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Abstract— To separate and recover multiple signals in
data communications, antenna arrays and acoustic sensor ar-
rays, the impulse responses of multiple-input/multiple-output
(MIMO) channels have to be identified explicitly or implicitly.
This paper deals with the blind identification of MIMO FIR
channels based on second-order statistics of the channel out-
puts and its application in blind channel equalization and sig-
nal separation. We first investigate the identifiability of MIMO
FIR channels, and obtain a necessary and sufficient condition
for MIMO FIR channels to be identifiable up to a unitary am-
biguity matrix using second-order statistics. Next, we extend
the identification algorithms for single-input/multiple-output
(SIMO) FIR channels, such as the algebraic algorithm and the
subspace algorithm to the identification of MIMO FIR chan-
neis. Since the ambiguity matrix can not be estimated using
second-order statistics, we then present a forth-order cumu-
lant based ambiguity matrix estimation algorithm. Finally, we
demonstrate effectiveness of the algorithms in this paper by
computer simulations.

I. INTRODUCTION

Adaptive antenna arrays have been recognized as an im-
portant technology to be used in wireless communication
systems to increase the capacity and improve the quality
of communication services. In wireless communication sys-
tems, each sensor may receive a superposition of several in-
put signals with linear distortion, which can be modeled as
multiple-input/multiple-output (MIMO) systems. The MIMO
systems are also encountered in other engineering fields in-
cluding speech processing, sonar array processing, and in the
analysis of biological systems.

When the impulse responses of MIMO systems are ob-
tained, linear equalizers or decision feedback equalizers can be
used to remove intersymbol interference, suppress co-channel
interference or crosstalk, and recover the original signals.
However, in most cases, the impulse responses of MIMO sys-
tems are unknown, and there is no reference or training signal
available. Therefore, blind identification becomes an impor-
tant technique to estimate the parameters of MIMO systems.

Blind single-input/single-output {SISO) system identifica-
tion is usually based on the higher-order statistics of the
channe} output. For the systems with cyclostationary inputs
or single-input/multiple-output (SIMO) systems, several re-
cent papers have presented identification methods based on
second-order statistics of the channel outputs. Among them,
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(3], [5], [8], [9] dealt with the blind identifiability and iden-
tification of SIMO FIR channels. Tong et al [7] first investi-
gated the blind identification of FIR channels and proposed a
singular value decomposition (SVD) method to identify FIR
channels under a special rank condition. Li and Ding[3] fur-
ther proved that this special rank condition is equivalent to
the identifiability condition of FIR channel based on second-
order cyclostationary statistics. Tugnait [9] also studied the
identifiability of SIMO FIR channels from the point of view
of common zeros of polynomials. Recently, subspace meth-
ods[5], [6] have been proposed to identify FIR channels us-
ing cyclostationary statistics of the channel output, which
exploits the orthogonality of the noise-subspace and signal-
subspace and the structure of filtering matrix. Van der Veen,
et al, first investigated multiple signal separation and recovery
in MIMO systems in [10]. They proposed a blind estimation
method for multiple signals using decision-directed principle
together with signal-subspace property

This paper deals with the blind identification of MIMO
FIR channels using second-order statistics. In this paper, we
are going to establish a necessary and sufficient condition for
MIMO FIR systems to be identified up to an ambiguity uni-
tary matrix using second-order statistics. We also generalize
two identification algorithms for SIMO FIR channels to the
identification of MIMO FIR channels.

II. MopEL DESCRIPTION

The mathematical model of d-input/M-output MIMO sys-
tems can be illustrated as in Figure 1. The d sequences
si[n],- -, sd[n] are sent through linear channels h;;[n] for
i=1,---,Mand j = 1,---,d. Hence, the channel output
vector x[n] can be expressed in time-domain as

x[n] = H{n] *s[n], (1)
where we have used the following notations
z[n]
x[n] £ S E (2)
zp[n]
hu[n] hld[n]
H[n] £ : : : : (3)
hai[n] hara(n]
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z1[n]

Fig. 1. MIMO system.

and
S1 [n]
s[n] = . 4)
sa[n]

Equation (1) can also be written in Z-domain as

x(2) = H(2)s(2), ()
where x(z), s(z) and H(z) are the Z—transform of x[n], s[n],
and H[n], respectively. For MIMO FIR channels, H(z) is a
ploynomial matrix. The system described above is a single-
input/multiple-output (SIMO) system when d = 1.

Let the maximum length of h;j[n] be L, then the input-
output relation of MIMO FIR systems can also be described
in matrix form as

(6)

xk[n] = Hxsk[n],

where xx[n] and sg[n] are respectively defined as

x{n]
xk[n] = : ; (M)
x[n+ K —1]
and
sin— L +1]
sk[n] = : ) (8)
sln+ K — 1]

and Hk is a KM x (L+ K —1)d block Toeplitz matrix defined
as

H[L—1] H0) -~ 0

Hg 2 , (9

0 - H[L-1] H[0]

which is sometimes called generalized Sylvester matriz. By
means of (6), we are going to develop an algebraic blind iden-
tification algorithm for MIMO FIR channels, which can be
viewed as the generalization of TXK'’s algorithm [8] for SIMO
FIR channels.

If we define a KM x (N — K + 1) block Toeplitz matrix
XK by
Xk = (xk[0], xk[1], -, xk [N ~ K]) (10)

and an (L + K — 1)d x (N — K + 1) block Toeplitz matrices
Sk by

*

SK:(SK[O])SK[lL"'vsK[N_K’])s (11)

then

X = Hi Sk, (12)

From the characteristics of the signal-subspace and noise-
subspace of Xk and the block Toeplitz structure of Hg, we
will obtain a subspace identification algorithm, which gener-
alizes the subspace method proposed by Moulines, et al in

[5]-
[II. IDENTIFIABILITY USING SECOND-OREDER STATISTICS

Since the rank of generalized Sylvester matrix Hg plays
an important role in the blind identification of MIMO FIR
channels, we will reveal the relationship between its singular-
ity and reducibility of polynomial matrix H(z). First, we give
the definition of the MIMO FIR channel identification based
on second-order statistics of the channel outputs.

A. The Definttion of MIMO Channel Identification

In most cases, blind channel (system) identification algo-
rithms can only estimate the channels up to some ambiguity.

For the blind channel identification and equalization of
single-input/single-output (SISO) channels, the delay and the
phase of the gain of the impulse response can not be estimated
since s[n] and e’ s[n — ng] for any integer ng and 6 € [—7, 7]
share the same (second- and higher-order) statistics.

For the blind identification of SIMO FIR channels using
second-order statistics of the channel outputs, the algorithms
presented in [5], [8] can identify the impulse response up to a
constant factor. In fact, this constant factor is unable to be
identified by means of second-order statistics of the channel
output.

For MIMO FIR systems, if the system inputs s;[n] are in-
dependent identically distributed (i.i.d.) for different ¢ and n,
then s[n] and us{n — ng] for any integer nq and d x d unitary
matrix u have the same second-order statistics. Hence, we can
at most identify the impulse responses of MIMO FIR channels
up to a delay and an ambiguity unitary matrix. Therefore,
an MIMO FIR system is said to be identified by means of
second-order statistics of the channel outputs, if we can find
an H[n] such that

H[n) = H[n — ngju®. (13)
for all integer n, some integer ng, and unitary matrix u.
Hence, the mean square error (MSE) of identified channel
should be defined as

A _ 2
MSE—;;;;{;;HH[n] Hin+ngully,  (14)

where [] . ||p denotes the Frobenius norm.
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B. A Necessary and Sufficient MIMO FIR Channel [dentifi-
cation Condition

Not all MIMO FIR channels can be identified using second-
order statistics of the channel outputs. For SIMO FIR chan-
nels, which is a special case of MIMO FIR channels when
d = 1, a necessary and sufficient condition for them to be
identifiable by using second-order statistics of the channel
output is that there is no common zero among subchannels
(3], (8], [9]. However, for general MIMO FIR channels, nec-
essary and sufficient identification condition is unknown yet.
Here, we establish a necessary and sufficient condition for H g
to be of full (columnn) rank, which, as we will show, is also a
necessary and sufficient condition for MIMO FIR channels to
be identifiable by using second-order statistics of the channel
outputs.

First we give a relevant definition. An M x d (M > d)
polynomial matrix H(z) is said to be irreducible if there is no
d x d polynomial matrix R(z), with non-constant determina-
tion, such that H(z) = H(z)R(z), where H(z) is an M x d
polynomial matrix.

Using the properties of the matrix polynomials and filtering
matrices, we are able to establish the following identifiability
theorem.

Theorem 1: For an MIMO FIR channel with length L
and H[L — 1) being of full (column) rank, the necessary and
sufficient condition for such a channel to be identifiable up to
an ambiguity unitary matriz by using second-order statistics
of the channel outputs is that H(z) is irreducible.

From Theorem 1, we can conclude the identifiability condi-
tion of MIMO FIR channels as the following:

An MIMO FIR channel is said to satisfy the identifiability
condition if

(i). H[L — 1] is of full (column) rank with L being the
length of the MIMO FIR channel, and

(i1). H(z) is irreducible, or equivalently, H(z) is of full
(column) rank for all z € C.

When d = 1, an MIMO system becomes a SIMO system.
In this case, Theorem 1 reduces to a special case and can be
stated as: An SIMO FIR channel is identifiable using second-
order statistics of the channel outputs if and only if H[L —
1] is nonzero and there is no common zero among the M
subchannels, which has been presented in [3].

IV. BLIND IDENTIFICATION ALGORITHMS BASED ON
SECOND-ORDER STATISTICS

In this section, we will develop blind identification algo-
rithms for MIMO FIR channels. They generalize the algebraic
algorithm proposed in [8] and subspace algorithm proposed
in [5] to the identification of MIMO FIR channels.

A. Algebraic Identification

Assume that the channel input vector s[n] is i.i.d. with
zero-mean and unit-variance, that is

R,[m] 2 E{s[n]s"[n + m]} = 6{m]1,, (15)

where 6[m] is the Kronecker delta function and Iy is a d x d
identity matrix. From (8) and (15), we have

Roy[0] £ E{xg[n)xf[n]} = HkHE, (16)

and
Row[1] 2 E{xk[n]xi[n +1]} = HkJHE,  (17)

where J is an (L + K — 1)d x (L + K — 1)d matrix defined as

jafe o0 (18)
0 - I; O

Using the algebraic property of R;,[0] and R.,[1], the
MIMO channels can be identified up to an ambiguity unitary
matrix, which is stated as follows.

Theorem 2: For digital communication systems with
MIMO FIR channels satisfying the identifiability condition,
if the channel input vector s[n] is i.i.d. with zero-mean and
unit-variance, then, based on R, [0] and R, [1] for any
K > [%‘iﬁ], the impulse response matrices of MIMO FIR
channels H{n] forn = 0,---, L — 1 can be uniquely deter-
mined up to an ambiguity unitary matriz.

The above theorem demonstrates the blind identifiability
of MIMO FIR channels based on second-order statistics of
the channel outputs for those MIMO FIR channels satisfying
the identifiability condition.

Using Theorem 2, we can develop the following algebraic
identification algorithm:

Step 1. Estimate R, [m] for m =0, 1 by

N-1
= 1
Roy[m] = > xk[n]xf[n+m]. (19)
=0
Step 2. Find R by
R=FR, [1]FH, (20)
where
F=x"'UH, (21)
¥ = diag(e1, -, oL+ K~1)d)5 (22)
Us = [uly"'au(L+K—1)d]1 (23)
with ¢? being the nonzero eigenvalues of R, [0] corre-
sponding to the eigenvectors u; fori=1,---, (L+M —
1)d.
Step 3. Estimate Hg by
Hx = U,ZQ, (24)
where
Q= (r,Rr, -, REYE-2p), (25)

with r = (r1,---,rq) and r; for ¢ = 1,---,d being the
left singularvectors of R corresponding to the only d zero
singular-values.
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B. Subspace Identification

The algebraic algorithm developed in the previous section
exploits the structure of R;, [0] and R, [1]. The crucial as-
sumption there is that the channel inputs are i.i.d.. Here,
we will develop a subspace algorithm for MIMO FIR, channel
identification, which does not require the i.i.d. assumption of
input symbols.

In what follows, we will assume that Sk is of full row-
rank, which means that the vector sequence s[n] is persistently
exciting of order K [1]. Tt relaxes the i.i.d. assumption for
input vector sequence.

Theorem 3: For digital communication systems with
MIMQ FIR channels satisfying the identifiability condition,
let the channel input vector sequence s[n] is persistently ez-
citing of order K. For any K > f%‘;%é] + 1, if there are
a Sylvester matric H and a matriz S with the same dimen-
sion as Hyg and Sx respectively, such that Xx = HS, then
H = Hig(p ® I+k—1) for some d x d nonsingular ambigu-
ity matriz p. Futhermore, if H satisfies the constraints (16),
then p s unitary.

Compared with the algebraic identification theorem, sub-
space identification theorem makes full use of the Sylvester
structure of the channel matrix Hg. Without using the i.i.d
property of the channel input, the channel can be identified
up to a d x d constant ambiguity matrix p. Theorem 3 is in
fact the extension of Theorem 2 in [5] to the identification of
MIMO FIR channels.

Using the similar procedures to those in [5], a subspace al-
gorithm has been developed in [11] for the identification of
MIMO FIR channels satisfying the identifiability condition.
Theorem 3 establishes the theoretical foundation for the sub-
space algorithm.

The algebraic algorithm exploits the algebraic property of
the correlation matrix of the channel output. Since this alge-
braic property relies on the i.i.d assumption of the channel in-
put, the algebraic algorithm needs more symbols to estimate
channels. On the other hand, the subspace algorithm uses the
Sylvester structure of channel matrix based on the exciting
persistence of the channel input vector sequence, hence, it re-
quires less symbols. This fact will be confirmed by computer
simulation results in next section.

V. EQUALIZATION AND MULTIPLE SIGNALS RECOVERY

{s(nl} {xln} {¥fnl} (s{nl}
———=  MIMO - MIMO - —
: Channel H Filter : q
H(z) - F(z) - | —
L] L.
H Estimating Estimating
: A(z) H Matriz q

Fig. 2. MIMO channel equalizer.

Once the impulse responses of MIMO channels are known,
the some optimum filter can be applied to recover the mul-
tiple signals. As indicated in Section III, using second-order

statistics, the MIMO FIR channels can be iAdem;iﬁed up to an
ambiguity matrix q,, that is, we can find H[n], such that,

~

Hn] = H[n]q,. (26)

Without loss of generality, we assume that q, is a untary
matrix. As shown in Figure 2, if an MIMO filter with Z-
transform

F(z) = (B (2)H(2))" B (2) (27)
is applied, then the Z-transform of the filter output y[n] is
F(z2)x(2)
q;'s(2).

It

y(2) (28)

To remove the effect of the ambiguity matrix, we perform a
linear transform q = [g;;] to the MIMO filter output y[n] for
each time n. To recover s;[n] for i = 1,---,d up to a scaler,
q must satisfy :

qq, = PD, (29)

where P is a d X d permutation matrix and D is a diagonal
matrix defined as :
D £ diag{e’®s, .-, €%}, (30)
with §; € [-m, 7] fori=1,. -, d. The following theorem will
give an ambiguity matrix estimation algorithm based on up
to forth-order cumulants of the MIMO filter output y[n].
Theorem 4: Assume that
(i). channel input s;[n]’s satisfy
E{si[n]} =0, E{si[n]*}=0 (31)

and s;[n] and s;[n] are independent for all i # j, and
(11). y[n] satisfies Equation (28) with q, being unitary.

Then, if a unitary matric q minimizes Zi]- vy |R;j|, it will
satisfy (29), where :
Ry & Cum(si,%,2) (32)

P>

ki,k3,k3,ka

qik, q;‘.‘k, Qiks q;k{cum(ykz ) y:; s Ykas yz.,)a

with Cum(z1, 2, T3, £4) being the cumulant of random vari-
ables ¢1, x4, z3 and z4 defined as
Cum(xq, 22, T3,T4)
é E{le‘zwgi&;} - E{$1$2}E{$31¢4}
—E{$1$3}E{a§2z‘4} t E{Z1$4}E{$2w3}.

(33)

VI. COMPUTER SIMULATION RESULTS AND CONCLUSIONS

A Monte Carlo simulation example has been conducted to
illustrate MIMO FIR channel identification algorithms with
application to QAM digital communication systems.

We have modified the simulation example in [10] for QAM
digital communication systems. In our simulation, the digital
signals s;[n]’s are independent of each other for any different
n or ¢, and they are uniformly distributed over {£14)}. The
digital signals are modulated by raised-cosin shaping filters
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TABLE 1
THE PARAMETERS OF THE MULTIPATH CHANNEL

| Sources [ i | o [ 7w ] |
1} —10° 0.0 1.0e=%7%
Ist 2 —2° 0.3 | 0.8eV-%Y
3| —120° | 1.2 | 0.4e7°%
41 160° | 2.1 | 0.4e'%%
1 10° 0.5 | 1.0e=30%
2nd 2 15° 0.9 0.9¢"17
31 —-40° | 1.5 ] 0.5¢~T:0%
4] 150° | 2.8 0.3e'3%

with roll-off factor 0.35 and truncated to a length of six sym-
bol periods. The modulated signals are received by 2 sensors
spaced by half wavelength. The simulated channel consists of
four paths per signal and each path is specified by angle-of-
arrival o, delay 7;, and complex gain p; as shown in Table
I. From Table I, the maximuin channel length is L = 9. The
channel noise is complex white Gaussian with zero-mean and
variance determined by the signal-to-noise ratio (SNR).

The signal from each sensor is 5-time oversampled, result-
ing M = 10 in the MIMO channel model shown as in Fig-
ure 1. The algebraic and subspace algorithms are used re-
spectively to estimate the impulse responses of the multiple-
input/multiple-output (MIMO) FIR channel. Although the
maximum length of the MIMO FIR channel is L = 9, our sim-
ulation indicates that the estimation obtains the optimum
performance when L = 8. The estimation performance is
measured by the mean-square-error (MSE) defined in (14) in
Section III. Figure 2 and 3 demonstrate the MSE’s of both
algebraic algorithm and subspace algorithm via SNR and the
number of symbols respectively. 100 independent trials have
been conducted under the same simulation scenario to obtain
these MSE’s. From these figures, when SNR > 40dB and
the number of samples N > 500, the estimation can attain
satisfying performance. As indicated in Section IV, the sub-
space algorithm has better performance than the algebraic
algorithm.

=0 dgvtans dgontm (00 symtelr)
@~ @ subops sgreihe, (700 symbela}
-2 S sigeirae d et (00 symbcis)
- Omivpas dgatin (300 rymbete)

MSE (¢8)

Fig. 3. The MSE of estimated channel impulse responses via SNR based
on 100 ensemble trials.

We have investigated the blind identification of MIMO FIR

S s donte CNRIOI)
O - Brebvprce sgestm CNR=IOD)
2 0 dgorme Cpoaben (RRe40EB)
=+ @ ritvpece dpersm GNR= 43}

§or e
= AN
.,
3 .~
~—-
.
.-
10 e
R SN
a2
0 200 w0 500 00 1000

auraber of symbols

Fig. 4. The MSE of estimated channel impulse responses via the number
of symbols used in the estimation based on 100 ensemble trials.

channels based on the second-order statistics of the chan-
nel outputs. A necessary and sufficient condition for MIMO
FIR channels to be identified up to an ambiguity matrix has
been established. An algebraic identification algorithm and a
subspace identification algorithm have been developed. Us-
ing these algorithms, the MIMO FIR channels satisfying the
identifiability condition can be estimated up to an ambigu-
ity matrix. Since the ambiguity matrix can not be identified
using second-order statistics, we also presented an ambiguity
matrix estimation method using forth-order cumulant. With
this ambiguity matrix estimation method, the MIMO chan-
nel identification algorithms developed in this paper can be
applied to array processing in mobile radio communication
systems to increase the communication capacity.
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