IEEE TRANSACTIONS ON SIGNAL AND INFORMATION PROCESSING OVER NETWORKS, VOL. 3, NO. 1, MARCH 2017

91

Understanding Popularity Dynamics:
Decision-Making With Long-Term Incentives
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Abstract—With the explosive growth of big data, human’s attention has become a scarce resource to be allocated to the vast
amount of data. Numerous items such as online memes, videos
are generated everyday, some of which go viral, i.e., attract lots of
attention, whereas most diminish quickly without any influence.
The recorded people’s interactions with these items constitute a
rich amount of popularity dynamics, e.g., hashtags mention count
dynamics, which characterize human behaviors quantitatively. It
is crucial to understand the underlying mechanisms of popularity dynamics in order to utilize the valuable attention of people
efficiently. In this paper, we propose a game-theoretic model to analyze and understand popularity dynamics. The model takes into
account both the instantaneous incentives and long-term incentives
during people’s decision-making process. We theoretically prove
that the proposed game possesses a unique symmetric Nash equilibrium (SNE), which can be computed via a backward induction
algorithm. We also demonstrate that, at the SNE, the interaction
rate first increases and then decreases, which confirms with the
observations from real data. Finally, by using simulations as well
as experiments based on real-world popularity dynamics data, we
validate the effectiveness of the theory. We find that our theory can
fit the real data well and also predict the future dynamics.
Index Terms—Game theory, popularity dynamics, symmetric
Nash equilibrium.

I. INTRODUCTION
N THE big data era nowadays, people not only read lots of
data but also create vast amount of data everyday through
interactions. For instance, Twitter users may mention or retweet
a hashtag; Youtube users can like or dislike a video; researchers
may quote keywords in papers. All of these interactions lead to
a notion of popularity dynamics such as: Twitter hashtags’ mention count dynamics and research keywords’ quotation dynamics. The popularity dynamics can describe and track people’s
interactions with different types of items. In general, people can
only pay limited attention to a limited number of items. When the
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Fig. 1. An illustration of the decision making problem of popularity dynamics.
We use the mentioning of a Twitter hashtag as an example here. Consider an
arbitrary Twiter user who observes a Twitter hashtag. He needs to decide whether
to mention this hashtag or not based on many factors including the intrinsic
quality and timeliness of the hashtag, his own interest, current popularity of the
hashtag and future actions of other users.

number of items are growing drastically, they can only focus on
certain items of their great interest. Meanwhile, in the real world,
some items go viral, i.e., appealing to lots of interactions and attentions from people, while most items diminish quickly without
any impact. To manage and utilize people’s valuable interactions
and attention better, it is crucial to understand the underlying
mechanisms of the popularity dynamics and thus explain the
reason why some items are so successful while others aren’t.
The process of the generation of popularity dynamics is complicated and involves the decision-making of many individuals.
Individual’s decision is influenced by many factors including the
quality and timeliness of the item, the personal preference of the
individual and others’ decisions. An example of Twitter hashtag
is illustrated in Fig. 1. Thus, to model the generation process of
the popularity dynamics accurately, we need to take many factors into consideration: the intrinsic attribute of an item, the decaying of the attractiveness of an item as time passes, the heterogeneity of individuals’ interests, and the influence of others’ decisions, i.e., network externality [1]. Since this involves the interactions between multiple decision makers, game theory [2] can
be a very suitable mathematical modeling tool here. By appealing to game theory, we can incorporate all the aforementioned
factors into the model of popularity dynamics and the equilibrium of the formulated game can facilitate the understanding or
even prediction of users’ behaviors in popularity dynamics.
In the literature, game theory has been utilized to model
popularity dynamics [3], [4]. However, most of existing

2373-776X © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

92

IEEE TRANSACTIONS ON SIGNAL AND INFORMATION PROCESSING OVER NETWORKS, VOL. 3, NO. 1, MARCH 2017

game-theoretic models only consider the instantaneous incentives of players, i.e., the decision-makers are myopic in the sense
that they only decide based on the current state of the system
or the current decisions of his neighbors in the network. All
the myopic players in the network iteratively update their decisions, leading to a popularity dynamics of an item. On the
contrary, in real-world, individuals are usually more farsighted:
they may predict the subsequent behaviors of other individuals
and then maximize their future benefits based on the predictions. In other words, individuals can have long-term incentives
which depend on other individuals’ future actions. For instance,
when a Twitter user is deciding whether to forward a tweet or
not, he may take the future influence of the tweet and the future actions of other users into account: will this tweet become
popular in the future or will many other users also forward this
tweet? This is illustrated in Fig. 1. Different from the previous
game-theoretic frameworks for information diffusion dynamics
[3], [4], our model incorporates both instantaneous incentives
and long-term incentives of individuals. The latter depends on
subsequential individuals’ actions in the future. Our main contributions in this paper can be epitomized as follows.
1) We propose a game-theoretic framework to model the sequential decision making process of general popularity
dynamics. The model incorporates both instantaneous incentives and long-term incentives so that the decisionmakers are farsighted enough to take others’ future actions
into account when making decisions.
2) We theoretically show that the formulated game has a
unique symmetric Nash equilibrium (SNE). We observe
that the SNE is in pure strategy form and possesses a
threshold structure. Furthermore, we design a backward
induction algorithm to compute the SNE.
3) From real data, we observe that: (i) most popularity dynamics first increase and then decrease and (ii) for some
dynamics, when they are increasing, the increasing speed
gradually slows down until they reach the peak and when
they are decreasing, the decreasing speed also gradually
slows down. We theoretically analyze these properties at
the SNE of the proposed game-theoretic model. We find
that the equilibrium behavior of the proposed game confirms with real data.
4) The proposed theory is validated by both simulations and
experiments based on real data. It is shown that the proposed game-theoretic model can even predict future dynamics of real data.
The roadmap of the rest of the paper is as follows. In
Section II, we review the existing literature on popularity dynamics. In Section III, we describe the model in detail and formulate the problem formally. In Section IV, equilibrium analysis
is conducted. In Section V, a property of the equilibrium is
shown. Simulations and real data experiments are carried out in
Section VI. In Section VII, we conclude this work.
II. RELATED WORKS
Recently, intensive research efforts have been devoted to network users’ behavior dynamics due to its importance [5]. In
[6], Ratkiewicz et al. studied the popularity dynamics of online

webpages and online topics. They proposed a model to combine
classic preferential attachment [7] with the random popularity
shifts incurred by exogenous factors. Shen et al. [8] proposed
to use reinforced Poisson processes to model the popularity dynamics and presented a statistical inference approach to predict
the future dynamics accordingly.
An important special case of popularity dynamics is the information diffusion dynamics over social networks, which have
attracted tremendous research efforts in the recent decade. The
abundant literature on information diffusion dynamics can be divided into two categories. In the first category, researchers combine data mining/machine learning techniques with empirical
observations from real-world datasets and propose simple models to explain the observed phenomena. Yang and Leskovec [9]
studied the temporal shapes of online information dynamics and
clustered these temporal dynamics into several patterns, which
suggest several types of information dynamics. In [10], the
authors empirically studied the temporal dynamics of online
memes and discovered interesting phenomena such as an average 2.5 hours lag between the peaks of a phrase in news media
and in blogs respectively. The role of social networks, i.e., the influence between network users, in information diffusion is studied in [11] through an experimental approach. In [12]–[14], with
machine learning approaches, the underlying implicit diffusion
networks are inferred from the observed information cascades to
better understand the diffusion processes. Guille and Hacid [15]
proposed a predictive model for information diffusion process,
which could predict the future information dynamics accurately.
In the second category, game-theoretic analyses were conducted
to understand the information diffusion processes from the perspective of individual user’s decision making. This category has
closer relationship with this paper. Jiang et al. [3], [4] exploited
evolutionary game theory to model and analyze the information
diffusion dynamics, where the information diffusion is treated
as the consequence of the games played by the network users.
In [3], [4], the users were assumed to be myopic and didn’t
take other individuals’ future actions into account when making
decisions. Furthermore, in [16], the authors proposed a sequential game model to analyze the voting and answering behaviors
in social computing systems such as Stack Overflow, which
inspired our model in this work. The differences between the
model in [16] and the model here are: (i) we focus on characterizing the temporal dynamics of the interactions while the
main goal of [16] was to describe users’ behaviors (voting and
answering) when facing with certain system states; (ii) we include preferential attachment [7] (a universal phenomenon in
network science that items with large popularity are more visible and hence can gain new popularity more easily) into our
model while [16] didn’t.
There are also many domain specific research literature on
popularity dynamics. The citation dynamics were studied in
[17] and a universal formula was proposed to characterize the
temporal citation dynamics of individual papers. The channel
popularity dynamics of Internet Protocol TV were investigated
in [18] while the authors in [19] proposed a model predict the
dynamics of news. Furthermore, a model for Twitter dynamics
was presented in [20] while the dynamics of viral marketing
were studied in [21].
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TABLE I
GAME-THEORETIC MODEL FOR POPULARITY DYNAMICS
Game-theoretic model

Popularity dynamics concepts

System state at time t
Players
Player type
Action set of each player

Cumulative interactions x t
People arriving at the system
Relevance of the item to the player θ ∈ [0, 1]
{interacting, not interacting}

III. MODEL
In the generation process of popularity dynamics, multiple
intelligent decision makers decide whether to interact with an
item or not with the goal of maximizing their own utilities. The
system has network externality [1], i.e., the utility of an individual is affected by other individuals’ actions, as explained
in Section I. Game theory is a mathematical tool to study the
decision-making of multiple strategic agents where one’s utility is influenced by others’ actions, and thus very suitable for
modeling the popularity dynamics. Additionally, there are various equilibrium concepts in the game theory literature which
can serve as predictions of individuals’ behaviors in popularity
dynamics and thus promote the understanding of the mechanisms of popularity dynamics. In this section, we will introduce
a game-theoretic model of the popularity dynamics in detail.
Suppose an item, item A, is generated. The item can be an
online meme, an online video or a keyword in scientific research. People decide whether to interact with item A or not
sequentially. For instance, Twitter users decide whether to mention a hashtag or not; Youtube users decide whether to like a
video or not; researchers decide whether to quote a keyword in
their papers or not. We view the cumulative interaction dynamics xt , i.e., the total number of interactions up to time t, as a
stochastic dynamical system. We assume people, i.e., players of
the game, arrive at the system at discrete time instants t ∈ N
(one player arrives at each time instant) and decide whether
to interact with item A or not. Players are heterogeneous and
have different types, which indicate the relevances of the item
to the different players. For example, for a Twitter hashtag related to football, football fans have higher types than normal
users; for a research keyword related to signal processing, researchers specializing in signal processing have higher types
than other researchers. We suppose that each player’s type θ is
a random variable distributed in [0, 1] with probability density
function (PDF) h(θ). The above concepts are summarized in
Table I.
To complete the game-theoretic formulation, we need to define the utilities of the players. As stated in Section I, the utility
should encompass both the immediate effect and the future effect of the interactions. Furthermore, due to the preferential
attachment property of networks [7], items which already get
many interactions should be more visible, i.e., easier to be found
by players arriving at the system. Combining all these factors,
the proposed model can be illustrated in Fig. 2. When a player
arrive at the system with state x, the item will be visible to him
with some probability related to the current state of the system.

Fig. 2. Illustration of the state transition in the system model. The numbers
inside the blue circle are the current states. The numbers inside the green square
are the types of the arriving players.

If the item is visible to the player and he chooses to interact
with the item, then he will get an instantaneous reward which
depends on both the type (e.g., hobbies) of the player and the
state of the system. Afterwards, whenever there is a new interaction with the item (occurs at say, state y), the aforementioned
player will obtain a future reward because the current interacting
player may pay attention to him. The overall utility of the player
will be a discounted sum of the instantaneous reward and all the
future rewards. In the following, we specify these components
of the model in more detail.
A. Instantaneous Reward
Each player choosing to interact with item A gets an instantaneous reward R(x, θ), where x is the state of the system
when the interaction occurs and θ is the type of the player. For
instance, if a Twitter user is interested in a hashtag, then by mentioning this hashtag, the user will gain some immediate utility.
The instantaneous reward depends on the system state since the
immediate utilities of an item at different stages (e.g., incipient
stage, blooming stage and ending stage) are different. The instantaneous reward also depends on the type of the interacting
player because the same item is of different relevances to players of different types: a football fan can get much more utility
by mentioning a football related hashtag than a normal Twitter
user. Note that R(x, θ) can also be negative since the interaction implicitly incurs a cost for the player, e.g., by mentioning
a hashtag, a Twitter user needs to spend some time and efforts
during the manipulation. Now, we impose five assumptions on
the function R(x, θ) as follows.
1) R(x, θ) decreases with respect to x.
2) R(x, θ) strictly increases with respect to θ.
3) R(x, θ) is continuous with respect to θ, for each given x.
4) R(0, 0) < 0 and R(0, 1) > 0.
5) limx→∞ R(x, 1) < 0.
The five assumptions can be justified as follows respectively.
(1) Taking timeliness of the item into account, players who interact with the item early (when x is small) should get higher utility than those who interact later (when x is large). For example,
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a Twitter user mentioning up to date hashtags should gain higher
instantaneous reward than a user mentioning outdated hashtags.
(2) Those players who find the item more relevant gain higher
instantaneous reward by interacting with it. (3) A technical assumption. (4) Initially (i.e., x = 0), some players’ instantaneous
rewards are positive while some are negative. (5) Even for those
who find the item very relevant (θ = 1), if the item is very
outdated (x → ∞), then it is no longer attractive.
B. Future Reward
For a player B choosing to interact with item A, whenever
there is a subsequent interaction with item A, this subsequent
interacting player will pay attention to player B with probability
1
x , where x is the system state when this subsequent interaction
occurs. Thus player B will receive an expected reward of x1 due
to the possible attention he gets. This reward is called the future reward since it is obtained after the interaction occurs. For
instance, if a Twitter user B mentions a hashtag A, and later,
when hashtag A has already been mentioned x times, another
user C also mentions hashtag A. In such a case, user C may visit
those users who have mentioned hashtag A, and with probability x1 , user B will be visited by user C. We further assume
players discount future reward with factor 0 < λ < 1, which is
a common assumption in dynamic games and sequential decision making. The instantaneous reward and the future reward
together constitute the utility of an interacting player.

recursively as follows. ∀x ≥ 1:
instantaneous reward at the current time slot

  
f (x)pπ (x)
gπ (x) =
x
π
+ λ {f (x)p (x)gπ (x + 1) + [1 − f (x)pπ (x)] gπ (x)} . (1)



reward in future time slots

Denote u(x, θ, a, π) the utility of a type-θ player who enters the
system in state x and takes action a while other players adopt
action rule π. Thus,
⎧
⎪
⎨ R(x, θ) + λgπ (x + 1),
if a = interacting,
u(x, θ, a, π) =
⎪
⎩
0
if a = not interacting.
(2)
If a player chooses mixed action, i.e., interacting with
probability q, then his/her utility is:
U(x, θ, q, π) = q[R(x, θ) + λgπ (x + 1)].
E. Solution Concept
In this work, the solution concept is chosen to be the symmetric Nash equilibrium (SNE), which is defined in the following.
Definition 1: An action rule π ∗ is said to be a symmetric
Nash equilibrium (SNE) if:
π ∗ (x, θ) ∈ arg max U(x, θ, q, π ∗ ), ∀x ∈ N, θ ∈ [0, 1]. (4)
q ∈[0,1]

C. Visibility Probability
We assume one player arrives at the system at each time
instant. Item A is visible to a player with probability f (x) ∈
[0, 1], where x is the system state when the player arrives. In
other words, after a player arrives, he/she will notice item A
with probability f (x). We also impose several assumptions on
the visibility probability function f (x) as follows.
1) f (x) increases with x. Justification: Popular items are more
visible. This is also refereed as the ‘rich gets richer’ or
preferential attachment phenomenon in network science
[7].
2) f (0) > 0. Justification: Even the most unpopular item is
visible with positive probability.
D. Action Rule and Utility Function
When a player arrives at the system and sees item A, he/she
needs to decide whether to interact with the item or not based
on the current system state x and his/her type θ. For sake of
generality, we allow the players to use mixed action rule π : N ×
[0, 1] :→ [0, 1], where π(x, θ) is the probability of choosing the
action interacting when the state is x and the type of the
player is θ. Denote the set of all possible mixed action rules
as Π. We denote gπ (x) the long-term utility of an interacting
player starting from state x while the subsequent players use
action rule π.
Denote pπ (x) = Eθ [π(x, θ)], i.e., the expected probability of
a new interaction when the system state is x and users adopt
action rule π. Thus, the long term utility gπ (x) can be computed

(3)

In an SNE, no player wants to deviate unilaterally, hence the
action rule is self enforcing.
IV. EQUILIBRIUM ANALYSIS
In this section, we show that there is a unique SNE of the formulated game. A backward induction algorithm for computing
this unique SNE is also presented.
The infinite-horizon sequential game is effectively of finite
length, given the following lemma, which says that no one will
interact with item A after a certain number of interactions is
reached.
Lemma 1: There exists an x̃ ∈ N such that ∀x ≥ x̃, θ ∈
[0, 1], π ∈ Π:
u(x, θ, interacting, π) < u(x, θ, not interacting, π),
(5)
i.e., the action interacting is strictly dominated by the
action not interacting regardless of the player type and
other players’ action rule.
Proof: The long-term utility of an interacting player starting
from state x while subsequent players use action rule π can be
upper bounded as follows:
∞

gπ (x) = E{x t }∞t = 2

λt−1
t=1

∞

≤

λt−1
t=1

f (xt )pπ (xt )
π, x1 = x
xt

1
1
=
→ 0, as x → ∞.
x
(1 − λ)x

(6)
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Algorithm 1: Computation of the unique equilibrium.
Inputs:
Instantaneous reward function R(x, θ).
Player type PDF h(θ).
Visibility probability function f (x).
Discount factor λ.
Outputs:
Unique equilibrium action rule π ∗ (x, θ).
1: When x ≥ x̂ + 1: π ∗ (x, θ) = 0, θ ∈ [0, 1]; gπ ∗ (x) = 0.
2: Let x = x̂.
3: while x ≥ 0 do
4:
if R(x, 0) + λgπ ∗ (x + 1) > 0 then
5:
θx∗ = 0,
6:
else
7:
θx∗ is the unique solution of
R(x, θ) + λgπ ∗ (x + 1) = 0.
8:
end if
9:
Compute:

1, if θ ≥ θx∗ ,
π ∗ (x, θ) =
(7)
0, if θ < θx∗ ,
 1
∗
pπ (x) =
h(θ)dθ,
(8)
θ x∗

gπ ∗ (x) =

1
1 − λ[1 − f (x)pπ ∗ (x)]

(9)



∗
f (x)pπ (x)
π∗
+ λf (x)p (x)gπ ∗ (x + 1) . (10)
x
10:
x ← x − 1.
11: end while

Note that limx→∞ R(x, 1) < 0. So, there exists an x̃ ∈ N, such
that ∀x ≥ x̃:
R(x, 1) +

λ
< 0.
(1 − λ)x

(11)

Hence, ∀x ≥ x̃, θ ∈ [0, 1], π ∈ Π:
R(x, θ) + λgπ (x + 1) ≤ R(x, 1) +

λ
< 0,
(1 − λ)x

(12)

i.e., u(x, θ, interacting, π) < u(x, θ, not interacting, π)
due to the utility expression in (2).

Denote x̂ = max{x ∈ N|R(x, 1) > 0}. We design a backward induction algorithm, Algorithm 1, to compute the SNE.
We first show that the action rule obtained from Algorithm 1 is
indeed an SNE.
Theorem 1: (Existence of the SNE) The action rule π ∗ computed by Algorithm 1 is an SNE.
Proof: According to Lemma 1, ∀x ≥ x̃, θ ∈ [0, 1] : arg
maxq ∈[0,1] U(x, θ, q, π ∗ ) = {0}. Thus, π ∗ (x, θ)∈ arg maxq ∈[0,1]
U(x, θ, q, π ∗ ), ∀x ≥ x̃, θ ∈ [0, 1].

95

When x̂ + 1 ≤ x ≤ x̃ − 1, we have the following. ∀θ ∈
[0, 1]:
u(x, θ, interacting, π ∗ ) = R(x, θ) + λgπ ∗ (x + 1)
= R(x, θ) ≤ R(x, 1) ≤ 0.(13)
So, π ∗ (x, θ) = 0 ∈ arg maxq ∈[0,1] U(x, θ, q, π ∗ ).
When x = x̂, we still have u(x̂, θ, interacting, π ∗ ) =
R(x, θ). If θ ≥ θx∗ , we have u(x̂, θ, interacting, π ∗ ) ≥ 0 and
thus π ∗ (x, θ) = 1 ∈ arg maxq ∈[0,1] U(x, θ, q, π ∗ ). If θ < θx∗ , we
have u(x̂, θ, interacting, π ∗ ) < 0 and hence π ∗ (x, θ) = 0 ∈
arg maxq ∈[0,1] U(x, θ, q, π ∗ ).
When x ≤ x̂ − 1, we discuss two cases:
1) Case 1: R(x, 0) + λgπ ∗ (x + 1) > 0. In this case, θx∗ =
0 and π ∗ (x, θ) = 1, ∀θ∈[0, 1]. Thus, u(x, θ, interacting,
π ∗ ) ≥ R(x, 0) + λgπ ∗ (x + 1) > 0, ∀θ. Hence, π ∗ (x, θ) =
1 ∈ arg maxq ∈[0,1] U(x, θ, q, π ∗ ), ∀θ.
2) Case 2: R(x, 0) + λgπ ∗ (x + 1) ≤ 0. In such a case,
if θ ≥ θx∗ , then u(x, θ, interacting, π ∗ ) ≥ 0 and
thus π ∗ (x, θ) = 1 ∈ arg maxq ∈[0,1] U(x, θ, q, π ∗ ). Otherwise, if θ < θx∗ , then u(x, θ, interacting, π ∗ ) < 0 and
π ∗ (x, θ) = 0 ∈ arg maxq ∈[0,1] U(x, θ, q, π ∗ ).
Overall, we always have π ∗ (x, θ) ∈ arg maxq ∈[0,1] U(x, θ,
q, π ∗ ), ∀x, θ ∈ [0, 1].

We further prove that the π ∗ computed in Algorithm 1 is
indeed the unique SNE.
Theorem 2: (Uniqueness of the SNE) Suppose the distribution of player type θ is atomless, i.e., h(θ) is finite for every
θ ∈ [0, 1]. Then, any SNE π̃ differs with π ∗ for zero mass players, i.e., P {π̃(x, θ) = π ∗ (x, θ)} = 0 for every x ∈ N.
Proof: Suppose π̃ is an SNE, i.e., π̃(x, θ) ∈ arg maxq ∈[0,1]
U(x, θ, q, π̃), ∀x, θ ∈ [0, 1]. In the following, we show that π̃
differs from π ∗ for zero-mass players. We discuss for different
values of x as follows.
1) Case 1: x ≥ x̃. From Lemma 1, we know that ∀θ ∈ [0, 1],
u(x, θ, interacting, π̃)<0. So, π̃(x, θ) = 0 = π ∗ (x, θ).
2) Case 2: x̂ + 1 ≤ x ≤ x̃ − 1. First, we note that u(x̃ − 1,
θ, interacting, π̃) = R(x̃ − 1, θ). When θ < 1, u(x̃ −
1, θ, interacting, π̃) < 0, and thus π̃(x̃ − 1, θ) = 0.
Hence, pπ̃ (x̃ − 1) = 0 and gπ̃ (x̃ − 1) = 0. Suppose we
have π̃(x + 1, θ) = gπ̃ (x + 1) = 0, where x̂ + 1 ≤ x ≤ x̃
− 2. Then, for θ < 1, we have u(x, θ, interacting, π̃) =
R(x, θ) < 0. Hence, π̃(x, θ) = 0, ∀θ. Thus, px̃ (x) =
gx̃ (x) = 0. By induction, we know that π̃(x, θ) = gπ̃ (x) =
0, ∀x̂ + 1 ≤ x ≤ x̃ − 1 and θ < 1. In particular, we still
have π̃(x, θ) = π ∗ (x, θ), ∀x̂ + 1 ≤ x ≤ x̃ − 1 and θ < 1.
3) Case 3: x = x̂. u(x̂, θ, interacting, π̃) = R(x̂, θ). If
θ > θx̂∗ , we have u(x̂, θ, interacting, π̃) > 0 and thus
π̃(x̂, θ) = 1. Similarly, if θ < θx̂∗ , we have π̃(x̂, θ) =
0. So, π̃(x̂, θ) = π ∗ (x̂, θ), ∀θ = θx̂∗ . Hence, pπ̃ (x̂) =
∗
pπ (x̂), gπ̃ (x̂) = gπ ∗ (x̂), π̃(x̂, θ) = π ∗ (x̂, θ), ∀θ = θx̂∗ .
4) Case 4: x ≤ x̂ − 1. Suppose for some 1 ≤ x ≤ x̂ − 1, we
have gx̃ (x + 1) = gπ ∗ (x + 1) and π̃(x + 1, θ) = π ∗ (x +
∗
. We note that these already hold for
1, θ), ∀θ = θx+1
x = x̂ − 1 according to Case 3. Thus, we have u(x, θ,
interacting, π̃) = R(x, θ) + λgπ̃ (x + 1) = R(x, θ) +
λgπ ∗ (x + 1). If θ > θx∗ , we have u(x, θ, interacting,
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Fig. 4.

Fig. 3.

Real-world popularity dynamics [9], [22].

π̃) > 0 and thus π̃(x, θ) = 1. Otherwise, if θ < θx∗ , we
have u(x, θ, interacting, π̃) < 0 and π̃(x, θ) = 0. Consequently, we have π̃(x, θ) = π ∗ (x, θ), ∀θ = θx∗ and hence
gπ̃ (x) = gπ ∗ (x). So, by induction, we have π̃(x, θ) =
π ∗ (x, θ), ∀θ = θx∗ , ∀x ≤ x̂ − 1, θ = θx∗ .
In all, we have π̃ = π ∗ except for a zero mass amount of
players.

Remark 1: The unique SNE of the game is in pure strategy
form and possesses a threshold structure. For every state x, there
exists a threshold θx∗ such that a player of type θ will interact
with item A if and only if θ ≥ θx∗ .
V. POPULARITY DYNAMICS AT THE EQUILIBRIUM
In this section, we first observe some properties of popularity
dynamics from real data. Then, we analyze the corresponding
properties at the equilibrium of the proposed game. We find that
the equilibrium behavior of the proposed game-theoretic model
confirms with the real data.
A. Observations from Real Data
In Fig. 3, we plot mention dynamics of popular memes and
sum citation dynamics of all the papers published in Nature in
1990. Here, we use the dynamics of memes and the citation
dynamics of papers as examples of popularity dynamics.
We observe that, typically, the popularity dynamics of an
item will first increase and then decrease, leading to a peak in
the dynamics. This is a general first order property of popularity
dynamics. Thus, a natural question is: does the equilibrium
behavior of the proposed game-theoretic model possess this
property? Intuitively, it should. The reason is as follows. At

Simulation results under different parameter setups.

first, according to our model, the visibility probability is low
since the item has few interactions. As time goes, the item
accumulates more interactions so that the visibility probability
increases and the interaction rate, i.e., the dynamics observed
in Fig. 3, also increases. When time is sufficiently large, the
visibility probability basically saturates. With the augment of
the cumulative interactions, the instantaneous reward and longterm reward decreases so that few players will further interact
with the item, leading to a decrease in interaction rate. In next
subsection, we will formally state and prove this first order
property.
Furthermore, we observe that some popularity dynamics, especially the citation dynamics of papers as in Fig. 3-(b), Fig. 6
and Fig. 7-(c)(d), have the following second order property:
when it is increasing, its increasing speed gradually slows down
and when it is decreasing, its decreasing speed also gradually
slows down. This behavior is reasonable. Many items’ interaction rates increase drastically when they first come out and keep
increasing (but at a lower speed) until they reach the peak. Later,
after the items are no longer that popular, their interaction rates
decrease quickly and will keep decreasing for some time (but at
a lower speed). In next subsection, we will formally state and
prove this second order property under certain assumptions.
B. Properties at the Equilibrium
Generally, the unique SNE should be computed using the
backward induction as specified in Algorithm 1, which is hard
to analyze. To facilitate analysis, we further restrict attention to
models satisfying the following three assumptions:
1) (Linear reward) R(x, θ) = −x + aθ − b, where a > b
> 0.
2) (Uniform player type distribution) h(θ) = 1, ∀θ ∈ [0, 1].
3) (Saturated visibility probability) There exists a x̌ ∈ N less
than x̂ = a − b such that: ∀x ≥ x̌ : f (x) = 1, and ∀1 ≤
x ≤ x̌:
1 + xλ
f (x)
≥1+
.
f (x − 1)
a − b − x̌

(14)

These three assumptions can be justified as follows. (1) Linear
reward is used to simplify the analysis and it indeed increases
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Fitting paper citation dynamics.

slow. Note that the R.H.S. of (14) is very close to 1 since the
numerator of the ratio is close to 1 while the denominator is
some integer much larger than 1 generally. So, the assumption
is indeed very weak.
∗
Denote r(x) = f (x)pπ (x), i.e., the probability that there is
a new interaction at state x in the SNE. We first show the first
order property of the SNE.
Theorem 3: (First order characterization of the SNE) Suppose the assumptions (1)(2)(3) hold, the SNE π ∗ satisfies the
following:
1) For 1 ≤ x ≤ x̌: r(x) ≥ r(x − 1);
2) For x ≥ x̌: r(x) ≥ r(x + 1).
In other words, the interaction rate r(x) first increases and
then decreases.
Proof: According to the assumptions of linear reward and
uniform player type distribution, we can obtain closed form ex∗
pression of the iterative update of θx∗ and pπ (x) in Algorithm 1
as follows: ∀x ≤ x̂ = a − b :

Fig. 5.

Fitting Twitter hashtag dynamics.

with θ and decreases with x, which coincides with the assumptions in Section III. (2) Uniform player type distribution is also to
simplify calculations though our analysis is applicable to more
complicated distributions in principle. (3) When the number of
interactions is large enough, the item becomes ‘famous’ enough
so that it is visible to everyone arriving at the system. Before
this saturation occurs, however, it increases at a speed not too

1
∗
pπ (x) = 1 − (x + b − λgπ ∗ (x + 1))+ ,
(15)
a
1
gπ ∗ (x) =
1 − λ(1 − f (x)pπ ∗ (x))


∗
f (x)pπ (x)
∗
+ λf (x)pπ (x)gπ ∗ (x + 1) , (16)
x
where x+  max{x, 0}.
We first consider the case x ≥ x̌. In the following, we show
that gπ ∗ is decreasing for x̌ ≤ x ≤ x̂ + 1. When x̌ ≤ x ≤ x̂,
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π∗

p (x)
, ∀m ≤ x ≤
Suppose gπ ∗ (x) ≥ gπ ∗ (x + 1) and gπ ∗ (x) ≤ (1−λ)x
x̂ for some x̌ + 1 ≤ m ≤ x̂ (note that we already show that
these hold for m = x̂). We next show gπ ∗ (m − 1) ≥ gπ ∗ (m)
π∗

p (m −1)
and gπ ∗ (m − 1) ≤ (1−λ)(m
−1) .
According to (15), for m ≤ x ≤ x̂:

1
∗
pπ (x − 1) = 1 − (x − 1 + b − λgπ ∗ (x))+ ,
a
1
∗
pπ (x) = 1 − (x + b − λgπ ∗ (x + 1))+ .
a

(19)
(20)

Since gπ ∗ (x) ≥ gπ ∗ (x + 1), ∀m ≤ x ≤ x̂, comparing the
∗
∗
above two expressions, we have pπ (x − 1) ≥ pπ (x), ∀m ≤
π∗
π∗
x ≤ x̂. In particular, p (m − 1) ≥ p (m), thus,
∗

gπ ∗ (m) ≤

∗

pπ (m − 1)
pπ (m)
≤
.
(1 − λ)m
(1 − λ)(m − 1)

(21)

Hence, by (17) and (21), we obtain:
gπ ∗ (m − 1) − gπ ∗ (m)
=



∗
1
1−λ
pπ (m − 1)
∗
−
g
(m)
π
1 − λ(1 − pπ ∗ (m − 1)) m − 1 pπ ∗ (m − 1)

≥ 0.

(22)

So, gπ ∗ (m − 1) ≥ gπ ∗ (m). In addition:
∞

gπ ∗ (m − 1) = E

∗

λ

t−1

t=1
∞

≤

∗

λ
t=1

t−1

pπ (xt ) ∗
π ,m − 1
xt
∗

pπ (m − 1)
pπ (m − 1)
=
.(23)
m−1
(1 − λ)(m − 1)

Hence, by induction, we have gπ ∗ (x) ≥ gπ ∗ (x + 1) and
π∗

Fig. 7.

Predicting future dynamics.

noticing that f (x) = 1, we rewrite (16) as:
gπ ∗ (x) − gπ ∗ (x + 1)
=



∗
1
1−λ
pπ (x)
∗
−
g
(x
+
1)
. (17)
π
1 − λ(1 − pπ ∗ (x)) x pπ ∗ (x)

p (x)
gπ ∗ (x) ≤ (1−λ)x
, ∀x̌ ≤ x ≤ x̂. Thus, by (15), we have: pπ (x −
∗
∗
1) ≥ pπ (x), ∀x̌ ≤ x ≤ x̂. Note that pπ (x) = 0, ∀x ≥ x̂ + 1
∗
since π (x, θ) = 0, ∀x ≥ x̂ + 1, θ ∈ [0, 1]. Thus, for x ≥ x̌:
∗
∗
pπ (x) ≥ pπ (x + 1). So, for x ≥ x̌: r(x) ≥ r(x + 1).
Next, we consider the case x ≤ x̌(≤ x̂). In such a case, we
rewrite the update equations (15) and (16) in terms of gπ ∗ and r
as follows:
∗



1
r(x)
∗
+ λgπ (x + 1) ,
g (x) =
1 − λ(1 − r(x)) x
π∗

Since gπ ∗ (x̂ + 1) = 0, we have:

∀1 ≤ x ≤ x̌,
(24)


1
r(x) = 1 − (x + b − λgπ ∗ (x + 1))+ f (x),
a

0 = gπ ∗ (x̂ + 1) ≤ gπ ∗ (x̂)
∗

=

∗

pπ (x̂)
pπ (x)
≤
.
∗
[1 − λ(1 − pπ (x̂))]x̂
(1 − λ)x̂

(18)

∀0 ≤ x ≤ x̌.

(25)
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Rewriting (24) yields: ∀1 ≤ x ≤ x̌:

Combining (35) and (36) yields:
1 − a1 (x − 1 + b − λgπ ∗ (x))+
f (x)
,
≤
1
+
f (x − 1)
1 − a (x + b − λgπ ∗ (x + 1))

gπ ∗ (x) − gπ ∗ (x + 1)


1 1−λ
r(x)
−
gπ ∗ (x + 1)
=
1 − λ(1 − r(x)) x
r(x)
≤

r(x) ≥ r(x − 1),

1
≤ .
x

(26)

For 1 ≤ x ≤ x̌:
1 − a1 (x + b − λgπ ∗ (x + 1))+ f (x)
r(x)
=
. (27)
r(x − 1)
1 − a1 (x − 1 + b − λgπ ∗ (x))+ f (x − 1)
For 1 ≤ x ≤ x̌, from (26) we have:
(x + b − λgπ ∗ (x + 1)) − (x − 1 + b − λgπ ∗ (x))
λ
.
x

(28)

So,
λ
(x + b − λgπ ∗ (x + 1))+ − (x − 1 + b − λgπ ∗ (x))+ ≤ 1 + .
x
(29)
Hence,


1
1 − (x + b − λgπ ∗ (x + 1))+
a


1
+
− 1 − (x − 1 + b − λgπ ∗ (x))
a


1
λ
≤
1+
.
(30)
a
x
We further know that:
1
1
1 − (x + b − λgπ ∗ (x + 1))+ ≥ 1 − (x + b)
a
a
1
≥ 1 − (x̌ + b).
a

(37)

which, according to (27), is equivalent to:

1
r(x)
1 − λ(1 − r(x)) x

= 1 + λ[gπ ∗ (x) − gπ ∗ (x + 1)] ≤ 1 +
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(38)

where 1 ≤ x ≤ x̌.

Next we turn to the second order property of the SNE.
Theorem 4: (Second order characterization of the SNE) Suppose that the assumptions (1)(2)(3) hold. Further assume
 that
1+ xλ
1
(i) λ ≤ a−b
f (x −
and (ii) ∀2 ≤ x ≤ x̌: f (x) + 1 + a−b−x̌

2) ≤ 2f (x − 1). Then the SNE π ∗ satisfies the following:
1) For 2 ≤ x ≤ x̌: 0 ≤ r(x) − r(x − 1) ≤ r(x − 1) −
r(x − 2);
2) For x ≥ x̌ + 2: 0 ≤ r(x − 1) − r(x) ≤ r(x − 2) −
r(x − 1).
In other words, we have: (a) when r(x) is increasing, its
increasing speed gradually slows down; (b) when r(x) is decreasing, its decreasing speed also gradually slows down.
Proof: We first consider the case x̌ + 2 ≤ x ≤ x̂ − 1. From
1
, we get:
λ ≤ a−b


λ
λ a − b − x̌ +
≤ 1.
(39)
(1 − λ)(x̌ + 1)
∗

Since pπ (x) is decreasing for x ≥ x̌, we have:
∗

∗

pπ (x) ≤ pπ (x̌)
1
= 1 − (x̌ + b − λgπ ∗ (x̌ + 1))
a
λ
1
≤ 1 − (x̌ + b) +
a
a(1 − λ)(x̌ + 1)
1
,
(40)
λa
where in the second last inequality and last inequality we make
use of (6) and (39) respectively. Furthermore,
≤

∗

pπ (x)
1
=
≤ 1.
1 − λ(1 − pπ ∗ (x))
λ + p π1−λ
∗
(x)

(31)

(41)

So, together with (40), we have:

Thus,
1 − a1 (x − 1 + b − λgπ ∗ (x))+
−1
1 − a1 (x + b − λgπ ∗ (x + 1))+


1
λ
a 1+ x
≤
1 − (x + b − λgπ ∗ (x + 1))+


1
λ
a 1+ x
≤
1 − a1 (x̌ + b)
=

1 + xλ
.
a − b − x̌

∗

(32)

(42)

For any x̌ ≤ x ≤ x̂:
(33)

x + b − λgπ ∗ (x + 1)
≥ x̌ + b − λgπ ∗ (x̌ + 1)

(34)

≥ x̌ + b −

λ
(1 − λ)(x̌ + 1)

≥ 0.

(35)

(43)

So, from (15), for any x̌ + 2 ≤ x ≤ x̂ − 1, we obtain:

Note that for 1 ≤ x ≤ x̌:
1 + xλ
f (x)
1+
≤
.
a − b − x̌
f (x − 1)

λpπ (x)
1
≤ π∗
.
1 − λ(1 − pπ ∗ (x))
ap (x)

∗

(36)

∗

pπ (x − 1) − pπ (x) =

1 λ
λ
1
+ gπ ∗ (x) − gπ ∗ (x + 1) ≥ ,
a a
a
a
(44)
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where the last inequality is due to the monotonicity of gπ ∗ (x) for
x ≥ x̌. Combining (42) and (44) yields ∀x̌ + 2 ≤ x ≤ x̂ − 1:
∗

∗

2), we have:


1
2 1 − (x̂ + b − λgπ ∗ (x̂ + 1))
a

∗

λpπ (x)
pπ (x − 1) − pπ (x)
≤
.
1 − λ(1 − pπ ∗ (x))
pπ ∗ (x)

(45)

1
≤ 1 − (x̂ − 1 + b − λgπ ∗ (x̂))
a
1
+ 1 − (x + 1 + b − λgπ ∗ (x̂ + 2))
a
1
< 1 − (x̂ − 1 + b − λgπ ∗ (x̂)).
a

From (16), noticing that f (x)=1, we have ∀x̌ + 2 ≤ x ≤ x̂ − 1:
∗

gπ ∗ (x + 1) ≥

pπ (x)
1
,
∗
π
1 − λ(1 − p (x)) x

(46)

and thus

(54)

Hence,

gπ ∗ (x)
gπ ∗ (x + 1)

∗

pπ (x̂) ≤

∗

pπ (x)
≤
1 − λ(1 − pπ ∗ (x) )



∗

1 x[1 − λ(1 − pπ (x))]
+λ
x
pπ ∗ (x)



∗

λpπ (x)
=1+
1 − λ(1 − pπ ∗ (x))

1 π∗
1
∗
∗
p (x̂ − 1) = (pπ (x̂ − 1) + pπ (x̂ + 1)) (55)
2
2

Thus, we have r(x̂) − r(x̂ + 1) ≤ r(x̂ − 1) − r(x̂). Since λ ≤
1
π∗
a−b , we have x̂ − 1 ≤ (1 − λ(1 − p (x̂)))x̂. Together with
∗
∗
pπ (x̂) ≤ 12 pπ (x̂ − 1), we have:
∗

pπ (x̂ − 1)
x̂ − 1

∗

pπ (x − 1)
,
≤
pπ ∗ (x)

(47)

∗

≥

where the last inequality is due to (45). Hence, ∀x̌ + 2 ≤ x ≤
x̂ − 1:
gπ ∗ (x)
gπ ∗ (x + 1)
≥ π∗
.
∗
π
p (x)
p (x − 1)

= 2gπ ∗ (x̂)
∗

≥ (2 − 2λ + λpπ (x̂ − 1))gπ ∗ (x̂).

(48)

gπ ∗ (x̂ − 1)


∗
1
1−λ
pπ (x)
−
gπ ∗ (x + 1) ,
=
1 − λ(1 − pπ ∗ (x)) x pπ ∗ (x)

=



(49)

gπ ∗ (x − 1) − gπ ∗ (x)



∗
pπ (x − 1)
1
1−λ
=
−
gπ ∗ (x) . (50)
1 − λ(1 − pπ ∗ (x − 1)) x − 1 pπ ∗ (x − 1)

1
1 − λ(1 − pπ ∗ (x̂ − 1))

 π∗
p (x̂ − 1)
∗
+ λpπ (x̂ − 1)gπ ∗ (x̂)
×
x̂ − 1

≥ 2gπ ∗ (x̂).
Thereby,
∗

∗

=

∗

pπ (x − 1)
pπ (x)
≤
.
∗
1 − λ(1 − pπ (x))
1 − λ(1 − pπ ∗ (x − 1))

(51)

Combining (48) and (51) yields:
gπ ∗ (x) − gπ ∗ (x + 1) ≤ gπ ∗ (x − 1) − gπ ∗ (x).

(52)

From (15) and (43), we get:
∗

∗

∗

λ
[2gπ ∗ (x̂) − gπ ∗ (x̂ − 1)] ≤ 0.
a

≥

=

(53)

So, r(x − 1) − r(x) ≤ r(x − 2) − r(x − 1), ∀x̌ + 2 ≤ x ≤ x̂
− 1. Furthermore, since 0 = 2gπ ∗ (x̂ + 1) ≤ gπ ∗ (x̂) + gπ ∗ (x̂ +

(58)

So, r(x̂ − 1) − r(x̂) ≤ r(x̂ − 2) − r(x̂ − 1). Hence, overall,
r(x − 1) − r(x) ≤ r(x − 2) − r(x − 1), ∀x ≥ x̌ + 2.
1
Now, consider 2 ≤ x ≤ x̌. Because gπ ∗ (x + 1) ≤ (1−λ)(x+1)


1
1
1
∗ (x + 1) ≥
≤ (1−λ)x
, we have x1 − r1−λ
g
1
−
π
(x)
x
r (x) .
Hence, from (26), we get:
gπ ∗ (x) − gπ ∗ (x + 1)

∗

2pπ (x − 1) − pπ (x) − pπ (x − 2)
λ
[2gπ ∗ (x) − gπ ∗ (x − 1) − gπ ∗ (x + 1)]
a
≤ 0.

(57)

2pπ (x̂ − 1) − pπ (x̂) − pπ (x̂ − 2)

∗

From monotonicity of pπ (x) on x ≥ x̌, we have:

∗

(56)

So,

From (16), we have:
gπ ∗ (x) − gπ ∗ (x + 1)

pπ (x̂)
2
∗
π
1 − λ(1 − p (x̂)) x̂

1
r(x)
1 − λ(1 − r(x)) x

=−


1−

1
r(x)



1
1 − r(x)
1 − λ(1 − r(x)) x

1
≥− .
λ

(59)
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Thus,
(x + b − λgπ ∗ (x + 1))+ ≥ (x − 1 + b − λgπ ∗ (x))+ .

(60)

So,
1 − a1 (x + b − λgπ ∗ (x + 1))+
≤ 1.
1 − a1 (x − 1 + b − λgπ ∗ (x))+

(61)

Together with (35), we know that:
1 − a1 (x + b − λgπ ∗ (x + 1))+
f (x)
1 − a1 (x − 1 + b − λgπ ∗ (x))+
1 − a1 (x − 2 + b − λgπ ∗ (x − 1))+
f (x − 2)
1 − a1 (x − 1 + b − λgπ ∗ (x))+


1 + xλ
≤ f (x) + 1 +
f (x − 2)
a − b − x̌
+

≤ 2f (x − 1).

(62)

Thus, r(x) + r(x − 2) ≤ 2r(x − 1), i.e., r(x) − r(x − 1) ≤
r(x − 1) − r(x − 2), ∀2 ≤ x ≤ x̌.

Remark 2: Assumption (i) of Theorem 4 requires the discount factor λ to be sufficiently small, or in other words, players
of the popularity dynamics game are myopic and don’t care
about future rewards very much. Assumption (ii) is basically
equivalent to f (x) − f (x − 1) ≤ f (x − 1) − f (x − 2), ∀2 ≤
x ≤ x̌ since the ratio in the parenthesis of (ii) is usually very
small. This requires f (x)’s increasing speed is slowing down as
x approaches x̌, which is a reasonable assumption. Moreover,
we notice that Theorem 4 does not cover all the situations of
popularity dynamics. There are real-world popularity dynamics, such as those in Fig. 3-(a), which have more complicated
second order patterns. For example, during increasing phase of
the dynamics, the increasing speed can first increase and then
decrease. Due to the intricacy of these second order patterns, we
don’t give theoretical discussions about them here.
VI. SIMULATIONS AND REAL DATA EXPERIMENTS
In this section, we conduct simulations and real data experiments to validate the theoretical results obtained. We choose
the form of instantaneous reward function to be linear, i.e.,
R(x, θ) = −x + aθ − b, where a > b > 0.
A. Simulations
In our simulation, we define the visibility probability function
f (x) in the following form:


(63)
f (x) = α 1 − e−β x + 1 − α,
where α, β are parameters controlling the initial visibility probability and the increasing speed of the visibility probability.
We set the discount factor to be λ = 0.5. For different parameter setups of a, b, α, β, we stochastically simulate the equilibrium popularity dynamics calculated by Algorithm 1 many times
and then take average of them. Here, the equilibrium behaviors
are stochastic because (i) the user types are random variables;

Fig. 8.

Prediction results of the method in [17]

(ii) whether the item is visible to the arriving player is random. We also theoretically compute the expected equilibrium
popularity dynamics by Algorithm 1, which serve as the theoretical dynamics. Specifically, for theoretical dynamics, at each
time instant, we replace the actual stochastic equilibrium behavior with the expected equilibrium behavior. This deviation
may affect the system state at the next time instant, which in
turn influence the equilibrium behaviors at the next time instant
since players’ strategies depend on the system state. In other
words, the deviation caused by using the expected equilibrium
behaviors to approximate the actual stochastic equilibrium behaviors may propagate and accumulate. The simulations are
aimed at verifying that this approximation does not hurt much,
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Fig. 10. Prediction before reaching the peak of the dynamics: Twitter hashtag
#Tehran.

Fig. 9.

Prediction results of the method in [4].

i.e., the theoretical dynamics can still match well with the simulated ones. The theoretical cumulative dynamics as well as
the corresponding simulated cumulative dynamics are shown in
Fig. 4, from which we observe that (i) the theoretical dynamics
indeed match well with the simulated dynamics; (ii) the proposed game-theoretic model can flexibly generate popularity
dynamics of different shapes by tuning the parameters.
B. Real Data Experiments
In this subsection, real data experiments are carried out to
verify that the proposed theory matches well with the realworld popularity dynamics. The datasets we use here are Twitter

hashtag dataset [9] and the citation data of papers from the Web
of Science [22]. The Twitter hashtag data are the mentioning
counts of popular hashtags from June to December 2009. We
first use the equilibrium computed by Algorithm 1 to fit the
mention dynamics of four popular Twitter hashtags in Fig. 5. To
fit a popularity dynamics, we use the dynamics data to estimate
the parameters of the proposed model and then use the estimated
parameters to generate a theoretical dynamics, which is the
fitting result. We observe that the theoretical fitting dynamics
match well with the real-world dynamics. We further fit the
average citation dynamics of the papers published in Nature
1990 and Science 1990, respectively, in Fig. 6. We remark that
the fitting is still very accurate, though the temporal shape of
the citation dynamics are very different from that of the Twitter
hashtag dynamics, confirming the universality of our theory for
popularity dynamics.
Additionally, we can even exploit the equilibrium of the proposed game to predict future dynamics for real data. To this end,
we use part of the dynamics data to train the proposed gametheoretic model, i.e., estimate the parameters in the model, and
then predict future dynamics by using the trained model. The
prediction results are reported in Fig. 7, from which we see that
the prediction is quite accurate. To highlight the advantage of the
proposed approach, we compare with the prediction results of
two existing methods, namely the methods in [17] and [4], which
are reported in Figures 8 and 9, respectively. The four dynamics
to be predicted are the same as those in Fig. 7. First, we note that
the approach in [17] is proposed for citation dynamics. From
Fig. 8, we observe that the method of [17] fails in predicting
the dynamics of the two hashtags (subfigures (a) and (b)). Even
for prediction of citation dynamics (subfigures (c) and (d)), our
approach outperforms the method in [17]. Second, noting that
the method in [4] is designed for information diffusion dynamics, we observe that our approach still outperforms it when predicting the dynamics of two hashtags (Fig. 9-(a) and Fig. 9-(b)).
When it comes to the prediction of citation dynamics, our approach is much better than the method in [4] (Fig. 9-(c) and
Fig. 9-(d)). These comparisons demonstrate that our proposed
approach is universally good for general popularity dynamics.
Even compared with methods specifically designed for a certain
kind of popularity dynamics (e.g., [4] for information diffusion
and [17] for citations), our method is still better. In addition,
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the performance enhancement over the method in [4] can be
ascribed to the fact that the model in [4] is merely based on instantaneous incentives while our model incorporates long-term
incentives as well, which suggests the importance and necessity
of taking long-term incentives of individuals into account.
Generally, the prediction is accurate when the training period
includes the peak of the dynamics. However, sometimes, we
may even predict future dynamics accurately without knowing
the peak, which is illustrated by a Twitter hashtag #Tehran in
Fig. 10.
VII. CONCLUSION
In this paper, a sequential game is proposed to characterize
the mechanisms of popularity dynamics. We prove that the proposed game has a unique SNE, which is a pure strategy action
rule with a threshold structure and can be computed using a
backward induction algorithm. Moreover, at the equilibrium of
the proposed game, we analyze some properties observed from
the real data, demonstrating that the equilibrium behavior of the
proposed game confirms with real-world popularity dynamics.
The theory is validated by both simulations and experiments
based on real data. The proposed model can even predict future
dynamics.
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