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Abstract—In this paper, we investigate the optimal spectrum
procurement and pricing from the perspective of a cognitive
mobile virtual network operator (C-MVNO), which is a second
market between the spectrum owner and the secondary users
(SUs). The spectrum procurement consists of spectrum leasing
and spectrum sensing, where the latter has an uncertain outcome.
The SUs are assumed to be heterogeneous in their valuations and
demands of the spectrum, which is generally the case in reality.
Hence, we use differentiated pricing among the heterogeneous SUs
to improve the profit of the C-MVNO and allow the C-MVNO
to perform necessary admission control. Modeling the spectrum
procurement and trading procedure as a five-stage Stackelberg
game, we analyze the optimal decisions for the C-MVNO by using
backward induction. The optimal decisions of spectrum sensing,
spectrum leasing, admission control, and differentiated pricing are
derived, and an algorithm is proposed to compute those optimal
decisions efficiently. Our theoretical results are also corroborated
by numerical experiments, and a threshold structure of the solu-
tion is observed.

Index Terms—Differentiated pricing, heterogeneous SUs, spec-
trum trading, Stackelberg game.

I. INTRODUCTION

W IRELESS spectrum is becoming more and more scarce
nowadays due to the fast growing demand of wireless

services. The traditional “Command-and-Control” regulation
based spectrum allocation is considered as an inefficient way
of exploiting the spectrum resource since much idle spectrum
is wasted. Confronting with this problem, the Federal Commu-
nications Commission (FCC) proposes to use “Exclusive Use”
and “Commons” models to enhance the spectrum efficiency
[1]. In the “Exclusive use” model, the licensed users [primary
users (PUs)] can use or transfer the spectrum exclusively. In the
“Commons” model, unlicensed users [secondary users (SUs)]
can share the spectrum according to some standards. This leads
to the advance of the cognitive radio (CR) technology, which is
regarded as a promising paradigm of spectrum utilization.

To access and utilize the spectrum economically and effi-
ciently, many game theoretic schemes have been proposed in
the literature [2], [3]. Auction based spectrum access mecha-
nisms are proposed in [4]–[7]. Some researchers have studied
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the pricing interactions between the network operator and SUs
to maximize either the social welfare or the operator’s profit
[8]–[12]. A contract formulation of spectrum trading in CR
networks (CRNs) is investigated in [13] to model the scenario
where the primary owner does not know the feature (e.g.,
channel condition) of each individual SU and only has the
knowledge of the statistical distribution of the overall features.
Evolutionary game theory is invoked to investigate the spec-
trum sensing and access problem in [14], [15]. An indirect
reciprocity game modeling approach is studied in [16], [17].
In addition, learning and negative network externality are con-
sidered in [18] while renewal-theoretical spectrum access is
investigated in [19].

In general, a cognitive mobile virtual network operator
(C-MVNO) will serve as a second market between the spectrum
owner and the SUs. From a network operator’s perspective,
it not only needs to sell spectrum to the SUs to make profit
but also need to purchase spectrum from the spectrum owner
or sense the idle spectrum unused by the PUs so as to get
enough amount of spectrum. Generally, the spectrum sensing is
much cheaper than directly leasing spectrum from the spectrum
owner. Nonetheless, the amount of the sensed spectrum is
uncertain due to the stochastic behaviors of the PUs while the
amount of spectrum obtained by directly leasing is determinis-
tic and guaranteed. Thus, there is a certainty-cost tradeoff in the
spectrum procurement.

So far, few papers have jointly studied the problem of spec-
trum procurement and pricing from the operator’s perspective,
e.g., [9] and [20]. However, they only consider the single pric-
ing scheme in the homogeneous case, i.e., all the SUs have the
same valuation of the spectrum and the C-MVNO sets a single
price for all the homogeneous SUs. This may turn out to be
an oversimplified model and pricing scheme for today’s mobile
networks where the users are highly heterogeneous in their de-
mands and valuations of the spectrum. For example, some SUs
may have more demands (or higher valuations) on the spectrum
(e.g., they are watching videos) and prefer to pay more money
to gain better QoS, while some other SUs have less demands
(or lower valuations) on the spectrum (e.g., they are just
phoning) and do not need very high data rate.

In this paper, for a CRN with heterogeneous SUs, we use
differentiated pricing to maximize the profit of the C-MVNO,
i.e., we set different prices for SUs with different valuations
of the spectrum. Confronting with the heterogeneous users,
differentiated pricing can potentially increase the operator’s
profit significantly as opposed to single pricing. User hetero-
geneity and differentiated pricing have been studied in existing
literature [23], [24]. In [23], Li and Huang apply differentiated
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pricing for the heterogeneous users to enhance the profit of the
operator while in [24], Shakkottai et al. study the performance
loss incurred by simple single pricing schemes when the users
are heterogeneous. However, neither of them considers the
procurement of the resources to be allocated. In this paper, we
study the scenario where the C-MVNO jointly considers the
spectrum procurement and pricing when the users are heteroge-
neous. To the best of our knowledge, such a scenario has never
been investigated by any previous work. Formulating the spec-
trum procurement and trading as a five-stage Stackelberg game,
we jointly optimize the spectrum sensing, leasing, admission
control and pricing decisions from a C-MVNO’s perspective.
The spectrum procurement consists of two parts: spectrum
sensing and spectrum leasing. The former is cheaper but subject
to uncertainty while the latter is deterministic but generally
more expensive and we want to find the best tradeoff between
the uncertainty and the costs. After spectrum procurement, we
allow the C-MVNO to perform admission control to select a
subset of SUs to serve. By doing so, we assure that the hetero-
geneous demands of all the SUs admitted by the C-MVNO are
satisfied. Then, the C-MVNO sets the optimal differentiated
prices for the heterogeneous SUs to maximize its profit. At
last, based on the prices announced by the C-MVNO, each
admitted SU purchases an appropriate amount of spectrum so
as to maximize its own utility. The main contributions of this
paper are summarized as follows.

• We model the spectrum procurement and trading process
as a five-stage Stackelberg game. Due to the heterogeneity
of the SUs, price differentiation is introduced to improve
the profit of C-MVNO as opposed to the single pricing
scheme for the homogeneous user case. Admission control
is also allowed to balance the spectrum supply and demand.

• Using backward induction, we derive the optimal deci-
sions of spectrum sensing, spectrum leasing, admission
control and differentiated pricing of the C-MVNO as the
equilibrium of the formulated Stackelberg game. When
the SUs are heterogeneous, no closed-form solution of
the pricing scheme is available, which makes our analysis
more challenging compared to the homogeneous-SU case.
Fortunately, we can still design a simple low-complexity
algorithm to calculate the optimal decisions efficiently.

• The optimality of the proposed algorithm is validated
through numerical simulations. Several threshold struc-
tures of the obtained optimal solution are observed. Simu-
lations indicate that, when the SUs are heterogeneous, our
proposed differentiated pricing based scheme significantly
outperforms the single pricing based scheme of prior works.

The rest of this paper is organized as follows. In Section II,
we introduce the system model and formulate the problem as a
Stackelberg game. In Section III, we analyze the game model
using backward induction and derives the optimal decisions of
the C-MVNO. In Section IV, simulation results are presented
and we conclude this paper in Section V.

II. SYSTEM MODEL

As shown in Fig. 1, we consider a system with one
C-MVNO and multiple heterogeneous secondary users (SUs).

Fig. 1. Illustration of the system model.

TABLE I
KEY NOTATIONS

The objective of the C-MVNO is to collect spectrum and sell
the spectrum to SUs to maximize its profit. Specifically, the
C-MVNO collects spectrum through performing spectrum
sensing for unused primary spectrum and leasing spectrum
from spectrum owners. Since there exists uncertainty in spec-
trum sensing, the amount of leased spectrum depends on the
outcome of spectrum sensing. After collecting the spectrum, the
C-MVNO can choose SUs for selling spectrum by admission
control. Since the SUs are heterogeneous, which means that
they have different demands of the spectrum, the prices to
different SUs are different, i.e., differentiated pricing is used.
We assume that all SUs are rational and thus naturally selfish,
due to which they will purchase the optimal amount of spectrum
from the C-MVNO to maximize their own utility function based
on the differentiated price announced by the C-MVNO. The
challenge of this problem, which is the focus on this paper,
is how the C-MVNO makes the optimal decisions including
spectrum sensing, spectrum leasing, admission control, and
differentiated pricing. The key notations of this paper are listed
in Table I. In what follows, we present our system model in
detail.

A. SU’s Model

We assume that each SU has its willingness-to-pay pa-
rameter θ. This positive parameter is used to model the data
rate valuation/demand of a SU: the larger the θ, the higher
the valuation/demand of the SU. For instance, a SU who is
watching video needs more data rate and its valuation of the
data rate is higher (because higher data rate can improve the
resolution or speed of the video a lot), as compared to a SU who
is phoning. Hence, the willingness-to-pay of a video watching
SU is larger than that of a phoning SU.
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Consider a SU with a willingness-to-pay parameter θ. Let w
be the bandwidth allocated to the SU and p be the unit price
of the bandwidth. Then, the utility function of the SU can be
written as:

u(p,w)=θw ln

(
1+

Pmaxh
n0w

)
−pw=θw ln

(
1+

g
w

)
−pw, (1)

where Pmax is the maximal transmission power, h is the channel
gain, n0 is the noise power density, g = Pmaxh

n0
is the received

SNR (when the bandwidth is one unit), which can be treated as
the wireless characteristic of the SU, and w ln(1+g/w) is the
achievable rate of the SU [2].

From (1), we can see that the two parameters (θ,g) can fully
characterize a SU. We assume that each SU only knows its own
(θ,g) and has no knowledge about others’. Similar to [20], we
focus on the high SNR regime where SNR = g/w � 1.1 In such
a case, the utility function in (1) can be approximated as

u(p,w) = θw ln
( g

w

)
− pw. (2)

In this paper, we assume that there are I possible willingness-
to-pay parameters, i.e., θ ∈ {θ1,θ2, . . . ,θI}, where each θi

represents a different wireless services such as video streaming
and website browsing. Let Si be the index set of the set of SUs
with the same θi, and gi j be the wireless characteristic of j-th
SU in Si.

We note that the model for the SUs is somewhat simpli-
fied. In practice, due to location limitations, SUs generally
can only access the spectrum in a certain band range but
not any spectrum provided by the operator. In addition, since
spatial reuse of the spectrum is feasible in many scenarios, the
C-MVNO may sell the same spectrum to multiple SUs as long
as they are sufficiently distant away from each other. However,
our model still captures many essential aspects of the spectrum
trading process such as users’ utility function, spectrum leasing
and sensing of the operator. More importantly, its mathematical
tractability allows us to perform theoretical analysis and thus
to gain some insights of the spectrum trading procedure, which
can be applied to the practice in turn.

B. C-MVNO’s Model

As discussed above, the decisions of the C-MVNO include
spectrum sensing, spectrum leasing, admission control and
differentiated pricing. In the following, we discuss them in
details one by one.

1) Spectrum Sensing: Let Bs be the bandwidth that the
C-MVNO senses. Due to the stochastic nature of PUs’ behav-
iors, the amount of unused primary spectrum that is available
for the C-MVNO is uncertain. Let α ∈ [0,1] be the random
variable standing for the portion of unused primary spectrum.
Then, the amount of spectrum C-MVNO can obtain through
spectrum sensing is αBs. In this paper, we assume that α is
uniformly distributed within the interval [0, 1]. Nevertheless,

1In real-world wireless communications, even the SNR lower bound for the
“very low signal” is 10 dB, i.e., SNR = 10 � 1. A typical SNR with medium
signal is around 1000 � 1.

similar analysis can be conducted with other distributions. Note
that there is a certain cost for the C-MVNO to perform sensing.
Let Cs be the sensing cost per unit bandwidth. Then, by sensing
bandwidth Bs, the C-MVNO can obtain unused spectrum αBs

at the cost of CsBs.
2) Spectrum Leasing: Since the spectrum obtained through

sensing may not be enough, the C-MVNO may need to lease
more bandwidth from the spectrum owner. Let Bl be the amount
of leased spectrum, and Cl be the unit leasing cost. Then the
total leasing cost is ClBl . In general, the leasing cost Cl is larger
than the sensing cost Cs. Here, we have implicitly assumed
that the C-MVNO first performs spectrum sensing and then
performs spectrum leasing whenever needed. This assumption
is reasonable. Actually, the practical spectrum owner often has
some “Transference Band” which it does not use temporarily.
The spectrum owner is thus willing to lease this band to
other operators for temporary usage. As for the C-MVNO, the
realized sensing spectrum may not be sufficient, so it may need
to lease some more spectrum to satisfy the SUs’ demands after
observing the spectrum sensing result. The spectrum leasing we
consider here is short-term, in accordance with the changing
cognitive networks: SUs may arrive and leave. When the cog-
nitive network changes or the leased/sensed spectrum expires,
the C-MVNO needs to remodel the network again.

We remark that, for ease of analysis, we assume that there
are no upper bounds for Bs and Bl , i.e., the C-MVNO can lease
or sense any amount of spectrum as long as it pays the costs.
This is reasonable since the amount of available spectrum is
generally very large in practice.

3) SU Admission Control: To achieve the best profit, the
C-MVNO may perform admission control on SUs, i.e., the
C-MVNO can select only a subset of the SUs to serve. Specifi-
cally, for each set Si, suppose the C-MVNO only serves a subset
S̃i. We note that the C-MVNO decides which SUs to serve
before it announces prices to the SUs. When the C-MVNO is
doing admission control, there is no service agreement between
the C-MVNO and the SUs. Thus, the C-MVNO has the freedom
to perform admission control without worrying about breaking
its agreement with the SUs.

4) Differentiated Pricing: We assume that the C-MVNO
knows the willingness-to-pay θ and the wireless characteristic
g of each SU. The justification of this assumption is as follows.
Consider an uplink system where the base station (BS) repre-
sents the operator. Then, Pmaxh is the received power at the BS
when certain SU is transmitting and n0 is the noise density. Both
of these two quantities are known to the BS. Hence, the wireless
characteristic g = Pmaxh/n0 of that SU is also known to the
BS. Recall that the θ of a SU is related to its required wireless
service type, which the C-MVNO could manage to know (e.g.,
by observing the data rate of the SU). Thus, the C-MVNO can
give an estimation of the θ of that SU accordingly.

With the knowledge of (g,θ) for each SU, the C-MVNO can
use differentiated pricing to maximize its profit. Specifically,
we assume that the spectrum price is the same for SUs with the
same willingness-to-pay, and generally different for SUs with
different willingness-to-pay parameters. Denote pi as the price
for SUs in S̃i. One may raise the following question: if the prices
for different SUs with the same willingness-to-pay, i.e., SUs
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in the same set S̃i, are also different, is the optimal algorithm
proposed in this paper still optimal? The answer is yes. In other
words, allowing differentiated prices among SUs in the same S̃i

will not change the result of this paper. Later in Remark 2, we
will see this more clearly.

C. Problem Formulation

Let w∗
i j(pi) be the best response of the j-th SU in S̃i when the

C-MVNO announces price pi to the set S̃i. Then, the optimal
strategies of the C-MVNO can be derived by the following
optimization problem:

max
Bs≥0

Eα∈[0,1]F(α,Bs), (3)

where F(α,Bs) is defined as:

F(α,Bs) = max
∀ i,pi≥0,S̃i⊆Si,Bl≥0

⎡⎣ I

∑
i=1

pi ∑
j∈S̃i

w∗
i j(pi)−BsCs−BlCl

⎤⎦
s.t.

I

∑
i=1

∑
j∈S̃i

w∗
i j(pi)≤ Bsα+Bl . (4)

The problem in (4) can be solved by the following three steps.
1) For fixed Bs,α,Bl ,{S̃i}, find the best differentiated pric-

ing vector {p∗i }.
2) Substituting the expression of {p∗i } back into (4) and

fixing Bs,α,Bl , find the best admission control scheme
{S̃i}.

3) Substituting the optimal pricing and admission control
back into (4) and fixing Bs,α, find the best leasing band-
width Bl .

Finally, with the optimal Bl ,{S̃i},{pi}, i.e., after the problem
(4) is solved, we optimize the sensing bandwidth Bs in problem
(3) to completely solve the profit maximization problem.

Actually, the interaction between the C-MVNO and the SUs
(shown in Fig. 1) can be formulated as a five-stage Stackelberg
game as illustrated in Fig. 2. The Stackelberg leader is the
C-MVNO and the followers are the SUs. In the first stage,
the C-MVNO determines the sensing bandwidth Bs and then
realizes the available sensing result αBs. In the second stage,
based on the sensing result αBs, the C-MVNO determines the
leasing bandwidth Bl . In the third stage, the C-MVNO performs
admission control to serve a subset of SUs. In the fourth
stage, the C-MVNO sets the differentiated price pi for each S̃i,
where i ∈ {1, . . . , I}. Finally, in the fifth stage, given the prices
announced by the C-MVNO, each SU buys an optimal amount
of bandwidth so as to maximize its own utility. Notice that the
middle three stages can be merged into one single stage without
influencing the problem essentially. The first stage, spectrum
sensing, cannot be merged with them since the sensing result is
uncertain and the decisions in the middle three stages are made
after observing the realized sensing result.

III. BACKWARD INDUCTION ANALYSIS OF THE GAME

A general technique to find the solution (equilibrium) to
the Stackelberg game is backward induction. Note that the

Fig. 2. A Stackelberg game formulation.

solution to the game is the optimal choice of sensing bandwidth
Bs, leasing bandwidth Bl , admission control and differentiated
pricing pi for the C-MVNO and the optimal bandwidth demand
wi j for each SU.

A. Spectrum Allocation in the Fifth Stage

After the C-MVNO announces its price {pi}1≤i≤I to the SUs,
each SU determines its spectrum demand by maximizing its
utility defined in (2). Considering the j-th SU in S̃i (recall that
S̃i is a subset of Si after admission control), we write its utility
maximization problem as:

max
wi j≥0

u(wi j) = θiwi j ln

(
gi j

wi j

)
− piwi j. (5)

Taking derivative of (5) and setting it to be zero, we get the
optimal value of wi j for SU j as:

w∗
i j(pi) = gi j exp

{
−1− pi

θi

}
. (6)

From (1) and (6), we can see that all the SUs in S̃i has the same
SNR (SNR = gi j/wi j = exp(1+ pi/θi)) regardless of their dif-
ferent wireless characteristics g. This essentially states that SUs
using the same wireless service have the same SNR regardless
of their different channel conditions and transmission power.
Furthermore, the term exp{−1− pi/θi} is the same for all SUs
in the same set S̃i. Hence, the aggregate bandwidth demand of
SUs in S̃i is ∑ j∈S̃i

w∗
i j(pi) = G̃i exp{−1− pi/θi}, where G̃i is

the aggregate wireless characteristics for the set S̃i defined as
follows G̃i = ∑ j∈S̃i

gi j. Similarly, we can define the aggregate
wireless characteristics for the set Si as Gi = ∑ j∈Si

gi j. Note

that G̃i ≤ Gi, which is a constraint for admission control.
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B. Differentiated Pricing in the Fourth Stage

Based on the best response of the heterogeneous SUs in
the fifth stage, the aim of the fourth stage is to maximize the
C-MVNO’s revenue by selling spectrum to the SUs. The differ-
entiated pricing problem (P1) can be formulated as follows.

(P1) max
−→p 


−→
0

I

∑
i=1

pi G̃i exp

{
−1− pi

θi

}
(7)

s.t.
I

∑
i=1

G̃i exp

{
−1− pi

θi

}
≤ B, (8)

where B denotes the total available bandwidth consisting of
sensing spectrum and leasing spectrum and −→p is the vector
of {pi}1≤i≤I . The solution to the optimization problem (P1) is
summarized in the following lemma.

Lemma 1: The solution to the optimal differentiated pricing
problem (P1) is as follows.

1) If ∑I
i=1 G̃ie−2 ≤ B, then p∗i = θi,∀ i and the optimal value

of (P1) is ∑I
i=1 θiG̃ie−2.

2) Otherwise, p∗i = λ∗+θi and the optimal value of (P1) is:

λ∗B+
I

∑
i=1

θiG̃i exp

{
−2− λ∗

θi

}
, (9)

where λ∗ is determined as the unique solution to the
following equation:

I

∑
i=1

G̃i exp

{
−2− λ∗

θi

}
= B. (10)

Proof: See Appendix A. �
Several remarks are in order.
Remark 1: The optimal value of the problem (P1) is the

maximum revenue gained by selling the spectrum to the SUs. It
is not the final profit of the C-MVNO since it does not take into
account the spectrum procurement cost incurred by spectrum
sensing and leasing.

Remark 2: As we have stated in Section II, in this paper,
we assume that the price for different SUs with the same
willingness-to-pay θ, i.e., SUs in the same set S̃i, is the same. In
other words, the prices are different only for SUs with different
willingness-to-pay parameters. Nevertheless, the results in this
paper are still valid even without this assumption, as explained
below. Suppose the prices for different SUs could be different
regardless of the willingness-to-pay parameters. In such a case,
the optimal differentiated pricing problem (P1) can be simply
modified by replacing the aggregate wireless characteristic G̃i

with individual characteristic gi j, due to which the correspond-
ing optimal pricing structure is the same as that in Lemma 1.
From Lemma 1, we can see that SUs with the same willingness-
to-pay θ will be given the same price. Therefore, the assumption
that the price for different SUs with the same θ is the same is
implicitly guaranteed.

Remark 3: From Remark 2, the optimal differentiated pric-
ing depends only on the willingness-to-pay but not the wireless
characteristics. The essential reason of this phenomenon is that
the best demand response of each SU is a linear function of the

wireless characteristic gi j in (6). Hence, the SU can be treated
as gi j number of virtual SUs. Each of them has willingness-
to-pay θi and unit wireless characteristic. In such a way, all the
SUs with willingness-to-pay θi can be regarded as G̃i number of
virtual SUs with the same willingness-to-pay and unit wireless
characteristic. Since all these virtual SUs have the same param-
eters, the optimal pricing for them is naturally the same. Thus,
back to the real SUs, the SUs with the same willingness-to-pay
parameter will receive the same optimal price, though they may
have different wireless characteristics.

Remark 4: When the total available spectrum B is large,
i.e., in case (1) of the lemma, there is a gap between the total
demand of the users and B. In other words, in such a case, the
operator will not sell out all the spectrum and some spectrum is
wasted. The reason that the operator will do so is that to sell out
all the spectrum, the price has to be very low which hurts the
profit. This large B scenario may happen when the sensing cost
Cs is small, in which case the operator may sense “redundant”
spectrum to ensure that with very high probability (i.e., α is not
very small), the operator does not need to lease spectrum. But
when α turns out to be relatively large, the operator may have a
large B even Bl = 0. Alternatively, if B is small, i.e., in case (2)
of the lemma, all the available spectrum will be sold out.

C. Admission Control in the Third Stage

In this part, based on the results of the fourth stage and the
fifth stage, we analyze the admission control decision of the
C-MVNO, and the results are stated in the following lemma.

Lemma 2: The optimal admission control decision is to
admit all the SUs, i.e., S̃i = Si, G̃i = Gi,∀ i, and the optimal
revenue2 is shown as follows.

1) If ∑I
i=1 Gie−2 ≤ B, the optimal revenue is ∑I

i=1 θiGie−2.
2) Otherwise, the optimal revenue is given by:

λ∗B+
I

∑
i=1

θiGi exp

{
−2− λ∗

θi

}
, (11)

where λ∗ is determined by the unique solution to:

I

∑
i=1

Gi exp

{
−2− λ∗

θi

}
= B. (12)

Proof: We prove the lemma by considering two cases.
Case 1: ∑I

i=1 Gie−2 ≤ B: In this case, for any admission
control decisions we always have ∑I

i=1 G̃ie−2 ≤ B since G̃i ≤
Gi,∀ i. Thus, according to Lemma 1, the revenue by selling
the spectrum to the SUs is always ∑I

i=1 θiG̃ie−2, which is an
increasing function in G̃i,∀ i. Hence, the optimal admission
control decision should be S̃i = Si, G̃i = Gi,∀ i. And the optimal
revenue by selling spectrum in this case is: ∑I

i=1 θiGie−2.
Case 2: ∑I

i=1 Gie−2 >B: We consider an arbitrary admission
control decision {S̃i}1≤i≤I . Though the values of {G̃i}1≤i≤I are
indeed discrete since each of them is the aggregate of a finite
number of wireless characteristics, we still treat {G̃i}1≤i≤I as

2Here, by revenue, we mean the revenue gained by selling the spectrum to the
SUs. It is not the overall profit which should include the spectrum procurement
costs.
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continuous variables here and this will not hurt the rigidity of
our analysis. If ∑I

i=1 G̃ie−2 ≤ B, we can increase the revenue
by increasing some G̃i until ∑I

i=1 G̃ie−2 = B. Thus, we can just
focus on the situation ∑I

i=1 G̃ie−2 ≥ B. In this case, the revenue
is given by (9). Note that λ∗ in Lemma 1 can be viewed as an
implicit function of {G̃i}1≤i≤I . By taking the derivative of (9)
with respect to G̃k, we have:

∂
∂G̃k

(
λ∗B+

I

∑
i=1

θiG̃i exp

{
−2−λ∗

θi

})
=θk exp

{
−2−λ∗

θk

}
>0.

Therefore the revenue is still an increasing function of G̃k,∀1≤
k ≤ I. Therefore, the optimal admission control is still perform-
ing no admission control, i.e., S̃i = Si, G̃i = Gi,∀ i. The optimal
revenue in this case is:

λ∗B+
I

∑
i=1

θiGi exp

{
−2− λ∗

θi

}
, (13)

where λ∗ is determined by:

I

∑
i=1

Gi exp

{
−2− λ∗

θi

}
= B. (14)

�
Remark 5: Lemma 2 essentially claims that explicit admis-

sion control is not necessary at the optimum.

D. Spectrum Leasing in the Second Stage

Denote R2 the partial profit which is defined as the income
from selling the spectrum to the SUs minus the leasing cost.
We further define the following five frequently used constants:

A
Δ
=

I

∑
i=1

Gi exp

{
−2− Cl

θi

}
,D

Δ
=

I

∑
i=1

Gie
−2,

E
Δ
=

I

∑
i=1

θiGi exp

{
−2− Cl

θi

}
,F

Δ
=

I

∑
i=1

θiGie
−2

H
Δ
=e−4

I

∑
i, j=1

GiG jθi

θi +θ j

(
θiθ j

θi +θ j
−Cl exp

{
−Cl

θi +θ j

θiθ j

}
− θiθ j

θi +θ j
exp

{
−Cl

θi +θ j

θiθ j

})
. (15)

The physical meaning of these constants will be explained
later. At this moment, one can just treat them as five constants
related to the given system parameters. Thus, based on the
optimal decisions in the fifth stage, fourth stage and third stage,
the optimal spectrum leasing strategy in the second stage and
the corresponding optimal partial profit are specified in the
following lemma.

Lemma 3: The optimal leasing strategy and the correspond-
ing optimal partial profit is specified as follows.

1) If αBs > D, then the optimal partial profit is R∗
2 = F and

the optimal leasing bandwidth is B∗
l = 0.

2) If D>αBs≥A, then the optimal partial profit is given by:

R∗
2 = λ∗αBs +

I

∑
i=1

θiGi exp

{
−2− λ∗

θi

}
, (16)

where the λ∗ is determined as the unique solution to:

I

∑
i=1

Gi exp

{
−2− λ∗

θi

}
= αBs. (17)

The optimal leasing bandwidth is B∗
l = 0.

3) If A > αBs ≥ 0, then the optimal partial profit is given
by: R∗

2 = E +ClαBs. The optimal leasing bandwidth is
B∗

l = A−αBs.
Proof: Obviously, the total available bandwidth B consists

of the leasing bandwidth and the realized sensing bandwidth:
B = Bl +αBs. If αBs ≥ D, any further investment in leasing
spectrum is meaningless since, according to 2, this will not
further increase the income of selling spectrum to SUs. Thus,
if αBs ≥ D, the optimal leasing bandwidth is B∗

l = 0 and the
optimal partial profit is: R2 = ∑I

i=1 θiGie−2 = F .
In the following, we focus on the case αBs < D. Notice that

the optimal Bl must satisfy αBs +Bl ≤ D since any further in-
vestment on Bl will not increase the income of selling spectrum
to SUs. According to the second part of Lemma 2, the partial
profit is:

R2 = λ∗(Bl +αBs)+
I

∑
i=1

θiGi exp

{
−2− λ∗

θi

}
−ClBl , (18)

where λ∗ is determined by:

I

∑
i=1

Gi exp

{
−2− λ∗

θi

}
= Bl +αBs. (19)

Viewing λ∗ as an implicit function of Bl , we take derivative of
R2 with respect to Bl as follows:

∂R2

∂Bl
=

∂λ∗

∂Bl
(Bl +αBs)+λ∗

+
I

∑
i=1

θiGi exp

{
−2− λ∗

θi

}(
− 1

θi

)
∂λ∗

∂Bl
−Cl = λ∗ −Cl ,

where we have used (19) in the last step. Now, we discuss two
cases.

Case 1: αBs <∑I
i=1 Gi exp{−2− Cl

θi
}=A: In this case, when

Bl = 0, we have λ∗ > Cl . Hence, ∂R2
∂Bl

∣∣
Bl=0 > 0. But when

Bl = D−αBs, we have λ∗ = 0. Hence, ∂R2
∂Bl

∣∣
Bl=D−αBs

< 0. From
(19), λ∗ is a decreasing function of Bl . Therefore, the optimal
B∗

l must lead to λ∗ = Cl , i.e., B∗
l = A−αBs, and the optimal

partial profit is: R∗
2 = E +ClαBs.

Case 2: A ≤ αBs < D: In this case, we have ∂R2
∂Bl

∣∣
Bl=0 ≤ 0.

Thus, R2 always decreases with Bl and the optimal leasing
bandwidth is B∗

l = 0. And the optimal partial profit is given by:

R∗
2 = λ∗αBs +

I

∑
i=1

θiGi exp

{
−2− λ∗

θi

}
, (20)

where λ∗ is determined by:

I

∑
i=1

Gi exp

{
−2− λ∗

θi

}
= αBs. (21)

�
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Remark 6: From Lemma 3, we observe a threshold struc-
ture of the optimal leasing bandwidth: Bl = (A−αBs)

+. This
essentially says that the C-MVNO lease spectrum only when
the realized sensing spectrum is below the threshold A. In
particular, if unfortunately α = 0, i.e., the realized sensing
spectrum is 0, then the corresponding optimal leasing spectrum
is B∗

l = A and the optimal partial profit R∗
2 is E. The above are

the physical meanings of the constants A and E.
Remark 7: Moreover, comparing case 1 and case 2 of

Lemma (3), we find that the optimal partial profit R∗
2 varies

in different manners, though the optimal leasing bandwidth
is always zero in these two cases. Specifically, if the realized
sensing spectrum αBs is larger than a threshold D (case 1),
then R∗

2 remains a constant F independent of αBs, i.e., further
increase in αBs will not enhance the partial profit any more.
However, if A<αBs <D (case 2), then R∗

2 depends on the value
of αBs (actually as αBs decreases, R∗

2 also decreases), though
the optimal decision is still to lease no spectrum. The above are
the physical meanings of the constants D and F .

E. Spectrum Sensing in the First Stage

Denote R the overall profit of the C-MVNO. Based on
the results of the previous subsections, we are now ready to
derive the optimal sensing bandwidth B∗

s which maximizes
the expected profit E(R) of the C-MVNO. We first give an
important property of the relation between E(R) and Bs, based
on which we propose a method to compute the optimal sensing
bandwidth B∗

s afterwards.
Proposition 3.1: As a function of Bs, E(R) has the following

properties:
1) When Bs < D, the expression of E(R) is given by:

E(R) = F −CsBs −
ClA2

2Bs
− H

Bs
, (22)

which is a concave function of Bs on the interval [D,∞);
2) When D ≥ Bs > A, the expression of E(R) is given by:

E(R)=ACl+E− A2Cl

2Bs
−CsBs−

1
Bs

∫ Bs

A
tλ∗(t)dt+

∫ Bs

A
λ∗(t)dt,

(23)

which is a concave function of Bs on the interval [A,D].
Here, λ∗(t) is defined as the unique solution to the fol-
lowing equation:

I

∑
i=1

Gi exp

{
−2− λ∗(t)

θi

}
= t, (24)

where 0 < t ≤ D;
3) When Bs ≤ A, the expression of E(R) is given by:

E(R) = E +Bs

(
Cl

2
−Cs

)
, (25)

which is a linear function of Bs on the interval [0,A].
Proof: See Appendix B. �

Proposition 3.1 guilds us to identify three sensing cost
regimes based on the sign of dE(R)

dBs
at the two cut-off points

of the three cases in Proposition 3.1. Accordingly, the method
for computing the optimal B∗

s is presented as follows.
Lemma 4: The optimal sensing bandwidth B∗

s can be ob-
tained as follows:
Low Sensing Cost Regime: When 0 < Cs ≤ H

D2 + ClA
2

2D2 , the
optimal B∗

s is given by:

B∗
s =

√
1

Cs

(
H +

1
2

ClA2

)
; (26)

Medium Sensing Cost Regime: When H
D2 +

ClA
2

2D2 < Cs ≤ Cl
2 ,

the optimal B∗
s is given by

B∗
s =

I

∑
i=1

Gi exp

{
−2− µ∗

θi

}
, (27)

where µ∗ is determined as the unique solution to the
following equation on the interval [0,Cl ]:

e−4
I

∑
i, j=1

GiG jθi

θi +θ j

[
−
(

Cl +
θiθ j

θi +θ j

)
exp

{
−θi +θ j

θiθ j
Cl

}
+

(
µ+

θiθ j

θi +θ j

)
exp

{
−θi +θ j

θiθ j
µ

}]

− Cs

(
I

∑
i=1

Gi exp

{
−2− µ

θi

})2

+
A2Cl

2
= 0; (28)

High Sensing Cost Regime: When Cs >
Cl
2 , the optimal B∗

s = 0.
Proof:

Low Sensing Cost Regime: 0 <Cs ≤ H
D2 +

ClA
2

2D2 In this regime,
the optimal B∗

s is achieved in the interval [D,∞). By taking
the derivative of E(R) in (22) with respect to Bs, we have:

dE(R)
dBs

=−Cs +
ClA2

2B2
s
+

H
B2

s
. (29)

Hence, dE(R)
dBs

∣∣
Bs=D ≥ 0 and limBs→∞

dE(R)
dBs

=−Cs < 0.
Moreover, since E(R) is concave in the interval [D,∞)
according to Proposition 3.1, the maximum point for E(R)

should satisfy dE(R)
dBs

= 0 where Bs ∈ [D,∞). Therefore,
the optimal sensing bandwidth B∗

s in the low sensing cost
regime is:

B∗
s =

√
1

Cs

(
H +

1
2

ClA2

)
. (30)

Medium Sensing Cost Regime: H
D2 +

ClA
2

2D2 < Cs ≤ Cl
2 In this

regime, the optimal B∗
s is achieved in the interval [A,D].

Similar to the analysis in the low sensing cost regime,
because of the concavity of E(R), the optimal Bs must

satisfy dE(R)
dBs

= 0, where Bs ∈ [A,D]. According to (23),
this is equivalent to:

∫ B∗
s

A
tλ∗(t)dt −Cs (B

∗
s )

2 =−A2Cl

2
. (31)

It can be shown that the L.H.S. of (31) first increases and
then decreases when Bs increases from A to D and (31)
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has one unique solution, which is just the optimal sensing
bandwidth.

Performing variable transformation µ=λ∗(Bs)∈[0,Cl ],
we note that the first term of (31) can be rewritten as:

∫ Bs

A
tλ∗(t)dt =

∫ µ

Cl

λ

(
I

∑
i=1

Gi exp

{
−2− λ

θi

})

×d

(
I

∑
i=1

Gi exp

{
−2− λ

θi

})
. (32)

Calculating the integral in (32) and substituting it back
into (31) yields (28). Similar to that of (31), it can also be
shown that the L.H.S. of (28) first increases then decreases
and (28) has a unique solution µ∗ in the interval [0,Cl ].
Hence, we can use simple bisection method to find µ∗.
After obtaining µ∗, the optimal sensing bandwidth can be
calculated by:

B∗
s =

I

∑
i=1

Gi exp

{
−2− µ∗

θi

}
. (33)

High Sensing Cost Regime: Cs >
Cl
2 In this regime, according

to the third case in Proposition 3.1, the optimal sensing
bandwidth is simply B∗

s = 0. �
Remark 8: From Lemma 4, we can see that in the Low Sens-

ing Cost Regime and High Sensing Cost Regime, the optimal
B∗

s can be obtained using closed-form expressions, while in the
Medium Sensing Cost Regime, the optimal B∗

s can be found
by solving (28) using simple bisection methods. Therefore, the
computational complexity for finding the optimal B∗

s is very low
in the proposed scheme.

F. Summary

Based on our discussion in the previous five subsections,
the equilibrium of the proposed Stackelberg game is: optimal
sensing bandwidth B∗

s in Lemma 4, optimal leasing bandwidth
B∗

l in Lemma 3, optimal admission control in Lemma 2, optimal
differentiated pricing p∗i in Lemma 1 as well as the SUs’ best
responses w∗

i j in (6). In Algorithm 1, we summarize how to
compute the optimal decisions of the C-MVNO and the SUs.

Algorithm 1 Finding the optimal decisions for the C-MVNO
and the SUs

Inputs:
The sensing cost Cs, the leasing cost Cl , the willingness-
to-pay θi of each Si, the aggregate wireless characteristics
Gi of each Si, and the realization of the RV α after Bs is
determined.

Outputs:
The optimal sensing bandwidth B∗

s , the optimal leasing
bandwidth B∗

l , the optimal differentiated pricing {p∗i}1≤i≤I,
and the optimal spectrum allocation w∗

i j.
1: Compute the constants A,D,E,F,H according to (15).

2: if Cs ≤ H
D2 +

ClA
2

2D2 then

3: Set B∗
s as in (26).

4: else if H
D2 +

ClA
2

2D2 <Cs ≤ Cl
2 then

5: Solve (28) for µ∗ using the bisection method. Com-
pute B∗

s as in (27).
6: else
7: Set B∗

s = 0.
8: end if
9: Return B∗

s at the C-MVNO’s side. Perform spectrum
sensing and thus sensing realization factor α is realized.

10: Set B∗
l = (A−αB∗

s )
+ and return it at C-MVNO’s side.

Skip admission control and serve all the SUs.
11: if αBs +Bl ≥ D then
12: Set p∗i = θi,∀ i.
13: else
14: In (10), set G̃i = Gi,∀ i and B = αBs +Bl . Solve (10)

using similar bisection method for λ∗ and then set
p∗i = λ∗+θi,∀ i.

15: end if
16: Return {pi}1≤i≤I at the C-MVNO’s side.
17: At the SUs’ sides, compute the w∗

i j according to (6) with
price pi = p∗i . Return w∗

i j at the j-th SU of Si.

In practice, when the C-MVNO is serving a cognitive net-
work, it does the following things repeatedly. The C-MVNO
observes the temporary spectrum leasing price Cl announced
by the spectrum owners. Since the spectrum sensing price Cs

is determined by the sensing technology of the C-MVNO, the
C-MVNO is always aware of it. Then, the C-MVNO estimates
the wireless characteristic g and the willingness-to-pay θ of
each SU based on its channel condition and service type (watch-
ing video or phoning etc.), respectively. With these system
parameters, the C-MVNO can run Algorithm 1 to compute
the optimal decisions. Since the computational complexity of
Algorithm 1 is very low, it can be implemented at C-MVNO
easily. The C-MVNO may repeat the aforementioned steps once
the temporarily leased spectrum expires or the SU network
changes. We remark that the optimal profit of the C-MVNO is
hard to obtain in closed-form analytically in our heterogeneous
setting. However, through numerical simulations in Section IV,
we could see that the profit is improved significantly compared
to the single pricing scheme in [20].

IV. SIMULATION RESULTS

In this section, we use simulations to evaluate the viability
and optimality of the proposed Algorithm 1 and illustrate
several threshold structures of the equilibrium of the formulated
Stackelberg game. The threshold structures rely on the last part
of Lemma 4, where we show that as long as Cs < Cl/2, the
C-MVNO should not perform any spectrum sensing.

In all simulations, other than specifically mentioned, the
parameters are set to be: I = 20, |Si| = 20,θi = i,gi j = 50 for
i ∈ [1,9] and gi j = 100 for i ∈ [10,20]. In such a case we have
Gi = 1000 for i ∈ [1,9] and Gi = 2000 for i ∈ [10,20]. The
selection of these parameters is just for demonstration purpose.
Other parameters will give similar results, i.e., our analysis is
not restricted by the selection of the parameters.
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Fig. 3. Verifying the optimality of Algorithm 1: Cl = 1 is fixed. The black
curve, blue curve, and red curve correspond to Cs = 0.2, Cs = 0.45, and Cs =
0.7, respectively.

Fig. 4. (a) Impact of Cs and Cl on the optimal sensing bandwidth B∗
s : the black

curve, blue curve, red curve represents the case Cl = 0.5, 0.7, 0.9 respectively.
(b) Impact of Cs and Cl on the optimal expected profit of the C-MVNO.

In the first simulation, we verify the optimality of sensing
bandwidth B∗

s derived by Algorithm 1. To do so, we compute
the profit of C-MVNO by varying Bs while keeping the best
response of Bl and pi obtained in Algorithm 1. We test three dif-
ferent cost parameters for (Cs,Cl): (0.2,1) for the Low Sensing
Cost Regime, (0.45,1) for the Medium Sensing Cost Regime,
and (0.7,1) for the High Sensing Cost Regime. The results
are shown in Fig. 3 where we average over 105 independent
runs. With these parameters, the optimal sensing bandwidth B∗

s
derived by Algorithm 1 are 6220.4, 4144.9, and 0 respectively.
From Fig. 3, we can see that the profit of C-MVNO indeed
achieves the maximum with these optimal B∗

s . We can also see
that the less the sensing cost Cs, the larger the expected profit
of the C-MVNO.

In the second simulation, we study the impact of sensing cost
Cs and leasing cost Cl on the optimal sensing bandwidth B∗

s .
The results are shown in Fig. 4(a), where the horizontal axis
represents the sensing cost Cs and the vertical axis represents
the optimal sensing bandwidth B∗

s . We observe that the opti-
mal sensing bandwidth B∗

s exhibits certain threshold structure.
Specifically, B∗

s first decreases smoothly with Cs and then
suddenly drops to zero and keeps to be zero when Cs increases.
This phenomenon can be explained by the solution structure
of Algorithm 1 as follows. When Cs is relatively small, the
system is in the Low Sensing Cost Regime or Medium Sensing
Cost Regime, so the value of B∗

s decreases smoothly with Cs

according to the first two parts of Lemma 4. However, when Cs

Fig. 5. Expected payoffs of two SUs at the equilibrium of the Stackelberg
game. (a) SU1, θ = 5, g = 50. (b) SU2, θ = 15, g = 100.

further increases and the system enters into the High Sensing
Cost Regime, the value of B∗

s will drop to zero immediately
according to the last part of Lemma 4. From Fig. 4(a), we also
observe that generally B∗

s is large when Cl is large. This is
reasonable since the C-MVNO tends to sense more bandwidth
if the leasing cost is high.

We then investigate the impact of sensing cost Cs and leasing
cost Cl on the optimal expected profit of the C-MVNO. The
results are illustrated in Fig. 4(b), from which we can also
observe the threshold structure. We can see that the profit first
decreases with Cs and finally remains a constant when Cs is
large enough. This is natural because when the system is in the
High Sensing Cost Regime, the optimal sensing bandwidth B∗

s
is always zero, i.e., the C-MVNO senses no spectrum and thus
further increase in Cs will not affect the profit.

We also study the impact of Cs on the expected payoff of SUs
at the equilibrium of the Stackelberg game, which is specified
in (5) and (6). We consider two different SUs, denoted as
SU1 and SU2. The willingness-to-pay θ of SU1 and SU2 are
5 and 15, respectively, while the wireless characteristic g of
SU1 and SU2 are 50 and 100, respectively. We set Cl = 0.7
in this simulation. The results are shown in Fig. 5, which
again exhibit threshold structure. We can see that the payoffs
of the SUs first decrease with Cs and finally remain a constant.
The reason is that once Cs enters into the High Sensing Cost
Regime, the realized sensing bandwidth maintains to be zero
and thus further increase in Cs will not influence the price
of the spectrum for SUs. Therefore, the payoffs of the SUs
remain unchanged. A comparison between SU1 and SU2 also
shows that the SU with larger willingness-to-pay and wireless
characteristic (e.g., SU2 here) enjoys larger payoff.

Next, we study the influence of the sensing realization factor
α on the profit of the C-MVNO, the optimal leasing bandwidth,
the price of SU and the payoff of SU, where we set Cl = 1 and Cs

to be 0.2,0.45, and 0.7 to represent the Low, Medium, and High
Sensing Cost Regimes, respectively. The willingness-to-pay
parameter θ and the wireless characteristic g of the SU whose
price and payoff are shown are 5 and 50, respectively. The
results are shown in Fig. 6. We can see that all results exhibit
threshold structure and the sensing realization factor α has no
influence on any network behavior in the High Sensing Cost
Regime since the corresponding B∗

s is zero. From Fig. 6(a), we
can see that the profit of the C-MVNO increases as α increases
in the Medium Sensing Cost Regime, but saturates in the Low
Sensing Cost Regime. This is because, with large enough α, we
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Fig. 6. Impact of the sensing realization factor α. (a) Impact of α on the
realized profit of the C-MVNO. (b) Impact of α on the optimal leasing
bandwidth. (c) Impact of α on the realized price of a SU. (d) Impact of α on the
realized payoff of a SU.

have αBs ≥ D, and according to Lemma 2, the profit becomes
independent with α. Similar arguments apply to Fig. 6(b)–(d).

Furthermore, we compare the heterogeneous scheme pro-
posed in this paper with the homogeneous scheme proposed
in [20]. In order to have a fair comparison, we change the
simulation parameters to: I = 19,θi = 0.1i, |Si| = 20 and
gi j = 100,∀ i, j,Gi = 2000,∀1 ≤ i ≤ I. Hence, the average
willingness-to-pay is θ = 1. The results are shown in Fig. 7,
from which we can see that the proposed algorithm achieves
much better profit for C-MVNO than the scheme in [20]. The
reason can be explained as follows. Since the homogeneous
scheme in [20] can only handle the homogeneous case, it
will treat all heterogeneous SUs as homogeneous SUs with
average willingness-to-pay parameter θ = 1. In such a case,
the total demand of the SUs will not match with the bandwidth
procured by the C-MVNO, due to which the procured spectrum
may be wasted or may not be enough to serve all SUs, and
thus the profit of C-MVNO is degraded. Therefore, when the
SUs are heterogeneous, which is generally the case in reality,
differentiated pricing should be used to achieve the optimal
profit for C-MVNO.

Finally, we consider the case where the sensing realization
factor α is not uniformly distributed. We note that, regardless
of the distribution of α, the best responses of the leasing
bandwidth, pricing and admission control remain the same, i.e.,
Lemmas 1, 2, and 3 always hold. Compared to the uniformly
distributed α case, the only difference lies in the spectrum sens-
ing decision. In general, when α is not uniformly distributed,
we cannot find simple solution structure for the optimal sensing
bandwidth B∗

s as in Lemma 4. However, we could find a
simple upper bound for the optimal B∗

s as follows. According
to Lemma 1, the C-MVNO should not procure spectrum more
than ∑I

i=1 Gie−2 since the C-MVNO will never sell more spec-
trum in the optimal pricing. Hence, the optimal B∗

s should be no
more than Cl

Cs
∑I

i=1 Gie−2. Otherwise, an obviously better choice

Fig. 7. A comparison between the heterogeneous scheme proposed in this
paper and the homogeneous scheme proposed in [20].

Fig. 8. The α is distributed according to truncated Gaussian. (a) Finding the
optimal sensing bandwidth. (b) The optimal profit.

would be Bs = 0,Bl = ∑I
i=1 Gie−2. With this upper bound, to

find the optimal B∗
s , we perform an exhaustive search on the

interval [0,∑I
i=1 Gie−2]. Though termed exhaustive search, the

process has very low computational overhead and we generally
only need to evaluate dozens of (e.g., 30) values of the expected
profit. This procedure is illustrated in Fig. 8(a), where we only
need to evaluate the expected profit from Bs = 0 to the dashed
lines, i.e., the upper bound mentioned previously. The α follows
a truncated Gaussian distribution with mean 0.5 and variance
0.04 over the interval [0,1]. We further plot the relationship
between the optimal profit and the sensing/leasing costs Cs,Cl

in Fig. 8(b). Similar to the uniformly distributed α scenario,
the optimal profit decreases with Cs and Cl and saturates when
Cs is large enough in which case the C-MVNO will sense no
spectrum, i.e., B∗

s = 0.

V. CONCLUSION AND FUTURE WORK

In this paper, we study the optimal spectrum sensing, spec-
trum leasing, admission control as well as differentiated pricing
decisions from a C-MVNO’s perspective. The SUs are hetero-
geneous in their demands of spectrum and this heterogeneity is
modeled as different willingness-to-pay parameters. Knowing
the characteristic of each SU, we invoke differentiated pricing
instead of single pricing to improve the profit of the C-MVNO.
Formulating the problem as a Stackelberg game, we use
backward induction to analyze the optimal decisions of the
C-MVNO as the equilibrium of the game. A simple algo-
rithm of computing the optimal decisions of the C-MVNO is
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explicitly derived and presented. At last, numerical experiments
are implemented to confirm the optimality of the proposed
algorithm as well as to explore the structure of solution.

There are two directions for future work. First, in practice,
there may be more than one C-MVNO and there may exist
competition between the multiple C-MVNOs [9]. Unlike the
monopoly case studied in this paper, the case of multiple non-
cooperative C-MVNOs needs a new dynamic game formulation
and analysis such as in [22]. Intuitively, competition between
the C-MVNOs may degrade their profits and enhance the
utilities of the SUs. It is interesting to see how the utility
improvement differs among the heterogeneous SUs. Second,
the C-MVNO may not have the complete information of all
the SUs in the cognitive network. For instance, the C-MVNO
may not estimate the willingness-to-pay and the wireless char-
acteristics of the users accurately. In such a case, differentiated
pricing scheme is inviable and a contract-theoretic formulation
is necessary [13], [21]. This may degrade the profit of the
C-MVNO. It is interesting to quantify this profit loss due to
the lack of user information.

APPENDIX A
PROOF OF LEMMA 1

By relating the constraint (8) with Lagrange multiplier λ≥ 0,
we can write the dual function of (P1) as:

g(λ) = inf
−→p 


−→
0

{
−

I

∑
i=1

piG̃i exp

{
−1− pi

θi

}

+ λ

(
I

∑
i=1

G̃i exp

{
−1− pi

θi

}
−B

)}

= −λB−
I

∑
i=1

θiG̃i exp

{
−2− λ

θi

}
,

where the minimum is obtained when pi = λ+ θi,1 ≤ i ≤ I.
Hence, the dual problem of (P1) can be written as follows.

(P2) max
λ≥0

−λB−
I

∑
i=1

θiG̃i exp

{
−2− λ

θi

}
(34)

The derivative of (34) with respect to λ is: −B +

∑I
i=1 G̃i exp{−2 − λ

θi
}. Hence, the optimal λ∗ of (P2) can be

either: 1) λ∗ = 0 if ∑I
i=1 G̃ie−2 ≤ B; or 2) the unique solution to

I

∑
i=1

G̃i exp

{
−2− λ∗

θi

}
= B, (35)

otherwise. Then, the optimal differentiated pricing, i.e., the
solution to (P1), is p∗i = λ∗+θi,1≤ i≤ I. If ∑I

i=1 G̃ie−2 ≤B, the
optimal value of (P1) is ∑I

i=1 θiG̃ie−2. Otherwise, the optimal
value is:

I

∑
i=1

(λ∗+θi)G̃i exp

{
−2−λ∗

θi

}
=λ∗B+

I

∑
i=1

θiG̃i exp

{
−2−λ∗

θi

}
,

(36)

where λ∗ is the unique solution to (35).

APPENDIX B
PROOF OF PROPOSITION 3.1

Case 1—Bs > D: In this case, utilizing Lemma 3, we have:

E(R) =(F −CsBs)

(
1− D

Bs

)
+

∫ D
Bs

A
Bs

[αBsλ∗(αBs)

+
I

∑
i=1

θiGi exp

{
−2− λ∗(αBs)

θi

}
−CsBs

]
dα

+
∫ A

0
Bs(E +αBsCl −CsBs)dα (37)

The first term corresponds to the scenario αBs ≥ D, while the
second term and the third term correspond to the scenarios
D > αBs ≥ A and A > Bs ≥ 0 respectively. Here we define
the function λ∗(t) as the unique solution to the equation:

∑I
i=1 Gi exp{−2− λ∗(t)

θi
}= t, where 0 < t ≤ D and the solution

λ∗(t) is always non-negative. Thus, the expression of E(R) in
(37) can be simplified into the following form:

E(R) = F − DF
Bs

−CsBs +
EA
Bs

+
ClA2

2Bs
+

1
Bs

∫ D

A
tλ∗(t)dt

+
1
Bs

∫ D

A

I

∑
i=1

θiGi exp

{
−2− λ∗(t)

θi

}
dt. (38)

Noting that d
dt ∑I

i=1 θiGi exp{−2− λ∗(t)
θi

}=−t dλ∗(t)
dt , we sim-

plify the last term in (37) into the following form:

∫ D

A

I

∑
i=1

θiGi exp

{
−2− λ∗(t)

θi

}
dt

= DF −AE −A2Cl −2
∫ D

A
tλ∗(t)dt, (39)

where we use λ∗(A) =Cl ,λ∗(D) = 0. We can further calculate
the integral term as follows:

∫ D

A
tλ∗(t)dt =

∫ 0

Cl

λ

(
I

∑
i=1

Gi exp

{
−2− λ

θi

})

×d

(
I

∑
i=1

Gi exp

{
−2− λ

θi

})
=H, (40)

where H is defined in (15). Substituting (39) and (40) back into
(38) yields:

E(R) = F −CsBs −
ClA2

2Bs
− H

Bs
. (41)

From (41), we observe that E(R) is a concave function of Bs on
the interval ∈ [D,+∞).

Case 2—D ≥ Bs >;A: In this case, we can evaluate E(R) as
follows:

E(R) =
EA
Bs

+
ClA2

2Bs
−CsBs +

1
Bs

∫ Bs

A
tλ∗(t)dt

+
1
Bs

∫ Bs

A

I

∑
i=1

θiGi exp

{
−2− λ∗(t)

θi

}
dt. (42)
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We further have:

I

∑
i=1

Niθi exp

{
−2− λ∗(Bs)

θi

}

=−Bsλ∗(Bs)+ACl +E +
∫ Bs

A
λ∗(t)dt. (43)

We rewrite the last term of (42) as:

∫ Bs

A

I

∑
i=1

θiGi exp

{
−2− λ∗(t)

θi

}
dt

= AClBs+Bs

∫ Bs

A
λ∗(t)dt+EBs−AE −A2Cl −2

∫ Bs

A
tλ∗(t)dt.

(44)

Substituting (44) into (42) yields:

E(R)=ACl+E−A2Cl

2Bs
−CsBs−

1
Bs

∫ Bs

A
tλ∗(t)dt+

∫ Bs

A
λ∗(t)dt.

(45)

Taking second order derivative of E(R) with respect to Bs

yields:

d2
E(R)
dB2

s
=− 1

B3
s

[
2

∫ Bs

A
tλ∗(t)dt −B2

s λ∗(Bs)+A2Cl

]
. (46)

Define the quantity inside the parentheses of (46) as f (Bs), i.e.,

f (Bs) = 2
∫ Bs

A
tλ∗(t)dt −B2

s λ∗(Bs)+A2Cl . (47)

Taking derivative of f (Bs), we obtain: d f (Bs)
dBs

=−B2
s

dλ∗(Bs)
dBs

≥ 0.
Thus, f (Bs) is an increasing function of when Bs ∈ [A,D]. We

further note that f (A) = 0. Hence, we have f (Bs) ≥ 0,∀Bs ∈
[A,D]. From (46), we know that d2

E(R)
dB2

s
≤ 0,∀Bs ∈ [A,D].

Hence, E(R) is a concave function of Bs on the interval [A,D].
Case 3—0 ≤ Bs ≤ A: In this case, we have:

E(R) =
∫ 1

0
(E +ClαBs−CsBs)dα = E +Bs

(
Cl

2
−Cs

)
, (48)

which is a linear function of Bs.
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