 2.

UPF (aA, aB) = UA(aA, aB)UB(aA, aB). However, it can
be seen that there are a lot of variables in Uγ(aA, aB) and
hence the objective function UPF (aA, aB). In addition, the
utility of each secondary user Uγ is a complicated function
of the {λγ , μγ , aγ}’s and the data rates {rγ

1 , r
γ
2}’s. Therefore,

it is analytically difficult to justify the concavity for arbitrary
parameters. Nevertheless, given a specific set of parameters
{λγ , μγ}’s and {rγ

1 , r
γ
2 }’s, we can substitute their values in

(26) and determine the concavity of UPF (aA, aB) by observ-
ing the Hessian matrix ∇2UPF (aA, aB), for 0 ≤ aA, aB ≤ 1.
When the two eigenvalues of ∇2UPF (aA, aB) are not greater
than zero, i.e., the Hessian matrix is negative semidefinite, we
can determine that UPF (aA, aB) is concave with respect to aA

and aB , and the optimal access probabilities can be expressed
as

aopt
γ,i = min{max(a∗γ,i, 0), 1}, (29)

where a∗γ,i is the solution to the following equations

∂UPF (aA, aB)
∂aγ,i

= 0, ∀γ, i ∈ S. (30)

If UPF (aA, aB) is not concave, we can check the points
on the boundary of the feasible region of (aA, aB). For
example, for some value of λγ , μγ , if rγ

1 	 rγ
2 , indicating

heavy mutual interference, function UPF (aA, aB) may not
be concave. However, the optimal solution of aγ is 0 to
avoid interference. Another instance where UPF (aA, aB) is
not concave happens when λγ 
 μγ , and the optimal solution
is aγ = 1.

We assume that there exists a secondary base station (BS)
that can control the medium access for all the secondary users.
The secondary users send periodic reports to the BS informing
it about their service statistics and date rates. Using the infor-
mation gathered from all secondary users, the BS evaluates the
spectrum utilization, computes the optimal access probability
in different states (i.e., when different set of secondary users
are in service), and sends the access probability to the sec-
ondary users. Based on the above discussions, we illustrate our
primary-prioritized Markov approach for dynamic spectrum
access in Table I.

The proposed primary-prioritized dynamic spectrum access
shares some characteristic with conventional medium access
control (MAC) protocols, since they all target appropriate
coordination of different users’ access to the medium. For
instance, in IEEE 802.11 [23], a CSMA/CA mechanism is
employed. If the medium is sensed idle, a user transmits its
packet; if the medium is sensed busy, then the user may re-
schedule the retransmission of the packet according to some

random back-off time distribution. These kinds of protocols
are effective when the medium is not heavily loaded, since
they allow users to transmit with minimum delay. However,
under heavy traffic load, there is always a chance that users’
attempts conflict with each other. If the conflicted users
are kept waiting for an idle medium, their packets suffer
significant delay and may expire.

In the proposed primary-prioritized dynamic spectrum ac-
cess, different secondary users are allowed to share the spec-
trum band simultaneously. This will increase the spectrum
utilization because of the following reasons. First, for inde-
pendent Poisson processes, the service durations of different
secondary users are generally not the same. For instance, in
CTMC-5, even though user B begins operating in the spectrum
band right after user A, it is possible that user A completes
its service much earlier than user B. After user B is admitted
to occupy the spectrum band, the two secondary users share
the spectrum only for a very short time. Once A finishes
its service, the Markov chain transits to the state where B
operates in the spectrum alone and no interference exists.
Using CSMA protocols, however, user B is forced to re-
transmit its packet after a random back-off time, which may
not be short. Therefore, using the proposed approaches, the
spectrum can be more efficiently utilized. Furthermore, in the
proposed schemes, optimal access probabilities are employed
to carefully control the coexistence of the secondary users. In
this way, the interference is maintained at a low level.

Also, in a mobile network, the radio spectrum environ-
ment is dynamic. When using global optimization approaches
specific to a fixed environment, for instance conventional
power control to manage mutual interference between a fixed
number of secondary users, after each change in the number of
contending secondary users, the network needs to re-optimize
the power allocation for all users completely. This results in
high complexity and much overhead, especially when there are
frequent service requests and the service duration is short. In
the proposed approach, by controlling the access probabilities
for secondary users, there is no need to perform delicate power
control to manage the interference, and computational com-
plexity is reduced while the average throughput is maximized
in the long-run.

In order to achieve optimal dynamic spectrum access, a
certain overhead is needed. More specifically, the overhead
mainly comes from access controlling and sensing primary
users. To optimally coordinate the access of the secondary
users, necessary measurements needs to be taken, such as the
throughput and arrival/departure rates for different secondary
users. On the other hand, detecting a primary user’s presence
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Fig. 5. Access probability vs. λA (symmetric-interference, λB = 85 s−1).

relies mainly on the observations from the secondary users
and the necessary spectral analysis.

V. SIMULATION RESULTS AND ANALYSIS

In this section, we first compare the performance of CTMC-
8 with different optimization goals (maximal-throughput, max-
min, and PF). Then we compare the performance of CTMC-8,
CTMC-5, and the nonpersistent CSMA-based random access.
Finally we show the throughput gain of spectrum sharing
among more than two secondary users against the case without
access control.

The parameters in the simulations are chosen as follows. We
set the bandwidth of the licensed spectrum as W = 200 KHz,
the transmission power of each secondary user pγ = 2 mW,
the noise power n0 = 10−15 W, and the propagation loss
exponent factor as 3.6. The departure rates μA, μB, μP are
set to be 100 s−1. According to [25], in the spectrum band
allocated to cellular phone and Specialized Mobile Radio
(SMR), the fraction of time that the spectrum is being used
by primary users in an urban environment is measured as
approximately 45%. Thus, when μP is 100 s−1, we set the
arrival rate of the primary user λP = 85 s−1. The arrival
rate of secondary user B is λB = 85 s−1, and we vary λA

from 70 to 100 s−1. In the simulation results, we use “Max-
Thr” to denote the maximal-throughput criterion, “Max-Min”
to denote the max-min fairness criterion, and “A” and “B” to
denote secondary users A and B, respectively.

A. CTMC-8 for the Symmetric-Interference Case

In the first set of simulations, we test the case where
two secondary users experience symmetric interference. The
transmitter of user A is at (0m, 0m), and its receiver is at
(200m, 0m). The transmitter of user B is at (200m, 460m),
and its receiver is at (0m, 460m). According to their symmetric
locations, we know that rB

1 = rA
1 > rB

2 = rA
2 from (1) and

(2). In Fig. 5, we show the optimal access probability versus
λA for each secondary user when the other secondary user
is transmitting, i.e., the access probability associated with the
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Fig. 6. Average throughput vs. λA (symmetric-interference, λB = 85 s−1).

transition from state (0, γ) to (0, AB) in CTMC-8 (see Fig.
3).

Since CTMC-8 is symmetric for the two users, when
λA < λB = 85 s−1, user A will have a smaller time share
than user B if there is no access probability control. Further
because we have rB

1 = rA
1 > rB

2 = rA
2 , from the definition of

the average throughput in (17), user A will experience a lower
average throughput than B. In order to provide more fairness,
PF and max-min optimization assigns user B a zero access
probability and assigns user A a higher access probability
than user B when λA < λB = 85 s−1. With the increase of
λA, the difference between the two users’ time share becomes
smaller, so the access probability of user A decreases and
is equal to B’s access probability when λA = λB . When
λA > λB , user B is assigned a higher access probability due
to a smaller time share, while user A’s access requests are
denied. However, when λA > λB = 85 s−1, λA is much
higher and the probability of State A is also higher, in order
to reduce the mutual interference, the growth of B’s access
probability is not symmetric to the decrease of A’s. Due to
the mutual interference, the maximal-throughput optimization
assigns zero access probability to both users when the other
user is in service.

In Fig. 6, we show the throughput Uγ for each user. Max-
min fairness optimization provides absolute fairness to both
users: the two Uγ’s are identical and increase as λA goes up.
In the PF optimization, when λA < λB , we have UA < UB .
As λA becomes higher, UA increases; however, as shown in
Fig. 5, user A’s access probability decreases as λA increases
until λA = λB = 85 s−1, so the mutual interference is
managed and UB also increases. When λA = λB = 85
s−1, UA = UB, since the secondary users are identical in
terms of both channel conditions and service requests. As λA

further increases, UA > UB and UA keeps increasing; since
user B’s access probability increases as λA > λB = 85 s−1

(see Fig. 5), UB also increases. For the maximal-throughput
optimization, as seen from Fig. 5, the access probabilities
of the two users are both zero, indicating that they are not
allowed to transmit simultaneously, so UA keeps increasing
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as λA increases, while UB drops quickly, which is unfair.
In Fig. 7, we show the effect of λP on the average access

probability. In this set of simulations, λB is still set as
85 s−1 and we vary λA from 70 to 100 s−1. We know
from Fig. 5 that the user with the higher access rate has
a zero access probability when the other user is in service.
Therefore, we only demonstrate the nonzero access probability
of the user with a lower access rate, i.e., we show user
A’s access probability when λA < λB = 85 s−1 and user
B’s access probability when λA > λB = 85 s−1. In Fig.
7, we compare the average access probability when λP is
chosen from {90, 80, 70} s−1. We know that as λP increases,
the competition between the secondary users becomes more
severe. In order to reduce mutual interference, when λA is a
fixed value, both users’ access probabilities decrease as λP

becomes larger.

B. CTMC-8 for the Asymmetric-Interference Case

In the second set of simulations, the transmitter of user
A is at (0m, 0m), and its receiver is at (200m, 0m). The
transmitter of user B is at (185m, 460m), and its receiver is
at (15m, 460m). Under these settings, we have rB

1 > rA
1 >

rB
2 > rA

2 from (1) and (2), so the interference is asymmetric.
In Fig. 8, we show the optimal access probabilities versus λA

for each secondary user when the other is transmitting. Since
user A has a worse channel condition than user B, for the
maximal-throughput optimization, user A’s access probability
is 0 (e.g., user A’s requests are always rejected) when user
B is in service, which is unfair. For the PF or max-min
fairness optimization, when λA < λB = 85 s−1, user A’s
access probability is 1 (e.g., user A’s requests are always
admitted), while only a part of B’s requests are admitted, due
to fairness concerns. When λA is a little greater than λB ,
unlike the symmetric-interference case, user A’s probability
is still 1 and higher than B’s access probability, because user
A has a worse channel condition than B. When λA exceeds
90 s−1, the chance of co-existence is so high that the access
probabilities for both users drop to avoid interference.
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In Fig. 9, we show the average throughput for each sec-
ondary user. We know from Fig. 8 that in the maximal-
throughput optimization, user A’s access probability is 0 and
user B’s access probability is 1; therefore, UB is much greater
than UA. The PF optimization greatly reduces the throughput
difference between the two users, with only a small loss of
total throughput.

C. Comparison with a CSMA-based Scheme

In Fig. 10, we show the overall throughput of the PF dy-
namic spectrum access for CTMC-8, CTMC-5, and the overall
throughput for a CSMA-based scheme [24]. The transmitters
for both secondary users are uniformly located in a 200m ×
200m square area, the distance between each transmitter-
receiver pair is uniformly distributed in [100m, 200m], and the
other parameters are the same as in the previous setting. We
choose the slotted version of the nonpersistent CSMA to avoid
frequent collisions assuming the secondary users experience
severe contention for the licensed spectrum, and the slot size
is 0.005. So when primary user P is absent and one secondary
user γ is transmitting, the later-coming secondary user senses
the spectrum in every 0.005/μγ s until the licensed spectrum
is available again.

We can see that the PF access for both CTMCs have better
performance than CSMA-based scheme as λA increases. This
is because in CSMA, the secondary users cannot utilize the
spectrum at the same time. Thus, even though interference
exists when secondary users share the spectrum, by allowing
spectrum sharing between them and optimally controlling their
access probabilities, performance gain can still be achieved.

As λA increases, the overall throughput of the PF access
for both CTMCs increases, while the throughput of CSMA-
based scheme decreases. When λA = 100 s−1, CTMC-5 can
achieve about 50% throughput gain over CSMA, and CTMC-8
can achieve more than 95% throughput gain. This shows that
the proposed PF access approach has a larger capability than
CSMA to accommodate more traffic. Moreover, the spectrum
efficiency of CTMC-8 is higher than that of CTMC-5, due to
queuing of the interrupted service.
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D. Comparison with a Uniform-Access-Probability Scheme

In [12], we have proposed a uniform access probability
for each secondary user no matter what state the CTMC is
in. However, when the licensed spectrum is idle, the access
probability may restrain full spectrum utilization. Moreover,
the interference condition for one secondary user is varying
when different subsets of secondary users share the spectrum.
Only optimizing one single access probability may result
in a sub-optimal solution. In this subsection, we conduct
simulations to compare the scheme proposed in this paper with
the one in [12]. In the comparison, we adopt the PF method,
while the transmission power, request/service rates, and the
locations of the secondary users are all uniformly distributed
in a proper interval, and we test 1000 independent experiments
to get the average. The histogram of the performance gain
(UPF ) is shown in Fig. 11. We see that the proposed scheme
in this paper with state-dependent access probability achieves
on average a 24% higher system throughput than the scheme
using a uniform access probability in [12].

E. Spectrum Sharing Among Multiple Secondary Users

Spectrum access with multiple secondary users can also
be optimally controlled using a method where the access
probabilities are obtained with numerical search algorithms.
The transmitter-receiver pair of each user is randomly dis-
tributed in a 200m × 200m square area, and the transmission
power is randomly chosen between 1mW and 3mW. In Fig.
12, we compare the total throughput of the proposed PF
spectrum access to that without access control (i.e., all service
requests are admitted with probability one). By optimizing the
access probabilities, the proposed scheme achieves 17% higher
throughput on average, since the interference is successfully
alleviated. We also see that as the number of competing
secondary user increases, the average throughput for each user
is greatly reduced, since the spectrum competition becomes
much heavier and each user has a smaller spectrum share.

70 75 80 85 90 95 100
0.5

0.6

0.7

0.8

0.9

1

λ
A

U
A
+

U
B
 (

M
bp

s)

U
A
+U

B
 vs. λ

A

CTMC−8
CTMC−5
CSMA

Fig. 10. Overall throughput for CTMC-5, CTMC-8 and CSMA.

VI. CONCLUSION

In this paper, we propose a primary-prioritized Markov
approach for dynamic spectrum access. We model the inter-
actions between the primary users and the secondary users
as continuous-time Markov chains, and optimize the state-
dependent access probabilities for secondary users so that the
spectrum resources can be efficiently and fairly shared by the
secondary users in an opportunistic way without interrupting
the primary usage. The simulation results show that the
proposed spectrum access with PF criterion can achieve up
to 95% performance gain over a CSMA-based random access
approach, and also achieves the optimal tradeoff between
efficient spectrum utilization and fairness.

In the current work, the spectrum access is coordinated by a
secondary management point. A distributed algorithm to find
the best access pattern with less measurement overhead and
signaling would be interesting future work to address. Sec-
ondary users can distributively adapt their access probabilities
according to observation about their own data throughput, and
the approach proposed in this paper would then serve as an
upper bound to the performance of such distributed algorithms.

VII. APPENDIX

A. Stationary Probabilities for CTMC without Queuing in
Multi-User Case

• Notation: Let Si denote state (0, [nN , · · · , n1]), where
nk ∈ {0, 1}, k = 1, · · · , N , and i =

∑N
j=1 2j−1nj ,

S2N denote state (1, [0, · · · , 0]), and qij
�
= q{Si → Sj}

denote the transition rate from state Si to Sj ;
• Construct the generator matrix Q = [qij ]:

1) for Si = (0, [nN , · · · , nj , · · · , n1]), where i =
0, · · · , 2N − 1, and j = 1, · · · , N ,
q{(0, [nN , · · · , nj , · · · , n1]) → (0, [nN , · · · , 1 −
nj , · · · , n1])} = μj(nj = 1), or λj(nj = 0);
q{Si → S2N} = λP ; qii = −∑j �=i qij ;

2) q{S2N → S0} = μP , q{S2N → S2N } = −μP ;
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• Solve the stationary probability Π =
[ΠS0 , · · · ,ΠS2N−1

,ΠS2N
] from

QaugΠT = b, (31)

where Qaug =
[

QT

11×(2N+1)

]
, and b =[

0(2N+1)×1

1

]
.

B. Stationary Probabilities for CTMC with Queuing in Multi-
User Case

• Notation: Let Si denote state (0, [nN , · · · , n1]), and Sw
i

denote state (1, [nN , · · · , n1]w).
• Construct the generator matrix Q = [qij ]:

1) for Si = (0, [nN , · · · , nj , · · · , n1]), where i =
0, · · · , 2N − 1, and j = 1, · · · , N ,
q{(0, [nN , · · · , nj, · · · , n1]) → (0, [nN , · · · , 1 −
nj , · · · , n1])} = μj(nj = 1), or λj(nj = 0);
q{(1, [nN , · · · , nj, · · · , n1]w) → (1, [nN , · · · , 1 −
nj , · · · , n1]w)} = λj(nj = 0);

2) q{Si → Sw
i } = λP ; q{Sw

i → Si} = μP ; qii =
−∑j �=i qij ;

• Solve the equation array similar to (31).

C. Proof of Equivalence of Eqns. (21) and (24)

Since the function of ln is monotonic, the PF-based utility
defined in (21) is equivalent to∑

γ∈S

lnUγ(aA,aB). (32)

Define Ũγ = lnUγ , then the gradient of Ũγ at the PF utility

U∗
γ is ∂Ũγ

∂Uγ

∣∣∣
U∗

γ

= 1
U∗

γ
.

Since the PF utility U∗
γ optimizes (32), for a small feasible

perturbation from the PF utility, we can omit the high-order
polynomials in the Taylor series, apply first-order Taylor
approximation, and obtain the following condition:
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Fig. 12. Comparison of overall throughput for multiple secondary users.

∑
γ

∂Ũγ

∂Uγ

∣∣∣
U∗

γ

(Uγ − U∗
γ ) =

∑
γ

Uγ − U∗
γ

U∗
γ

≤ 0, (33)

Since the feasible region for Uγ is a convex set and the
logarithm function (32) is strictly concave, (33) holds for any
point deviating from the PF utility. Therefore, the definition
of the PF criterion in (21) and (24) is equivalent.
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