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Abstract— In order to fully utilize the scarce spectrum re-
sources, with the development of cognitive radio technologies,
dynamic spectrum access becomes a promising approach to
increase the efficiency of spectrum usage. The spectrum access
can be designed in an opportunistic way to efficiently and fairly
share the spectrum resources among multiple unlicensed users,
while not disturbing primary users’ spectrum usage. In this
paper, we propose a primary-prioritized Markov approach for
dynamic spectrum access through modeling the interactions be-
tween the primary users and the unlicensed users as continuous-
time Markov chains (CTMC). By designing appropriate access
probabilities for the unlicensed users, the spectrum dynamics can
be captured using CTMC models to optimally coordinate the
spectrum access of the unlicensed users so that a good tradeoff
can be achieved between the spectrum efficiency and fairness. The
simulation results show that the proposed primary-prioritized
dynamic spectrum access approach under proportional fairness
criterion not only provides fair spectrum sharing among unli-
censed users with only small performance degradation compared
to the approach maximizing the overall average throughput, but
also achieves much higher throughput than CSMA-based random
access approaches and the approach achieving max-min fairness.

I. INTRODUCTION

The usage of radio spectrum resources and the regulation of
radio emissions are coordinated by national regulatory bodies
like the Federal Communications Commission (FCC). The pol-
icy by FCC assigns the spectrum to license-holders or services
on a long term basis for large geographical regions, however, a
large portion of the assigned spectrum remains unutilized. The
inefficient usage of the limited spectrum necessitates recent
development of dynamic spectrum access. By exploiting the
spectrum in an opportunistic fashion, dynamic spectrum access
enables the unlicensed users to sense which portions of the
spectrum are available, select the best channel, coordinate
access to spectrum channels with other users and vacate the
channel when a licensed user appears.

In order to fully utilize the limited spectrum resources,
how to efficiently and fairly share the spectrum among the
unlicensed users becomes an important issue, especially when
multiple and dissimilar unlicensed users coexist in the same
portion of spectrum band. There are several previous works
addressing this issue, on a negotiated/pricing basis [1]-[6] or
an opportunistic basis [7], [8]. Local bargaining mechanism
is proposed in [1] to distributively optimize the efficiency of
spectrum allocation and maintain bargaining fairness among
unlicensed users. In [2], auction mechanisms are proposed
for sharing spectrum among multiple users such that the
interference is below certain level. Rule-based approaches
are proposed in [3] that regulate users’ spectrum access to

tradeoff fairness and utilization with communication costs and
algorithm complexity. In [4], the authors propose a repeated
game approach to enlarge the set of achievable rates, in which
the spectrum sharing strategy can be enforced by the Nash
Equilibrium of dynamic games. In [5] and [6], the authors
propose a belief-based dynamic pricing approach to optimize
overall spectrum efficiency while keeping the participating
incentives of the selfish users based on double auction rules.
Recently, attentions are being drawn to opportunistic spec-
trum sharing. In [7], a distributed random access protocol is
proposed to achieve airtime fairness between dissimilar unli-
censed users. In [8], based on a multi-server queueing model,
feasible operating regimes are rendered for the coexistence of
primary and secondary users in the shared spectrum.

Although the existing dynamic spectrum access schemes
have achieved some success on enhancing spectrum effi-
ciency, most of them focus on spectrum allocation among
unlicensed users without taking the primary users’ activities
into consideration, or specific for static topologies. However,
the radio spectrum environment is constantly changing. For
example, if a primary user appears in some specific por-
tion of the spectrum bands, the unlicensed users existing in
that spectrum band need to vacate the channels and try to
transfer their communications to other available bands. Using
the global optimization approach, after each change of the
spectrum environment, the network needs to re-optimize the
spectrum allocation for all users completely, resulting in high
computational complexity. Furthermore, besides maximizing
the overall spectrum utilization, a good spectrum sharing
scheme should also achieve fairness among dissimilar users.
In addition, if multiple unlicensed users are allowed to access
the licensed spectrum resources, how to coordinate their access
to alleviate interference with each other unlicensed user and
avoid conflict with the primary users should be carefully
considered.

Motivated by the above reasons, in this paper, we propose
a primary-prioritized Markov approach for dynamic spectrum
access. Specifically, we propose to model the interactions
between the legacy spectrum holders (primary users) and the
unlicensed users as continuous-time Markov chains (CTMC),
by which we can capture the dynamics of system’s evolve-
ments, especially the effect of the primary user’s activities
on the unlicensed users. Further, in order to coordinate the
spectrum access of unlicensed users in a more fair and efficient
manner, dynamic spectrum access under different criteria
is proposed based on the CTMC models. In the proposed
approach, the spectrum access of the unlicensed users is
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optimally coordinated by the secondary base station through
designing optimal spectrum access probabilities. The contribu-
tions of the proposed primary-prioritized Markov approach for
dynamic spectrum access are multi-fold. First, the dynamics
and the limiting behaviors of the radio system’s evolvements
including the primary user’s activities are thoroughly studied
through CTMC models. Second, from a statistical point of
view, the proportional fairness (PF) based access approach
optimally balances the tradeoff between the efficiency and
fairness of dynamic spectrum access compared with the ap-
proach maximizing the total throughput or achieving the max-
min fairness. Third, the proposed approach can reduce the
computational complexity in a dynamically changing radio
spectrum environment.

The remainder of this paper is organized as follows: The
system model of the dynamic spectrum access is described
in Section II. The primary-prioritized Markov approach for
dynamic spectrum access is proposed in Section III. The
simulation studies are provided in Section IV. Finally, Section
V concludes this paper.

II. SYSTEM MODEL

We consider the dynamic spectrum access networks where
multiple unlicensed users are allowed to access the temporarily
unused licensed spectrum bands on an opportunistic basis,
without conflicting or interfering the primary spectrum hold-
ers’ usage. Such scenarios can be envisioned in many applica-
tions. Considering the fact that heavy spectrum utilization of-
ten takes place in unlicensed bands while licensed bands often
experience low (e.g., TV bands) or medium (e.g. some cellular
bands) utilization, IEEE 802.22 [12] proposes to reuse the
fallow TV spectrum without causing any harmful interference
to incumbents (i.e., the TV receivers). With the development of
cognitive radios, ancillary services carried by the Ultra-High
Frequency (UHF) television transmission, e.g., reallocation of
the spectrum to mobile applications are technically feasible.
Moreover, with regard to more efficient utilization of some
cellular bands, in [13], it is proposed to share the spectrum
between a cellular communication system and wireless local
area network (WLAN) systems. In rural areas where there
is little demand on the cellular communication system, the
WLAN users can efficiently increase their data rates by sharing
the spectrum.

In order to take advantage of the temporally unused spec-
trum holes (no device in service) in the licensed band, without
loss of generality, we consider a snapshot of the above spec-
trum access networks shown in Fig. 1(a), where two unlicensed
users and one primary user coexist and the unlicensed users
opportunistically utilize the spectrum holes in the licensed
band. Note that the system diagram shown here serves only as
an example model and the scenario with multiple unlicensed
users will be studied in details in the following section.

The primary user is denoted by P , which has a license to
operate in the spectrum band. The offered traffic for primary
user P is modeled with two random processes. The arrival
traffic is modeled as a Poisson process with rate λP ms−1. The

(a) System diagram

(b) Throughput vs. time

Fig. 1: System model.

spectrum access duration is negative-exponentially distributed
with mean time 1/µP ms, so the departure of user P ’s traffic
is another Poisson process with rate µP ms−1.

The unlicensed users are denoted by A and B, respectively,
and set S is defined as S = {A,B}. For each unlicensed user
γ, where γ ∈ S, its traffic pattern is similarly characterized
by two independent Poisson processes, with arrival rate λγ

ms−1 and departure rate µγ ms−1, respectively. They contend
to access the spectrum when primary user P is not using the
spectrum band.

Since the primary user has a license to operate in the
spectrum band, its access should not be affected by the
operations of any other unlicensed user. In order not to disturb
the primary user’s spectrum usage, priority to access the
spectrum is given to primary user P . We assume that the
unlicensed users equipped with cognitive radios are capable
to detect the primary user’s activities, i.e., the appearance of
the primary user in the spectrum band and its vacation from
the spectrum. When primary user P appears, the unlicensed
users should adjust their transmission parameters, for instance,
reduce the transmit power or vacate the channels and try
to transfer their communications to other available bands.
The interference temperature model [9] is proposed by FCC
that allows unlicensed users to transmit in licensed bands
with carefully adjusted power, provided that unlicensed users’
transmission does not raise the interference temperature for
that frequency band over the interference temperature limit.
Although it can provide better service continuity for the
unlicensed users to remain operating in the band with reduced
power, the capacity they can achieve is very low [10], [11].
Therefore, in this paper, we assume that when primary user
P appears, any unlicensed user should vacate and the traffic
currently being served is cut off, e.g., dropped or stored in
a buffer. In the duration of primary user P being served, any
entry of the unlicensed user’s traffic into the spectrum is denied
until primary user P finishes its service.
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In Fig. 1(b), we show an example of the system throughput
versus time for the dynamic spectrum access. Firstly, user A
accesses the spectrum band, followed by user B. During B’s
service, user A accesses the band, which may result in less
throughput to both user A and B due to their interference.
After user A has finished its service for a while, primary
user P accesses the band, and the interrupted traffic of user
B is stored in a buffer. After user P vacates the band,
user B continues its service until its service duration ends.
Afterwards, user A accesses the band, and its traffic is stored
when primary user P appears and resumed when P finishes
its service in the way as user B does.

For any unlicensed user γ that operates in the spectrum band
alone, its channel capacity [14] can be represented by

rγ
1 = W log2(1 +

pγGγγ

n0
), (1)

where W is the communication bandwidth, n0 is thermal noise
power, pγ is the transmission power for user γ, and Gγγ is
the channel gain for user γ. The unlicensed users A and B
are allowed to coexist in the spectrum band, however, there is
interference at the receiver side of each user. In this scenario,
the capacity of unlicensed user γ can be represented by

rγ
2 = W log2(1 +

pγGγγ

n0 +
∑

α�=γ pαGαγ
), (2)

where α �= γ, α ∈ S, and Gαγ is the channel gain from user
α’s transmitter to user γ’s receiver.

III. PRIMARY-PRIORITIZED MARKOV APPROACH FOR

DYNAMIC SPECTRUM ACCESS

In this section, we first derive a primary-prioritized Markov
approach to study the dynamic spectrum access process for
the primary user and the unlicensed users. Then, we propose
dynamic spectrum access among the unlicensed users under
different criteria, including the PF, maximal-throughput, and
max-min fairness criteria.

A. Primary-Prioritized CTMC without Buffering

1) CTMC without Buffering: In dynamic spectrum access,
where the unlicensed users opportunistically access the unused
licensed spectrum, priority should be given to the primary
user. That is, unlicensed users cannot operate in the spectrum
when there exists the primary user; when the primary user
appears in the spectrum band, all unlicensed users in the same
band should stop operating in the spectrum. Moreover, the
arrival and departure of different users’ traffic are assumed to
be independent Poisson processes. Therefore, we model the
interactions between the unlicensed users and the primary user
as a primary-prioritized CTMC [15].

In the CTMC, when the unlicensed users contend to access
the idle spectrum, collisions only occur when their packets
arrive exactly at the same time. This case rarely happens
for independent Poisson processes. Another type of collisions
happens when some unlicensed user’s packet arrives while the
spectrum band is occupied by the primary user. In this case,
collision avoidance techniques are assumed, such as random

Fig. 2: The rate diagram of CTMC-5.

TABLE I: The Five States of CTMC-5
State Description

0 No user operates in the spectrum
A Unlicensed user A operates in the spectrum
B Unlicensed user B operates in the spectrum
P Primary user P operates in the spectrum
2 Both A and B operate in the spectrum

back-off, or CSMA/CA [20]. Therefore, in the CTMC model
we omit the collision state.

If we assume that when the primary user appears, unlicensed
users’ traffic is dropped, i.e., there is no buffering of the
interrupted traffic, then we can model the spectrum access
process as a five-state CTMC shown in Fig. 2. We denote this
five-state Markov chain by “CTMC-5” for short, and the states
of CTMC-5 are described in Table I.

Assume at first the spectrum band is idle, i.e., CTMC-
5 is in state 0. Unlicensed users contend to operate in the
spectrum. Upon the first access attempt of some user, say user
A, CTMC-5 enters state A with transition rate λA. If user
A’s service completes before any other user requests spectrum
access, CTMC-5 then transits to state 0 with rate µA. If user
B’s traffic arrives before A completes its service, CTMC-5
transits to state 2 with rate λB , where both unlicensed users
share the spectrum usage. Once user B (or A)’s service is
completed, CTMC-5 transits from state 2 to state A (or B),
with rate µB (or µA). However, primary user P may, once in
a while, appear during the service duration of the unlicensed
users, i.e., when CTMC-5 is in state A, B or 2. At that time,
the unlicensed user’s traffic is dropped to avoid conflict with
the primary user, and CTMC-5 transits to state P with rate
λP . During the primary user operating in the spectrum band,
no unlicensed user is given access to the spectrum. CTMC-5
transits to state 0 with rate µP only if P completes its service.

The “flow-balance” (the rate at which transitions take place
out of state si equals to the rate at which transitions take
place into state si) and the normalization [15] equation array
governing the above system is given by

µAΠA + µP ΠP + µBΠB = (λA + λB + λP )Π0, (3)

λAΠ0 + µBΠ2 = (µA + λP + λB)ΠA, (4)

λP (Π0 + ΠA + Π2 + ΠB) = µP ΠP , (5)

λBΠ0 + µAΠ2 = (µB + λP + λA)ΠB , (6)
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λBΠA + λAΠB = (µB + λP + µA)Π2, (7)

Π0 + ΠA + ΠB + ΠP + Π2 = 1, (8)

where Πsi
represents the stationary probability of being in

state si, si ∈ ΩS , and ΩS = {0, A,B, P, 2}.
The solutions of our interest to the above equation array,

i.e., the probabilities when the spectrum is occupied by either
primary user P or the unlicensed users, are given by

ΠP = λP (λP + µP )−1,

ΠA = C1λA[λBµB + (λP + µB)
(λA + λP + µA + µB)],

ΠB = C1λB [λAµA + (λP + µA)
(λB + λP + µA + µB)],

Π2 = C1λAλB [λA + λB + 2λP + µA + µB ],

(9)

where, for simplicity, the coefficient C1 is defined as

C1 = (1 − ΠP )[(λA + µA + λP )(λB + µB + λP )

(λA + µA + λB + µB + λP )]−1.
(10)

One of the most important goals in spectrum sharing is
efficient spectrum utilization, i.e., high throughput each unli-
censed user can achieve by successfully acquiring a spectrum
band. From a statistic point of view, the unlicensed users want
to maximize their average throughputs. Given the solutions
of the steady state probabilities, we know that Πsi

is the
stationary probability that the system is in state si, so it can be
equivalently viewed as the ratio of allocation time to state si

to the entire reference time [7]. Thus, the product of Πsi
and

the capacity that unlicensed user γ achieves when operating in
state si represents one average throughput component acquired
by user γ in state si. Therefore, from CTMC-5, we can express
the total average throughput for user γ as follows,

Uγ = Πγr
γ
1 + Π2r

γ
2 , (11)

where Πγ and Π2 are as solved in (9), and rγ
1 and rγ

2 are
defined in (1) and (2), respectively. The first term on the
right-hand side of (11) represents the throughput when user γ
occupies the spectrum alone, and the second term represents
the throughput when two unlicensed users share the spectrum.

Therefore, by using CTMC-5, we not only can capture
the dynamic utilization of the unused licensed spectrum for
unlicensed users without conflicting with the primary user,
but also can study their limiting behaviors and quantify their
spectrum utilization from a statistical point of view.

2) CTMC-5 in Multi-User Case: CTMC-5 can also be
generalized to model the scenario with more than two un-
licensed users. Suppose the set of N unlicensed users is
denoted by S = {1, · · · , N}, then the state space A consists
of 2N + 1 combinations of the status of primary user P and
the unlicensed users:

(ΦP ,ΦS) ∈ A �
= {(1, [0, · · · , 0])}

⋃
{(0, φS) : φS

�
= [nN , · · · , n1] ∈ {0, 1}N},

(12)

Fig. 3: The rate diagram of CTMC-8.

TABLE II: The Eight States of CTMC-8

Index State Description
0 (0, 0) Spectrum is idle
1 (0, B) Unlicensed user B is in service
2 (0, A) Unlicensed user A is in service
3 (0, AB) Both A and B are in service
4 (P, 0) Primary user P is in service
5 (P, Bw) P is in service; B is waiting
6 (P, Aw) P is in service; A is waiting
7 (P, (AB)w) P is in service; A and B are waiting

where state (1, [0, · · · , 0]) represents the case where the pri-
mary user is in service in the spectrum band alone, and
{(0, φS)} represents all 2N states where primary user P is not
in service and zero up to N unlicensed users are in service.

For this generalized Markov model, the state transition
diagram can be drawn as an N -dimensional hypercube. Each
vertex of the hypercube represents a state in {(0, φS)}; each
edge connecting two vertices is bi-directional, and it rep-
resents the transition that some unlicensed user begins or
completes its service. The center of the hypercube represents
state (1, [0, · · · , 0]), a straight line from each vertex to the
center represents the transition when primary user P begins its
service, and another line from the center to state (0, [0, · · · , 0])
represents the transition when user P completes its service.
The stationary probabilities can be obtained by solving the
corresponding linear equation array in Appendix VI-A.

For each unlicensed user γ, γ ∈ S = {1, · · · , N}, its
average throughput consists of 2N−1 components, each of
which represents the average throughput when user γ together
with zero up to all the other N − 1 unlicensed users are in
service. Since more unlicensed users contend the spectrum
access, the contention in the generalized Markov model be-
comes heavier than CTMC-5. As a result, each unlicensed
user shares less spectrum access in average. Moreover, the
interference also increases by introducing more unlicensed
users. Therefore, as the number of unlicensed users increases,
the average throughput for each of them is reduced.

B. Primary-Prioritized CTMC with Buffering
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1) CTMC with Buffering: In CTMC-5 presented in Section
III-A, the traffic of the unlicensed users is dropped when
primary user P appears in the spectrum band, or when primary
user P is operating in the spectrum band. After primary P
completes its service, CTMC-5 will transit to the idle state.
However, there may be some time interval wasted when the
system is in the idle state until the next unlicensed user ac-
cesses the spectrum. In order to further increase the spectrum
utilization and smooth service for unlicensed users, buffering
of the unlicensed user’ traffic due to primary user’s presence
is considered in the subsection. More specifically, when the
spectrum is being occupied by some unlicensed users, upon
the appearance of primary user P , the unlicensed users store
their interrupted traffic in some buffer, continue scanning the
spectrum band and immediately resume transmission once
the spectrum band becomes idle again. Also, if the primary
user begins to operate in the previously idle spectrum, newly
coming traffic of the unlicensed user is also stored in some
buffer.

Further considering the above factors, we model the spec-
trum access with buffering of the interrupted traffic for unli-
censed users as an eight-state CTMC, denoted by “CTMC-8”
for short. The transition diagram of CTMC-8 is shown in Fig.
3, and the eight states of CTMC-8 are described in Table II.
Compared to CTMC-5 and its dynamics, in CTMC-8, three
additional states are introduced, i.e., states (P,Aw), (P,Bw)
and (P, (AB)w). Their transitions are described as follows.
When the spectrum band is occupied by some unlicensed user,
e.g., user A, if A detects that primary user P needs to acquire
the spectrum band, it stores the unfinished traffic in some
buffer, and CTMC-8 transits from state (0, A) to state (P,Aw)
with rate λP . If primary user P finishes its service before B’s
access, CTMC-8 transits from state (P,Aw) to (0, A) with
rate µP . If, in contrast, the traffic of B arrives before primary
user P completes its service duration, B also stores its traffic
in some buffer, and CTMC-8 transits to state (P, (AB)w) with
rate λB . In state (P, (AB)w), both A and B keep sensing the
spectrum. Once P vacates, CTMC-8 transits to state (0, AB)
with rate µP , where A and B share the spectrum band. Also,
when CTMC-8 is in state (P, 0), if unlicensed users attempt to
access the spectrum, they also store their traffic in some buffer,
and CTMC-8 transits to state (P,Aw) or state (P,Bw), with
rate λA or λB , respectively.

The equation array governing the above system is given by

(λA + λB + λP )Π0 = µBΠ1 + µAΠ2 + µP Π4, (13)

(µB + λP + λA)Π1 = λBΠ0 + µAΠ3 + µP Π5, (14)

(µA + λP + λB)Π2 = λAΠ0 + µBΠ3 + µP Π6, (15)

(µA + µB + λP )Π3 = λAΠ1 + λBΠ2 + µP Π7, (16)

(µP + λA + λB)Π4 = λP Π0, (17)

(µP + λA)Π5 = λP Π1 + λBΠ4, (18)

(µP + λB)Π6 = λP Π2 + λAΠ4, (19)

µP Π7 = λBΠ6 + λP Π3 + λAΠ5, (20)

Π0 + Π1 + Π2 + Π3 + Π4 + Π5 + Π6 + Π7 = 1. (21)

The solutions can be obtained in a similar way as in Section
III-A. Therefore, by using CTMC-8, which introduced buffer-
ing for unlicensed users’ traffic, spectrum utilization is further
increased compared to CTMC-5, meanwhile, unlicensed users’
service is smoothed.

2) CTMC-8 in Multi-User Case: CTMC-8 can also be gen-
eralized to model the scenario with more than two unlicensed
users. For the Markov chain with a set S = {1, · · · , N} of
unlicensed users, the state space B consists of all possible
2N+1 combinations of the status for primary user P and the
unlicensed users:

(ΨP ,ΨS) ∈ B �
= {(1, ψw

S )
⋃

(0, ψS) : ψS
�
= [nN , · · · , n1] ∈ {0, 1}N},

(22)

where {(1, ψw
S )} represents all 2N states where the primary

user is in service and zero up to N unlicensed users are
waiting, and {(0, ψS)} represents all 2N states where primary
user P is not in service and zero up to N unlicensed users
are in service. The transition diagram for this model can be
similarly drawn as the generalized Markov model for CTMC-
5 in Section III-A, while more states representing (1, ψw

S ) and
corresponding transitions representing their dynamics need to
be added.

As more unlicensed users contend the spectrum, besides
increased interference, more waiting time is also introduced to
every unlicensed user in average. As a result, each unlicensed
user achieves a smaller average throughput.

C. Primary-Prioritized Dynamic Spectrum Access

In order to develop the primary-prioritized dynamic spec-
trum access, it is important to first analyze the behaviors of the
unlicensed users. Since the unlicensed users contend for the
spectrum, if they access the spectrum in such a greedy manner
that all of their injected traffic is admitted, then the Markov
chain is more likely to be in the state where more than one
users share the spectrum. Hence, the unlicensed users may
suffer a throughput degradation due to interference, if there
is no control on very high arrival rates. On the other hand,
if the unlicensed users reduce their arrival rates too much
so as to avoid interference, the average throughput may be
unnecessarily low. Therefore, the access to the spectrum of
the unlicensed users should be carefully controlled.

In the proposed dynamic spectrum access, we introduce the
spectrum access probability for user A and user B, denoted
by aA and aB , respectively. Then, the resulting random access
process can be approximated by slightly modifying the original
CTMCs. Without loss of generality, we take CTMC-5 as an
example, and the modified Markov chain is shown is Fig.
4. Because each unlicensed user γ’s traffic is admitted with
probability aγ , the actual arrival rate is approximated by aγλγ .
Correspondingly, the equation array governing the CTMC and
the stationary probabilities in (9) are modified by replacing all
λγ terms with aγλγ .

Then, the optimization goal is to determine aA and aB , such
that the utility function can be maximized, i.e.,
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Fig. 4: Modified CTMC-5 with access control.

max
aA, aB

U(aA, aB)

s.t. Uγ(aA, aB) ≥ 0, 0 ≤ aγ ≤ 1,
(23)

where ∀γ ∈ S, and S = {A,B}.
Since a good spectrum sharing scheme not only can effi-

ciently utilize the spectrum resources, but also can provide
fairness among different users, we first propose to maximize
the average throughput based on PF criterion [17]. Thus, in
(23), U(aA, aB) can be written as

U(aA, aB) =
∏

γ∈S

Uγ(aA, aB). (24)

We also consider other criteria to compare with PF, ex-
pressed by the following maximal-throughput criterion

U(aA, aB) =
∑

γ∈S

Uγ(aA, aB), (25)

and max-min fairness criterion

U(aA, aB) = min
γ∈S

Uγ(aA, aB). (26)

For the maximal-throughput optimization, the overall sys-
tem throughput is maximized. However, since the channel
condition for one unlicensed user may be better than that
of the other, the user with worse channel condition may
starve. For the max-min fairness optimization, the perfor-
mance of the unlicensed user with worse channel condition
is maximized, and strict fairness is guaranteed. However, this
criterion penalizes the user with better channel conditions, and
thus results in inferior overall system performance. In this
paper, we prefer the PF dynamic spectrum access because
it can ensure more fairness than the maximal-throughput
optimization, while achieve much better performance than the
max-min fairness optimization.

Specifically, the definition of PF is expressed as follows.
Definition: The throughput distribution is proportionally fair

if any change in the distribution of throughput pairs results in
the sum of the proportional changes of the throughput being
non-positive [17], i.e.,

∑

γ∈S

Uγ(aA, aB) − U∗
γ (aA, aB)

U∗
γ (aA, aB)

≤ 0, (27)

where U∗
γ (aA, aB) is the proportionally fair throughput dis-

tribution, and Uγ(aA, aB) is any other feasible throughput
distribution for user γ.

Proved in a similar way as in [18], the optimal solution
U∗

γ (aA, aB) defined in (27) can be obtained by solving (23),
with U(aA, aB) being defined in (24). With the following
lemma, we can employ the first-order optimality condition to
solve the optimal spectrum access probabilities for unlicensed
users in the PF optimization.

Lemma: The UPF (aA, aB) defined in (24) for the dynamic
spectrum access using PF criterion is concave in aγ , with 0 ≤
aγ ≤ 1, ∀γ ∈ S, and S = {A,B}.

Proof: Please refer to Appendix VI-B.
If ∀aγ = 0, neither user A nor user B can access the

spectrum band, then we have UPF (aA, aB) = 0; while aγ �= 0
results in UPF (aA, aB) > 0. Thus, aγ = 0 is not the optimal
solution to maximize UPF (aA, aB). Therefore, the optimal
access probabilities can be expressed as

aopt
γ = min{a∗γ , 1}, (28)

where a∗γ is the solution to the following equations

∂UPF (aA, aB)
∂aγ

= 0, ∀γ ∈ S. (29)

To implement the primary-prioritized dynamic spectrum
access, without loss of generality, we assume that there exists
a secondary base station that acts as a centralized management
point to perform the optimization over aA, aB , and manage
the spectrum resources.

The proposed primary-prioritized Markov approach for
dynamic spectrum access shares some similarity with the
conventional medium access control (MAC) protocols, since
they all target for appropriate coordination of different users’
access to the medium. For instance, in 802.11 standard [20],
CSMA/CA mechanism is employed. If the medium is sensed
idle, a user transmits its packet; if the medium is sensed
busy, then the user may re-schedule the retransmission of the
packet according to some random back-off time distribution.
These kinds of protocols are effective when the medium is not
heavily loaded, since it allows users to transmit with minimum
delay. However, under heavy traffic load, there is always a
chance that users’ attempts conflict with each other. If the
conflicted users are kept waiting for idle medium, their packets
suffer significant delay and may expire.

In the proposed primary-prioritized dynamic spectrum ac-
cess, different unlicensed users are allowed to share the
spectrum band simultaneously using CDMA techniques. This
will increase the spectrum utilization because of the following
reasons. First, for independent Poisson processes, the service
durations of different unlicensed users are generally not the
same. For instance, in CTMC-5, even though user B begins
operating in the spectrum band right after user A, it is possible
that user A completes its service much earlier than user B.
After user B is admitted to occupy the spectrum band, the
two unlicensed users share the spectrum only for a very
short time. Once A finishes its service, the Markov chain
transits to the state where B operates in the spectrum alone
and no interference exists. Using CSMA protocols, however,
user B is force to re-transmit its packet after a random
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Fig. 5: Each unlicensed user’s throughput (Mbps) vs. λA.

back-off time, which may not be short. Therefore, using the
proposed approaches, the spectrum can be more efficiently
utilized. Furthermore, in the proposed schemes, optimal access
probabilities are employed to carefully control the coexistence
of the unlicensed users. By doing this, the interference is
maintained at a low level.

In addition, from the solutions in (9), the stationary prob-
ability of the primary user operating in the spectrum band
equals to the probability where the offered traffic for the
primary user is simply modeled as an M/M/1 queue [19] and
no unlicensed user is allowed to access the unused spectrum.
This reflects that in the proposed primary-prioritized CTMC,
the primary user is entitled to absolute priority to access the
spectrum and its activities are not interrupted.

Also, in a mobile network, the radio spectrum environment
is dynamically varying. Using global optimization approaches
specific for fixed topologies, after each change of the spectrum
environment, the network needs to re-optimize the spectrum
allocation for all users completely, resulting high computa-
tional complexity. In the proposed approach, by controlling the
access probabilities dynamically, computational complexity is
reduced while the average throughput is maximized.

IV. SIMULATION RESULTS AND ANALYSIS

In order to evaluate the performance of the proposed
primary-prioritized dynamic spectrum access scheme, we first
compare the performances of three different optimization goals
(maximal-throughput, max-min, and PF) for CTMC-8. Then
we compare the performances of CTMC-8, CTMC-5, and the
nonpersistent CSMA based random access.

In the simulations, the communication bandwidth is
200 KHz, the transmission power is pγ = 2 mW, and the
thermal noise power is n0 = 10−15 W. The propagation loss
factor is 3.6. The transmitter of user A is at (0m, 0m), and
its receiver is at (150m, 0m). The transmitter of user B is at
(300m, 0m), and its receiver is at (400m, 0m). The service
rates of P , A and B are all set to be 100 ms−1. The arrival
rates of P and B are both chosen as 85 ms−1, while the arrival
rate of A varies from 70 to 100 ms−1.
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Fig. 6: Overall throughput (Mbps) vs. λA.

In Fig. 5, we show the utilities of both user A and B versus
λA of the PF, maximal-throughput, and max-min optimizations
for CTMC-8. Since rB

1 > rA
1 > rB

2 > rA
2 , for the maximal-

throughput optimization, user B has a higher throughput.
When λA < λB , the difference in the throughput is very large.
As λA increases, A has more chance to access the spectrum,
so user A’s throughput gradually increases. However, the
interference from A to B also increases, so user B suffers
a throughput degradation. For the max-min optimization, both
users almost have the same throughput, which increases as
λA increases. This is because the system has to accommodate
the user with worse channel condition, and also user A has
an increasing spectrum allocation. For the PF optimization,
the difference between A and B’s throughput is smaller
than that of the maximal-throughput optimization. Also, the
increment of A’s throughput is larger than the decrement
of B’s throughput as λA increases. This shows that the PF
optimization is more fair than the maximal-throughput method.

In Fig. 6, we show the overall throughput of two unlicensed
users versus λA with different optimization goals for CTMC-8.
Because the max-min method compensates the user with worse
channel condition, its has the worst performance, especially
when user A further suffers a lower access when λA is
very small. The PF method has the performance between
the maximal-throughput method and max-min method, while
the maximal-throughput method is less fair. In addition, the
performance loss of the PF method to that of the maximal-
throughput method is small. Therefore, the primary-prioritized
PF dynamic spectrum access is a good tradeoff between the
fairness and efficiency.

In Fig. 7, we show the overall throughput of the PF dynamic
spectrum access for CTMC-8, CTMC-5 and the throughput
of the nonpersistent CSMA random access [21] versus λA.
In CSMA, the propagation delay is set to be 0.005. We can
see that PF access approaches for both the two CTMCs have
better performances than the CSMA as λA increases. This is
because in CSMA, two unlicensed users cannot utilize the
spectrum at the same time, otherwise information symbols
of neither user will be correctly decoded. Thus, even though
interference exists when both users share the spectrum, by
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optimally controlling the access probabilities of the unlicensed
users, performance gain can still be achieved by the proposed
approach. As λA increases, the overall throughput of the PF
access approach for both the CTMCs increases, while the
throughput of CSMA decreases. This shows that the proposed
PF access approach has a larger capability than the CSMA
approach to accommodate more traffic. As we mentioned in
Section III-B, CTMC-8 stores the interrupted traffic in a buffer
and immediately resumes it when primary user P completes its
spectrum usage, while CTMC-5 simply drops the interrupted
traffic and needs to wait for new incoming traffic. We can
see that the spectrum utilization of CTMC-8 is higher than
that of CTMC-5, since the arrival rates are identical for the
two cases while CTMC-8 has a larger overall throughput.
However, as λA increases, the performance increment of
CTMC-8 compared to CTMC-5 gradually decreases. This is
because, as shown in Fig. 8, more traffic injection for CTMC-8
results in larger average waiting time allocation for each inter-
rupted unlicensed user and the actual spectrum allocation ratio
satiates gradually. From Fig. 8, we also see that the maximal-
throughput optimization has the highest average waiting time
ratio, since in this spectrum access, the user with better channel
condition, i.e., user B, is allowed more frequent spectrum
access than that of the other two optimizations and experiences
longer waiting. The max-min fairness optimization has the
lowest waiting time ratio, because the access of user B are
greatly limited to accommodate user A and experiences shorter
waiting. The PF dynamic spectrum access has the waiting time
ratio between the maximal-throughput and max-min spectrum
access optimizations.

In order to evaluate the proposed dynamic spectrum access
approach in a more general scenario, we also performed sim-
ulations where the transmitters and receivers of the unlicensed
users are randomly located in a 400m × 400m area with
the distance between each transmitter-receiver pair being kept
200m. In Fig. 9, we show the overall throughput of the PF dy-
namic spectrum access for CTMC-8, CTMC-5 and that of the
CSMA-based random access protocol, averaged over random
locations. We can observe that even under the randomized

settings, the proposed dynamic spectrum access approaches
still show better performances and larger capabilities to ac-
commodate more traffic than the CSMA-based random access
protocol. Also, CTMC-8 achieves more efficient spectrum
utilization than CTMC-5 as in the case with fixed transmitter-
receiver positions.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we propose a primary-prioritized Markov
approach for dynamic spectrum access. In order to study
the spectrum dynamics, the interactions between the primary
users and the unlicensed users are modeled using continuous-
time Markov chains. By studying the optimal spectrum access
probabilities of unlicensed users, the spectrum resources can
be efficiently and fairly shared by the unlicensed users in
an opportunistic way without interrupting the spectrum usage
of the primary users. The simulation results show that the
proposed primary-prioritized dynamic spectrum access with
PF criterion achieves efficient and fair spectrum access with
low computational complexity.

There are several avenues for future research. We intend
to further extend the current optimization of the access prob-
abilities performed by a secondary base-station to a distrib-
uted implementation using a noncooperative game theoretical
framework with limited local information observed by each
unlicensed user. Also, we would like to consider a more
general scenario where multiple primary users coexist with
multiple unlicensed users and there are several disjoint spec-
trum bands to be opportunistically shared with all of the users.

VI. APPENDIX

A. Stationary Probabilities for CTMC-5 in Multi-User Case

• Notation: Let Si denote state (0, [nN , · · · , n1]), where
nk ∈ {0, 1}, k = 1, · · · , N , and i =

∑N
j=1 2j−1nj , S2N

denote state (1, [0, · · · , 0]), and qij
�
= q{Si → Sj} denote

the transition rate from state Si to Sj ;
• Construct the generator matrix Q = [qij ]:

1) for Si = (0, [nN , · · · , nj , · · · , n1]), where
i = 0, · · · , 2N − 1, and j = 1, · · · , N ,
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for CTMC-5, CTMC-8 and CSMA in random locations.

q{(0, [nN , · · · , nj , · · · , n1]) → (0, [nN , · · · , 1 −
nj , · · · , n1])} = µj(nj = 1), or λj(nj = 0);
q{Si → S2N } = λP ; qii = −∑

j �=i qij ;
2) q{S2N → S0} = µP , q{S2N → S2N } = −µP ;

• Solving the equation array

ΠQ = 0,
2N∑

i=0

ΠSi
= 1, (30)

we can obtain the stationary probability vector Π =
[ΠS0 , · · · ,ΠS2N −1

,ΠS2N ].

B. Proof of lemma

Substituting (9) with all λγ terms replaced by aγλγ into
(11), we can write Uγ as

Uγ(aA, aB) = Πγ(aA, aB)rγ
1 + Π2(aA, aB)rγ

2 , (31)

where
ΠA(aA, aB) = C1aAλA[aBλBµB

+ (λP + µB)(aAλA + λP + µA + µB)]

ΠB(aA, aB) = C1aBλB [aAλAµA

+ (λP + µA)(aBλB + λP + µA + µB)]

Π2(aA, aB) = C1aAλAaBλB

× (aAλA + aBλB + 2λP + µA + µB)

, (32)

with
C1 = (1 − ΠP )[(aAλA + µA + λP )(aBλB + µB + λP )

× (aAλA + µA + aBλB + µB + λP )]−1,
(33)

When 0 ≤ aγ ≤ 1, we have ΠA(aA, aB),ΠB(aA, aB),
Π2(aA, aB) ≥ 0. Since the capacity rγ

1 , r
γ
2 > 0, we

have Uγ(aA, aB) ≥ 0. Taking the first order derivative of
Uγ(aA, aB) with respect to aA, we can show that

∂UA(aA, aB)

∂aA
> 0,

∂UB(aA, aB)

∂aA
< 0. (34)

So when unlicensed user A is given more chance to access
the frequency band, i.e., when aA increases, UA(aA, aB)
becomes larger while UB(aA, aB) shrinks, indicating that
there is a tradeoff to choose the optimal aA that maximizes
UPF (aA, aB) = UA(aA, aB)UB(aA, aB). Taking the second

order derivative of Uγ(aA, aB) to aA, we can verify that

∂2UA(aA,aB)
∂a2

A
consists of four terms, which are all negative,

thus, ∂2UA(aA,aB)
∂a2

A
< 0, and similarly we can verify that

∂2UB(aA,aB)
∂a2

A
> 0. Expanding ∂2UP F (aA,aB)

∂a2
A

, we have

∂2UPF (aA, aB)

∂a2
A

= UA
∂2UB

∂a2
A

+ 2
∂UA

∂aA

∂UB

∂aA
+ UB

∂2UA

∂a2
A

. (35)

After some mathematical manipulations, we can prove
that ∂2UP F (aA,aB)

∂a2
A

< 0. Similarly, we can prove that
∂2UP F (aA,aB)

∂a2
B

< 0. Therefore, UPF (aA, aB) defined in (24)
is concave in aγ .
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